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Question 1 (*%)

Given that cosx = JE —1, show clearly that

cos2x=5—4\/§.

proof

Question 2 (*¥%)
Show clearly that

cos(x—y) _ cosx  sinx

sinycosy siny cosy

proof

Question 3 (¥*+)

Prove the validity of the trigonometric identity

tan280secd =2sin @sec 26 .

proof
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Question 4  (**+)

If sinx =§ , show clearly that

SGCZXZ—S.
7

|:| , | proof

Question 5 (**+)

Solve the following trigonometric equation

cosxcotx+sinx+2cotx=0, 0<x<360° x=#0°180°.

x=120°,240°
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Question 6  (**+)

Simplify fully the following trigonometric expression

\/Ecosx°—25in(45—x)°
2sin(60+x)°—\/§cosx° '

Question 7  (¥*+)

Solve the following trigonometric equation

7 —3arccos(x+1)=0.

e )
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Question 8  (**+)

The angle x is acute so that tan x =

D=

a) Find the exact value of cosecx .

It is further given that tan(x+ y) =2, where y is another angle.

b) Determine the value of tany.

|S)

|:|, cosecxzx/g, tanyzZ

@ fuy. L

Question 9  (**%)
cosec@+8cos@ =0, 0°<8<360°.

Find the solutions of the above trigonometric equation, giving the answers in degrees
correct to one decimal place.

L.

0=97.2° 172.8°, 277.2°, 352.8°
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Question 10 (¥*%)
5sin3xcosx+5cos3xsinx=4, 0<x< 7.

Use a compound angle trigonometric identity to find the solutions of the above
trigonometric equation, giving the answers in radians correct to two decimal places.

[ ], |x=0.23%0.55°1.80%,2.12¢

Question 11  (*¥%%)

Prove the validity of the trigonometric identity

1+tan? x

I—tan® x

=sec2x.

proof
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Question 12 (¥%%)

Solve the following trigonometric equation

3arccot(x—\/§)—7[=0.

=
Il
W
p=)

Question 13 (*¥%%)

f(x)sx/gsinx+cosx, 0<x<2r.

a) Express f(x) inthe form Rcos(x—a), R>0, O<a’<§.

b) State the maximum value of f (x) and find the value of x for which this

maximum value occurs.

¢) Solve the equation

@) A= A3smxtwon = Lesslax
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Question 14  (¥%%)
It is given that

1+cot? x
———————— =secx.
cot xcosec x
a) Prove the validity of the above trigonometric identity.

b) Hence solve the equation

4(1+cot2x) 5
=tan“x+5, 0<x<2x,

cot xcosecx

giving the answers in terms of 7.
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Question 15 (¥%%)

Two vectors a and b are given below.
a=(sin@)i+(2cos20)j+(sin0)k and  a=3i—j-k.

Find the values of @, 0< 8 < 2x, for which a is perpendicular to b.

1, 5, 3
.fo-Lx 3% 3x
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Question 16 (**%)
It is given that

1—cos?26

- =tan@, @#90k° ke Z.
sin 26

a) Prove the validity of the above trigonometric identity.

b) Hence show that

tan15°=2—\/§.

@ bpo- G | -0onie) 26 _ o
M26 =G Iy

Question 17  (¥%%)

Prove the validity of the trigonometric identity

! — ! =2tanx.

secx—tanx secx-+tanx

proof
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Question 18  (**%)

Solve the trigonometric equation

cos<9+sect9:%, 0°<8<360°.

Question 19 (¥%%)

Prove the validity of the trigonometric identity

V2+2c0s20 =2cos@.

proof
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Question 20  (**%)

yE2x/§cosx+2x/§sinx, xe R.
a) Express y in the form Rsin(x+a), R>0, 0<0{<§.

b) Solve the equation

y=2 for O<x<2r.
¢) Write down the maximum value of y .

d) Find the smallest positive value of x for which this maximum value occurs.

-

o V4 T 237w V4
l:l, y =4sin x+z X=—,—|s|Ymax =4/ » x:Z
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Question 21  (¥%%)

Solve the following trigonometric equation
4sinxcosx=1, 0<x<r,

giving the answers in terms of 7.

Question 22 (¥%%)
Solve the following trigonometric equation
cosec’@tan> 6

+8=0, 0°<6<360°.
cos@

0 =120°,240°
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Question 23 (¥*%)

Solve the following trigonometric equation

8tanx=cot2x, 0<x<2rx.

x=0.464°,3.61°

Question 24  (¥%%)

Prove the validity of the following trigonometric identity

1 1

— — —— =2sinfsec26.
cos@—sinf cos@+sind
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Question 25  (¥*%)
It is given that

1+tan? x
————=sec2x.

I—tan” x
a) Prove the validity of the above trigonometric identity.

b) Hence solve the equation

2
Iran™x o 0<x<2r.

1—tan” x

giving the answers in terms of 7.
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Question 26  (¥*%)

f(x)=sinx++3cosx, 0<x<27.
a) Express f(x) in the form Rcos(x—a), R>0, O<a’<§.

b) State the minimum and maximum value of ...

i f(x)
i. .. [r(x].
i !
T s f(x)

-

], f(x)EZCOS(x—%j 22

[0.4]

—
=
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Question 27  (¥%%)

cosZ x+sinx=1.

a) Starting with the above identity prove that

1+tan” x =sec’ x.

b) Hence, or otherwise, solve the following trigonometric equation

2tan2x+sec2x:5secx, 0<x<360°.

[ ], [x=60°300°

Question 28  (¥*%)

Prove the validity of the following trigonometric identity

1+cot’ @
2cotd

=cosec26 .
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Question 29  (¥*%)

Prove the validity of the following trigonometric identity

cotx—tanx=2cot2x.

Question 30  (**%)

It is given that arcsinx =arccosy.

Show, by a clear method, that

I:I , |proof

Created by T. Madas



Created by T. Madas
Question 31  (¥%%)

6sec22x+5tan2x:12, 0<f<r.

Find the solutions of the above trigonometric equation, giving the answers in radians
correct to two decimal places.

[ ] |x=0.29°1.08,1.86°2.65

Question 32  (¥*%)

Solve the trigonometric equation
4—4cos280=cosecl, 0<0<2r,

giving the answers in terms of 7.
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Question 1  (¥*%4)
siné?:i and cos(pzi.
17 13

If @ is obtuse and ¢ is acute, show that

171

cos(0+¢):—ﬁ.

Question 2 (¥*%%4)

A curve C is defined by the equation
y=—arcsin(x—1), 0<x<2.

a) Describe the 2 geometric transformations that map the graph of arcsin x onto
the graph of C.

b) Sketch the graph of C.

The sketch must include the coordinates of any points where the graph of C
meets the coordinate axes and the coordinates of the endpoints of C .

L.

translation by 1 unit to the right, followed by reflection in the x axis
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Question 3 (F*E4)

It is given that

sec@ niw
Ecosecze, 0+—, nel.
secld —cos@ 2

a) Prove the validity of the above trigonometric identity.
b) Hence solve the equation

&:4(%5%0—1), 0<@<2r,
secd—cosd

giving the answers in terms of 7.
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Question 4  (¥**4)

Solve each of the following trigonometric equations.
i. 2secd-1=2sechsin’@, 0°<O<180°, 6=90°

ii. 4cot>x—9cosecx+6=0, 0°< x<360°, x#0°180°

, 18=60°, |[x=30°150°

Question 5 (¥*%*4)

Prove the validity of each of the following trigonometric identities.

1—tan2
ta—nzezcos%’.
1+tan“ @

sin @ +1+cosl9 —cosecd

1+cos@ sin &
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Question 6 (¥**4)

It is given that

—1+.C0829 =coté, <9¢k—ﬂ-, keZ.
sin 26 2

a) Prove the validity of the above trigonometric identity.
b) Hence solve the equation
cosecdx+cotdx=1, 0<x<2x,

giving the answers in terms of 7.
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Question 7  (¥*%*4)
y=+2cos@—+/65in8, 0< 8 <360°.
a) Express y in the form Rcos(6+a), R>0, 0<a<90°.

b) Solve the equation y =2.

¢) Write down the minimum value of ...

il.

[ 1. |y=+B8cos(6+60°),

0 =255°,345°

, |min =0|, |min =

ool—
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Question 8 (¥*%+)
sinA=2 and cosBzi.
13 5
If A is obtuse and B is acute, show clearly that

sin(A+B):%.

Question 9  (¥**+)

By considering the compound angle identity for tan(A+ B), with suitable values for A
and B, show that

C0t75°:2—\/§.

|_| , |proof
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Question 10  (***+)

It is given that

tan @+ cot @ = 2cosec 26, (97&%, keZ.

a) Prove the validity of the above trigonometric identity.
b) Hence find, in terms of 7, the solutions of the equation
tan@+cotd=4, 0<0<2rx,

giving the answers in terms of 7.

7 Sz 13z 1z

127127120 12

Question 11 (***+)

Solve the following trigonometric equation

sin2@ =tan @, 0<8<180°.

0 =0°,45°135°180°
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Question 12 (***+)

It is given that
cos(x+30°)+cos(x—30°) = J3cosx.

a) Prove the validity of the above trigonometric identity.

b) Hence show that

cos75°+cos15° :%\/8 .

proof

@ W= ws@rd)

@ e as

Question 13 (¥*%+)

Prove the validity of each of the following trigonometric identities.

. 2 . 2
2) (1+sm9j +(1—sm6’j 4047
cosé cos @

b) sin2(9+£j+sin2(¢9—£jsl.
4 4

proof
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Question 14 (***+)

It is given that

1 1

+ =2tanf@secl.
cosecfd—1 cosec@+1

a) Prove the validity of the above trigonometric identity.
b) Hence solve the equation

1 1
+
cosecfd—1 cosec@+1

:%cotﬂsecé’, 0<6<360°.

0 =126.6°153.4°,206.6°,333.4°
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Question 15 (***+)
. 1
sinx=— and cosy=—.
13 17

If x is obtuse and y is acute, show clearly that

220

sin(x—y)= 1

Question 16  (***+)

Solve the following trigonometric equation

M:g, for 0°<x<360°,

3+sin’2x 5

x=60°120°,240°,300°
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Question 17  (***+)

It is given that

2tan x

1+tan2x

=sin2x.

a) Prove the validity of the above trigonometric identity.

b) Use part (a) to show that

tan15°=2-+/3 .

Question 18  (***+)

Solve the trigonometric equation

sinx cosx
+——=4, 0<x<360°.
cosx sinx

x=15°75°195°,255°
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Question 19 (***4)

Solve the following trigonometric equation

tan(6+45°)=1-2tan&, 0<6<360°.

x=0,180°,63.4°,243.4°

Question 20  (***+)

It is given that

2 nw
tan xsec x + cosec x = cosec xsec” x, X:F?, ne 7.

a) Prove the validity of the above trigonometric identity.

b) Hence show that the equation

2
tan xsec x + cosec x = %SCC X

has no real solutions.

proof

©) s voum
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Question 21  (***+)

Solve each of the following trigonometric equations.
. 1
i. sm¢)+zsec¢):O, O<op<r.

il. cos2y—7cosy+4=0, 0<y<360°.

T 11x S S
¢’—§’§’

Question 22 (¥*%+)

The acute angles & and f satisfy the relationships

Teot’ +6¢cotar=1 and 6tan f=8+sec’ f.
a) Determine the value of tan @ and the value of tan 3.

b) Show clearly that

tan(a+ f)=—

=

tanoy =7

, [tan £ =3

9

® 7
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Question 23 (***+)

Simplify, showing all steps in the calculation, the following expression

tan (arctan 3—arctan 2),

giving the final answer as an exact fraction.

Question 24  (F¥*%+)

Show clearly that if x >0

1 T
arctan x +arctan| — |=—.
X 2

proof
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Question 25  (***4)

Prove the validity of each of the following trigonometric identities.

2
Se¢ f =sec?26.
1-tan“ @
cos46 +cos26 _

coté.

b) — : =
sin46 —sin 26

proof
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Question 26  (¥*%+)

It is given that

2
See f =sec?26.
1-tan“ @

a) Prove the validity of the above trigonometric identity.

b) Hence, or otherwise, solve the equation

sec” 2x

—2—2:0, 03x<£,
1—tan“2x 2

giving the answers in terms of 7.

© Us- B © =i
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Question 27  (***+)

It is given that @ is a reflex angle such that
cosf = 2 .
3

Find the exact value of sin26.

Question 28  (¥*%+)

It is given that

cosec@ nrw
—'ESCCZH, 0+—,ne’.
cosec@—sind 2

a) Prove the validity of the above trigonometric identity.
b) Hence solve the equation

Lce'+4(secﬁ+l)=0, 0<6<2r,
cosec @ —sin @

giving the answers in terms of 7.
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Question 29  (***4)

Solve the following trigonometric equation

sin28 = cot @, 0<8<180°.

L

6 =45° ,90° ,135°

Question 30  (F¥**+)

It is given that

(cosecB—sinB)se(320Ecosecﬁ, 9;&%, neZ.

a) Prove the validity of the above trigonometric identity.

b) Hence solve the equation
(cosec<9—sin¢9)sec2 0=+2, 0<@<2r,

giving the answers in terms of 7.
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Question 31  (***+)

The constants a and b are such so that

tanazl and tanbzl.
3 7

Determine the exact value of cot(a—b), showing all the steps in the workings.

Question 32 (***+)
f(y)=6+3cosy+4siny, 0<y<2rz.

a) Express 3cosy+4siny in the form acos(y—b), a>0, O<b<§.

It is further given that for 0< y <27
A<2f(2y)<B.

b) Determine the value of each of the constants A and B.

[ 1. [3cos y+4siny=5cos(y-0927°)[. [A=2]. [B=22]

9
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Question 33 (***+)

Use the compound angle identity for tan(A+ B), with suitable values for A and B, to
show that

1—tan15°

proof

Question 34 (¥*%+)

f(x)=cosecx—sinx, 0<x<180°.

Show that f(x)=0 for the entire domain of the function.

proof
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Question 35  (***+)

Given that cos x° =sin(x—45)°, show that

tanx°=l+\/§.

Question 36  (¥**+)

f(x)=sinx+2cosx.

a) Express f(x) in the form Rcos(x—a), where R>0, 0<0{<§.

b) Hence solve the equation

1+2cotx=cosecx, O0<x<2rx.

f(x):x/gcos(x—0.464c), x=157° U x=5.64
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Question 37  (***+)

sin2x
——=tanx, O<x<2rx.
1—cos2x

Find the solutions of the above trigonometric equation, giving the answers in radians in
terms of 7.

Question 38  (¥**+)

Given that
T
tan(x+zj =4+tanx,

find as an exact surd the exact value of tan x .

tanx=—2ix/7
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Question 39  (***4)

1+tan’ @

» 20=2,0S9<36O.
—tan

Find the solutions of the above trigonometric equation, giving the answers in degrees.

6 =30°,150°,210°,330°

Question 40  (***+)

3sec2y —2cot2y =0, 0<y <360.

Find the solutions of the above trigonometric equation, giving the answers in degrees.

¥ =15°,75°,195°,255°
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Question 41  (***+)
y=¢e " sin(«/gx), xeR.
Find the exact values of the constants R and & so that

%ZRC_XCOS(\/gx-l-C() ,

where R >0 and 0<a'<§.
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Question 42 (***+)

Solve the following trigonometric equation

2arctan (%) =arccos x,

showing clearly all the workings.
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Question 43  (***+)

The functions f and g are defined as

f(x)=2cosx+sinx, xe R.

g(x)= > xeR.

K245
a) Express f(x) inthe form Rsin(x+a), where R>0 and 0<0{<§.

b) Determine the range of gf (x), showing clearly all the relevant workings.

[ 1 | (x)=+5sin(x+1.107°)|, [ S < o (x) <1
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Question 44  (***+)

Simplify, showing clearly all the workings, the expression

tan [arctan 1 +arctan l} R

3 4

giving the final answer as an exact fraction.

Question 45 (¥*%+)

Prove the validity of the following trigonometric identity

sin2¢  cos2¢

- =secq.
sing  cos@
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Question 46  (***4)

It is given that

u=sin@+cosd , v=sin@—cosd.
Use trigonometric identities to show that
u?+vr=2.

proof
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Question 47  (***+)

Solve the trigonometric equation
. 2 T
(cosecx—sinx)sec“x=2, 0<x<7, x;tz,

giving the answers in terms of 7.

Question 48  (¥**+)

The angle @ is such so that

cotfd=—.

Show clearly that

J10

cosf@=x——.
10

proof
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Question 49  (***4)

Use a detailed method to show that

1 1
arccos(S 2j+arccos(10 2j:37”.
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= s
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Question 50  (¥**+)

A relationship is defined as

x=sinfcosf, 0<0<2x
y=400520, 0<@<2r.
Use trigonometric identities to show that
16x% = y(4-y).

proof
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Question 51  (***+)

Show clearly that

2arccos (%) = arccos (%) .

proof

Question 52 (¥*%+)

It is given that

sin3x = 3sin x—4sin° x .

a) Prove the validity of the above trigonometric identity, by writing sin3x as
sin(2x+x).

, find the exact value of sin3x.

> |&

b) Given that sinx =

sin3x =
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Question 53  (***+)

It is given that
4cosec?20 —sec’d = cosec’6 , 0+ %, ne .
a) Prove the validity of the above trigonometric identity.
b) Hence show that if
4(COS€C2 20— 2) =sec’ @—2cosecd,

then either sin@ = 1 or sin@ =-—

2

=

I:I , | proof

Question 54  (***4)

Show clearly that

2 5 3
arctan — + arctan — = arctan — .
3 12 2

proof
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Question 55  (***+)

Show clearly that

2x

x2+1

sin (2arctan x) =

proof

Question 56  (¥*%+)

Prove the validity of the following trigonometric identity

. T
arcsin x + arccos x = E .

proof
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Question 57  (***+)

Show clearly that

arctan% + arctan% =arctan 3.

proof

Question 58  (***+)

Solve the trigonometric equation

arcsin x = arccos?2x.

Created by T. Madas



Question 59  (***4)

Using a detailed method, show that

arctan 1

2

Question 60 (***+)

following expression.

+ arctan 1

~1
3 4

Created by T. Madas

proof

Given that x is measured in radians, use small angle approximations to simplify the

cos7x — 1

xsin x

Created by T. Madas
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Question 61  (¥*%+)

Given that x is measured in radians, use small angle approximations to simplify the
following expression.

cos?(3x) — 1

2xsin (%x)

AAING THE APLMATIONS B S § ) 1N 2AA)
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Question 62 (***+)

Prove that

2arcsin( ) = arccos(%) .

W

METED A — 2orand = arcosd NeTED €~ GERRTDGL
(60 B= o | S0 WE O GET PATIOS OFF 4 TRIGE afen %

smb = &
n®=%

The 26=p B2 sour ) B2t Cond

o 8 we G Pug
2
Y= 3% aaxos
16 =9+9 _ Bow®
; Bus= 2
26.=y ox®= ¥
Ly Y
20w = armsy // 25+ oqand
Cuaams ) Zotesn g < arasl >
Z

® ~ ovemd
2asin < afwes
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Question 63  (***+)

Solve the following trigonometric equation

[3)-ern(35)
2arctan| — |=arctan| — |.
X 25

x=i‘6|

b

= /2) 2 [
S Seonle b w3

t-&f
8L _F O=anbul) = luB-
%= acdu(Z) = = 2-

oy ' B e
Dodu faeken By 22

Ry ago ) we At boIDE

;
K l-f\,n
,
o
L T WS

- el om y
- T Z o Sioes B 2

= 202"™-2) = s

= -9 2
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Question 64  (***+)

Show, by detailed workings, that

3z
arctan 2+ arctan 3 = T .

proof

Question 65  (**%4)

Find the general solution of the following trigonometric equation

2arctan (sin x) = arctan (secx) .
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Question 66  (**¥¥)

f(x)z(x2+1)(x—1), xeR.

a) Simplify f(x).
b) Prove the validity of the trigonometric identity

cosec@d—sinf 3
———=cot’ 4.
secl—cosl

¢) Hence, or otherwise, solve the equation

cosec@—sin @
—+cot0=coseczl9, 0<x<2r,

sec@—cosd

giving the answers in terms of 7.
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Question 67  (¥*¥%¥)

Solve the following trigonometric equation

2cot@—3cosecld =2secBHcosecl, 0<6<2rx, ¢9¢k—ﬂ-,keZ,

giving the answers in terms of 7.

Question 68  (F**%¥)
f(x)=2+2sinx, -r<x<7.
a) Find an expression for £~ (x).

b) Sketch the graph of £~ (x).

The sketch must include the coordinates of any points where the graph of

f -1 (x) meet the coordinate axes as well as the coordinates of its endpoints.

71 (x) = arcsin (%x—l)
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Question 69  (¥**¥)

Prove the validity of each of the following trigonometric identities.
a) 2cot20+tanf=coté.

sin3x cos3x _5

b) —
sinx  cosx

proof

Question 70  (¥*¥%F)

Show that the following trigonometric equation

tan2@—-3cot@=0, 0<O0<2x,,

has six solutions in the interval 0 < @ < 27, giving the answers in terms of 7.

1y 1, 2, 4, 3. 5
I:L 0—37[, > 7 3%, T 5T, 3T
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Question 71  (¥*%%¥)
£(6°)=(V3+1)cos26°+(v3-1)sin26°.
a) Express f () in the form Rsin(26+«a), R>0, 0<6°<90.

b) Solve the equation

f(6°)=2,0<6°<360.

[ 1. |f(6°) =+/8sin(26+75)°),

6 =30°,165°,210°,345°
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Question 72 (¥*FF)
It is given that

secx secx B
— =2cosecx.
l1+secx 1-secx

a) Prove the validity of the above trigonometric identity.
b) Hence, or otherwise, solve the equation

secx secx .
- =16sinx, 0<x<2rx,
l+secx 1-secx

giving the answers in terms of 7.
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Question 73 (¥*¥¥F)

Solve the trigonometric equation
cosec @ —sin @ +2cos> Bcot O =0, 0<@<2xm, O+,

giving the answers in terms of 7.

Question 74 (F¥**)

sin¢9:i and sin¢:—l.
13 25

If @ is obtuse and ¢ is such so that 180° < ¢ <270°, show that

36

sin(0+¢)=—325 :

proof
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Question 75  (¥*¥¥F)
It is given that

2tan @

sin2¢95—2.
1+tan“ @

a) Prove the validity of the above trigonometric identity.

b) By using 8 =15° in the above identity, show that
tan15°=2-+/3 .

proof

Question 76  (¥*¥¥)

Prove the validity of each of the following trigonometric identities.

2sIn XCOS X —COS X
a) : — 5—=cotx.
l-sinx+sin” x—cos” x

proof
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Question 77  (¥*FF)
It is given that

cos3x=4cos> x—3cosx.

a) Prove the validity of the above trigonometric identity by writing cos3x as
cos(2x+x).

b) Hence, or otherwise, solve the trigonometric equation

80053x—6cosx+1=0, 0<x<2rm,

giving the answers in terms of 7.

I:I x:275 dx 8r 10 14rx 16_7[

9 2 2 2

99’979 79 9

Question 78  (F¥**%F)
It is given that

cos@—0@sin@ =0.9994 .

Given that the above equation has a solution that is numerically small, show by using a
quadratic approximation that 8 =+0.02°.

proof
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Question 79  (¥*¥F)

sin(A+ B)=sin Acos B+cos Asin B.

a) Use the above trigonometric identity with suitable values for A and B, to show

sin75° =

J6++/2
o2

b) Hence by using the trigonometric expansion of cos(75°+ ) with a suitable

value for &, show that

c0s165°=—sin75°.

proof

Question 80  (¥*¥%¥)

Use small angle approximations to show that if x is measured in radians then

1+cosx

1+sin (%x)

= A+ Bx,

where A and B are constants to be found.

A=2|, |B=-1]

Ll

WING. Rt STNDALD APRIXIMATIONS 90 St g oS

2

oo L
1 +sulp)

Created by T. Madas



Created by T. Madas

Question 81  (¥*%%¥)

Solve each of the following trigonometric equations.

_ 2
i. 6tanx=m, 0<x<2rm, xi%,%.

tan x—1

ii. cos(36-60°)=cos(36+30°), 0<6<180°.

[ ], |x=0322° x=3.46°|, [6=5° 65° 125°

e SRR,
Q Claux = 3”3%51 qéx<w$ = {(T) g v3-1
oy ol SSTITG = oy = AL
o) VTl
= Gl (bun-1) = 2 -3
/ — - ¥-1)
= thuia — Chun = 2— 3sede el s m{’:’"gv’i;u = BOn wmaquzy,.
= Chud — tha = 2- 30 chad) i A Ry L
= Ghd _Glaa = -1 -3l = 8 = S L con
b Q‘b"ﬂi)“"gwk+" =0 ;e: //iv //
= (3 - 1) =0 Rk lzxw//
—  tam= i\‘
ACHUNATIE METYED
x = anky(k) & nm Mooy,
A= oms. & MM = ©@f0-6¢) = G (Ev20)
AL m o OB /30 -60° = (36 +30°) & 2600
3463 = — (3. = S (R4a) & =ong3,
= tger = (6- 300-(3043) £ %o, M

//
—_ (m(os&\gmm

I METIPD A — LSS THe GoMRoOND ANGE IDASITIES 66 = 390° 2 260

= $00s(36 -60°) ~ (o8 (30 +30) ) 6 = &3 = con

— OB wEskD +SMIBIMED = Cv3Bws30 - svBando 6t
== o

¢ o 3 6 ey
- 5000+ T = Tog - Lan® g i \Szv
= 030 + N30 = T30 - w38 /

O | Fomid o AFewd | Sn30
o " Tems T Twam T ewd

T3 =

= | +4Fdau® = vT - buz®

Created by T. Madas



Created by T. Madas

Question 82  (¥*¥¥)
cosH:—E and tangozﬁ.
5 7

If @ is reflex, and ¢ is also reflex, show that

44

Sin(9—¢):—E.

proof

Question 83  (¥*¥%¥)

Solve the trigonometric equation

2(1-cos26)=tanf, 0<6<180°.

6 =0°,15°75°,180°
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Question 84  (¥**%¥)

A curve has equation
y=m—arccos(x+1), -2<x<0.
a) Describe geometrically the 3 transformations that map the graph of
y=arccosx, —1<x<1,
onto the graph of

y=m—arccos(x+1), -2<x<0.

b) Sketch the graph of

y=nm—arccos(x+1), 2<x<0.

The sketch must include the coordinates of any points where the graph meets the
coordinate axes.

¢) Use symmetry arguments to find the area of the finite region bounded by

y=m—arccos(x+1), -2<x<0,

and the coordinate axes.

, |translation by 1 unit to the right, followed by reflection in the x axis|,
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Question 85  (¥*¥¥)
It is given that

2
(cosx+secx) =cos’ x+tan’ x+3.

a) Prove the validity of the above trigonometric identity.

b) Hence solve the trigonometric equation

13
coszx+tan2x:Z, 0<x<2r,

giving the answers in terms of 7.

o) SIQING- oM T LA AmD Si0e

ooy (3) = T avans (-f) = F
\2. 3
LHS = (losx 4 secn) = odn + 2oqasea + sda 5= Tz om x= 2L & o2mp
2 - 2 £ 3]
< oh s 2000 )t Ot ) st N
G EY
= a4 24 14t
L N LAY
= wd tthig ?
= B.4.S
Hhock e 2p0erd Dmice
e N
Y Unp T Asve pesur T I,
et b e D c RN by
=R ; 2: IR
= ohibh = &
> ;
R
2
= (out s@y = 28
=  wrseca = 2 S
B s
RSP 4 Swom
- & 4 1 = g
= W £ o 4l =0

Heoeng. T GUALATC
— Qo+ 1 )+ 2) =0

o
(o) (ko 2) <o

=z
\//

2 7—) L) iy
e z =
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Question 86  (**¥¥)

cos(A+ B) =cos Acos B—sin Asin B
cos(A—B) =cos Acos B +sin Asin B

a) By using the above identities show that

cos(A+B)+cos(A—B)=2cos AcosB.

b) Hence show that

cosP+cosQEZCos(P;Qjcos(P;Qj.

¢) Deduce that

cos4x+cos2x
— =COSsX.

2cos3x

proof
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Question 87  (¥*¥%¥)

Solve each of the following trigonometric equations.

2
i. secH:M, 0<0<2rx.
4secd-9

ii. 200s(x+%j+sin(x+%j=0, 0<x<2rx.

Question 88  (¥**%¥)

Prove the validity of each of the following trigonometric identities.

cos2x—cosx+1
=cotx.

sin 2x —sin x

b) tan£9+%j+tan(9—%j =2tan26.

proof
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Question 89  (¥*¥¥)
It is given that

tan A+tan B
tan(A+B) =0 AY@ns
I-tanAtan B

a) Use the above trigonometric identity to express tan 26 in terms of tané.

b) Hence determine the exact value of tan22.5°, showing clearly all the relevant
workings.

20 =239 | [an2050-—1442

1—tan @

Question 90  (¥**%¥)

Prove the validity of the trigonometric identity

1—cos2x+sin2x

- =tanx.
1+cos2x+sin2x

proof
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Question 91  (¥*¥%¥)

In this question it is given that the exact value of tan20°=z¢.
a) Express tan25° in terms of 7.
b) By using the result of part (a) show that
tan25°tan 65°=1.
¢) Show further that if
2cos(6°+20°) =5sin(6°—20°),
then

245t

tan @ )
5+2¢
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Question 92 (¥*¥¥)

f(x):—2+2tan( x), —T<x<T.

=

a) Find an expression for ™' (x).

b) Sketch the graph of £~ (x).
The sketch must include ...

e ...the equations of the asymptotes of f ' (x)

e ...the coordinates of any points where the graph of f -l (x) meets the

coordinate axes.

7' (x)=2arctan (%x+1)
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Question 93 (¥*¥¥F)

The function f is defined as

£(x)=—t

V4
= ,0<x<—.
I+tanx 2
a) Use differentiation to show that f is a one to one function.

b) Find a simplified expression for the inverse of f .

¢) Determine the range of f .
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Question 94  (¥*¥%F)

COS(%X)

1+sinx

= 0.925.

Given that the above equation has a solution that is numerically small, find this solution
by using a quadratic approximation.

No credit will be given for solving a trigonometric equation.

x =~ 0.08]

b
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Question 95  (¥*¥¥)
It is given that

sin3x = 3sin x — 4sin° x .

a) Prove the validity of the above trigonometric identity, by writing sin3x as
sin (2x+ x).

b) Hence, or otherwise, find the exact value of

T

2 .
J sin’ x dx.
0

Question 96  (F¥**%¥)

Solve the trigonometric equation

7sin” x+sinxcosx =6, 0°< x <360°,

giving the answers to the nearest degree.

, |x=63°, 108°, 243°, 288°
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Question 97  (¥*¥%¥)

f(x)=+3cosx—sinx, xeR.
a) Express f(x) in the form Rcos(x+a), R>0, O<a’<§.

b) State the maximum value of f(x) and find the smallest positive value of x for

which this maximum occurs.

The depth of the water, D metres, in a harbour is modelled by the equation
D =13+\/§cos(%tj—sin(%t), 0<r<?24

where ¢ is the time in hours measured since midnight.

¢) State the maximum depth of the water in the harbour and a time when this
maximum depth occurs.

d) Find the times when the depth of the water in the harbour is 12 metres.

11
l:l, ﬁcosx—sinx52cos(x+%J ,[max =2/, XZ% + [Pmax =15/

03:00/07:00/15:00/19:00|

[11:00/23:00

b
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Question 98  (¥*¥¥)
sinP:i and tanQ :i.
17 3

If P is obtuse and Q is reflex, show that

1
cos(P—Q)zg—i.

proof

Question 99  (¥*¥¥)

Prove the validity of each of the following trigonometric identities.

2tan x

a) 2-2tanx-— =(1-tanx)’.
tan 2x
1—cosx 2
b =cot” ().
) 1+cosx (2)

Created by T. Madas



Created by T. Madas

Question 100  (¥*%%¥)

T .4
cos| x+— |=4cos| x——|.
( 6) ( 6)

Show by using an appropriate compound angle identity that

tan x = —%x/g .

proof

Question 101 (¥*%%¥)
Show clearly that ...

sin(A+B)—sin(A—B)
cos(A—B)—cos(A+B)’

a) ...cotA=

b) ... cot75°=2-/3,
(use part (a) with suitable values of A and B)

proof
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Question 102 (¥¥%%)

The curves C; and C, have respective equations
y; =3arcsin(x—1) and y, =2arccos(x—1).

a) Sketch in the same diagram the graph of C; and the graph of C,.

The sketch must include the coordinates of any points where the graphs of C;
and C, meet the coordinate axes as well as the coordinates of the endpoints of

the curves.

b) Use a suitable iteration formula of the form x,,, = f (x,) with x; =1.6 to find
the x coordinate of the point of intersection between the graph of C; and the

graph of C,.
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Question 103 (¥*%%¥)
It is given that

P+ P—
0 cos TQ .

sin P+sinQ =2sin

a) Prove the validity of the above trigonometric identity by using the compound
angle identities for sin(A+ B) and sin(A—B).

b) Hence, or otherwise, solve the trigonometric equation
sin7x+sinx=0, 0<x<ur,

giving the answers in terms of 7.

[ 1 l|x=o0 % Z Z Z 27 3% 5%
9 ’6’4’3’2’3’4’6

o) STRETNG AN THE COMPOOND ANSE IDOTITS o @sas o
agsnd = O aRcot O =
Sn(A+R) = AR + s AamB —Z—&m " =
= smA-R) = mAcosk — GoskamB ) s (A‘l: O 247 /202 E=onm
dx = T2 (3= s a2
= so(a) +sn(A-R) = 2smAwsl n=ouz, ~an2s
%z o uw 2 = Taour
Now Kkz m’[‘:}( L#S OF THE Ap0t EXPRESTION = %iﬂg :1:35&3?:
A+B = = P = A8 " /
A-R= &= a-g ~
= i A S
AIDNG THE Agove SUETOACTING: TH dek B=oL T
= 24= PO 2B = P-@ =0T BTN %‘"/f
= = P . =
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SN(ALE) + ma-R) = 2emAcosl — Swh+sme=o
P rse = 2P es(ty) S = b= —sma
R bt = swl= sm(-2)
\ T - Tx = -2 = 20T
b) A ther (2) way PeTa g @=x = (s niiplh e L
= s - = Br = 0 & 2nm
= (G25isr
= (e () -0 (20T
ﬁ/ﬁn(@ s (3) =0 L s T
O K '
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Question 104  (¥*%%¥)
Solve each of the following trigonometric equations.

5+ tan? 7 3z
w=9—secy, 0<y<2m, y#—,—

secy 272

ii. ﬁcos(9+%j:sin(9+%j, 0<6<27.

y=132°497¢, |o=—,—=

Question 105 (¥*%%¥)
Prove the validity of each of the following trigonometric identities.

a) (cosx+sinx)(cosecx—secx)=2cot2x.

cosx 1-—sinx
b) + =secx.

1-sinx COS X

proof
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Question 106 (¥*%%¥)
It is given that

cos(A+ B)+cos(A—B)=2cos AcosB.

a) Prove the validity of the above trigonometric identity.

b) Hence, or otherwise, solve the trigonometric equation
T T
ZCOS(X+EJ = sec(x+5j , 0<x<r,

giving the answers in terms of 7.

() s (Are) Heos@ S
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Question 107  (¥*%%¥)
It is given that

cos2x+tanxsin2x=1, x#90°(n+1),neZ.
a) Prove the validity of the above trigonometric identity.

b) Use the above result to solve the trigonometric equation

tan xsin2x+13cosx=8, 0<x<360°.

x=60°, 300°
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Question 108  (¥**%)

3cos? x—cos x =1.99375 .

It is given that the above trigonometric equation has a solution that is numerically small.

Use small angle approximations to find this solution.

No credit will be given for standard solution methods.
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Question 109  (¥*%%¥)
It is given that

2cotd

ool =sin26.
cot“ @

a) Prove the validity of the above trigonometric identity.

b) Use the above result to solve the trigonometric equation

4cot249+1=2$in20(1+cot20), 0<6<360°.

, |[x=63.4°, 243.4°

Question 110 (¥*%%¥)

If sin(6+a)=2sin@ , show clearly that

sinx

tan @ = .
2—coso

proof
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Question 111 (¥*%%¥)
Given that the exact value of tan20°=1¢, show that

1+V2 +1

tan10° = —
t

, |proof
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Question 112 (FHEE)

Use trigonometric algebra to solve the equation

sin [arcsin%+ arccos x} =1.
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Question 113 (¥*%¥)
It is given that

sin P+sinQ = 2sin(P;Qjcos(P;2Q).

a) Prove the validity of the above trigonometric identity, by using the compound
angle identities for sin(A+ B) and sin(A—B).

b) Hence, or otherwise, solve the trigonometric equation
sin4@+sin28 =cos@, 0<@<r,

giving the answers in terms of 7.

. |poz %z Bz 1x

18 18 2 18 18
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Question 114 (¥*%%¥)

sinezﬁ and COS(DZE.
25 17

If 6 is obtuse and ¢ is reflex, show clearly that

425

sec(6’+¢))=8—7.

proof

Question 115 (¥¥%%¥)

Solve each of the following trigonometric equations.

2
sec"x—2 tanx-—1 T 37
= , 0<x<2m, x#+—,—.
tan x 2 22

ii. 2cos20=4cosf@-3, 0<8<360°.

, |x=0.785°, 2.03°, 3.93%, 5.18°|, |8 =60°, 300°
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Question 116  (¥*%%)
xX= arccos(—%) )

Determine the exact value of cosec2x.

Question 117  (¥*%%¥)

f(x)=secx, xe R, 0<x<4r.

a) Sketch the graph of f(x), showing clearly the coordinates of any stationary

points and equations of asymptotes.
It is now given that

secld=secq,
T ¥4
where O<l9<5 and 7<¢<4ﬂ'.

b) Express ¢ in terms of 4.

b

(p:47z—t9|

Created by T. Madas



Created by T. Madas

Question 118  (¥**%)

If cosx = % , show by detailed workings that

CcoS xcos2xcosdx = —ﬁ

2187

Created by T. Madas

proof
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Question 119 (¥*%%¥)
4sin@+cosf@=2, 0<60<360°.

a) Show that the above trigonometric equation can be written as

16sin’ @ =4 —4cos@+cos’ 8.

b) Show further that
2+44/13
cosf = 7

¢) Hence, or otherwise, find the two values of @ that satisfy the equation

4sin@+cos@=2, 0<6<360°.

0 =15.0°, 136.9°
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Question 120  (¥*%%¥)
It is given that

sin 2x + sin x
=tanx.

cos2x+cosx+1
a) Prove the validity of the above trigonometric identity.
b) Hence, or otherwise, solve for 0< x <360°

sin 2x + sin x
=3cotx.

cos2x+cosx+1

x=60°, 120°, 180°, 300°
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Question 121 (¥*%%¥)
It is given that

sin P+sinQ = 2sin(P;Qjcos(P;2Q).

a) Prove the validity of the above trigonometric identity, by using the compound
angle identities for sin(A+ B) and sin(A—B).

b) Hence, or otherwise, solve the trigonometric equation

sin@—sin38+sin56 =0, 0<6<180°.

, 1@=0°, 30°, 60°, 120°, 150°, 180°

Created by T. Madas



Created by T. Madas

Question 122 (¥*%%¥)
It is given that

cos2x sin2x
+

- =COsecXx.
sinx  cosx

a) Prove the validity of the above trigonometric identity.
b) Hence, or otherwise, solve for 0< x<180°

cosbx sinb6x
+ =2

sin3x cos3x

x=10°, 50°, 130°,170°

@ g o | syn
Sy tesa,

Question 123 (¥*%%¥)

Solve the following trigonometric equation

sin4dy=sin2y, 0<y<180°.

y=0° 30°,90°,150°
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Question 124  (¥*%%¥)

]/ )

A(z.-8) B(27,-2)
i ﬁ(—\ : ij+Qsecx

The figure above shows part of the curve with equation
y=P+(QOsecx,
where P and Q are non zero constants.

The curve has turning points at A(7,—8) and B(27,-2).

Determine the value of P and the value of Q.

|_|’ =-5], Q:3
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(****)

Question 125
3
cotA=—— and cosB :1—

If A isreflex and B is also reflex, show that
tan(A+ B) = 26 .

, |proof
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Question 126 (¥*%%¥)

Prove the validity of each of the following trigonometric identities.

cotx cosecx—1

=2tan x.
cosecx—1 cotx

sin 360 N cos 36
cosd sinfd

=2cot20.

b)

proof
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Question 127  (¥*%%¥)

P A S
Scm

B

D
20cm
0
o R
+«—20cm >

The figure above shows the cross section of a letter inside a filling slot.
The letter ABCD is modelled as a rectangle with |AB| =8cm and |BC| =20cm.
The width of the filling slot QR is also20 cm and the angle BCR is €.

a) Show clearly that

5cos@+2sin@=5.

b) Express 5cos@+2siné in the form Rcos(8—¢a), R>0, 0<a<90°.

¢) Hence, determine the value of 4.

I:I, 50050+2sin0=@005(0—21.8°) , |0 =43.6°
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Question 128  (¥*%%¥)

Solve the following trigonometric equation

cosec40—cot40=%+ 3cotd, 0<0<2rx.

[ ].16=1.055, 1.29, 4.19°, 4.43°

OSING: THE DAY | + 6626 = (paefd <= cosePo—tfo-= |

= oo alo o LR ’
- DiFFeF of
= (e o) redt) = TS ontf
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p= i oy

werl | 3EEE o w =
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e

KNG 4 Sernny 4 Sowtial W 24040
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6 6T op wmapy ® b= 128y N T w3,
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E=ny Pl
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Gy= (20
Sy= ey
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Question 129  (*%%¥)

cosfcos26 1

———=—, 0<x<2x.
cos@+sinf 2

Given that cos@+sin@ #0, find the solutions of the above trigonometric equation,
giving the answers in radians in terms of 7.

T 5 Or 137
1 =2,

8 8 8

MunRy AUOS 8 Ty
= 2Ba® = osh +ayb
= 2% (63 -276) = cos +mB

= b (G- swYferd ranB) = e tous- ) oo L

A CosBrsub Lo | W may Duje (T Tisos

= e (o0~ w0 YosOpo6) = (554640)

2 A N4
— esh (16 - suo)” -

= B ~ AxBmb

. SUNUNEY]
= i) — o = BTIEOE
= [+ 620 — s = 4
= @2o = op N

2 Dok oy we
= = D

s 2= F £ oy

P = L 0T
N ] 2

L% T Y S

Question 130  (¥*%%¥)

Solve in degrees the following trigonometric equation

tan2x+tanx=0, 0<x<360.

x=0°, 60°, 120°, 180°, 240°, 300°
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Question 131 (¥¥%%¥)
It is given that

2cot2x+tanx =cotx.
a) Prove the validity of the above trigonometric identity.
b) Hence solve the following trigonometric equation

cotx—tanxz%taan, 0<x<180°.

x=31.7°, 58.3°, 121.7°, 148.3°

Question 132 (¥¥%%¥)
If cot@ =2, use the tangent double angle identity to show

tan@cot28tan 46 = —% .

You must show detailed workings in this question

, |proof
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Question 133 (¥¥%%)
It is given that

(sec@—cosB)(cosecd—sinf)=sinHcos b .

a) Prove the validity of the above trigonometric identity.

b) Hence solve the trigonometric equation

(sec@—cosB)(cosec—sinb) =—%, 0<6<360°.

6=105° 165°, 285°, 345°

Question 134  (¥*%%¥)
The three angles of a triangle are denoted by &, £ and ¥.

Show clearly that ...

a) ... sin(a+f)=siny.

b) ... sin(d+ﬂj=cos£1j.
2 2

proof
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Question 135 (¥¥%%¥)

f(x)=+3sinx+cosx, xe R.
a) Express f(x) inthe form Rcos(x—a), R>0, 0<a<90°.

b) State the maximum value of f(x) and find the smallest positive value of x for

which this maximum occurs.

The temperature of the water 7' °C in a tropical fish tank is modelled by the equation
T =32++/3sin(15¢)°+cos(15¢)°, 0<r<24,

where ¢ is the time in hours measured since midnight.

¢) State the maximum temperature of the water in the tank and the time when this
maximum temperature occurs.

d) Show that the temperature of the water in the tank reaches 30.5 °C at 13:14
and at 18:46.

[You may not verify the answers in this part]

- _ o — _ o —
I:I, J3sinx+cosx = 2cos(x—60°)|, [max = 2|, Lx =60, [T =34/,
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= + Danswiol T 242 )
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Question 136 (¥*%%¥)
It is given that

tan 6(1+sec26) = tan 26 .
a) Prove the validity of the above trigonometric identity.
b) Hence, or otherwise, solve for 0< 6 <180°

tan @ (1+sec26)=4tané.

0=0° 6=35.3° 144.7°

Question 137  (¥*%%)
By twice applying the identity

sin26 =2sinfcosf,

solve the trigonometric equation

. 1
smxcosxcostzg, 0<x<urx.

T Sr 13_75 177
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Question 138 (¥*%%¥)

f(x)=2.5sin2x+6c0s2x, 0<x<27.

a) Express f(x) inthe form Rsin(2x+a), R>0, O<a<%.

b) Determine the value of the constant A so that
Ssinxcosx+12cos” x= f (x)+A.
¢) Hence, or otherwise, find the minimum and the maximum value of

Ssinxcos x+12cos” x .

£ (x)=6.5sin(2x+1.176°)| . [A=6], [max =12.5], [min =—0.5]

b 2

@ Ro)= 2suans

Created by T. Madas



Created by T. Madas

Question 139  (¥*%%¥)

Find the two solutions of the trigonometric equation
(1+secy)(1-cosy)=tany, 0<y<2x,

giving the answers in terms of 7.

Question 140  (¥*%%¥)

Solve each of the following trigonometric equations.

1—2cosec?
M—choty, O<y<2m, y#r1x.
2coty

ii. cos20+6¢cos@+5=0, 0<6<360°.

y=2.03% 5.18°|, |§=180°
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Question 141  (¥*%%¥)
Sketch the graph of

y=—4+2cosec2x, 0<x<2rx.
The sketch must include

¢ the equations of any asymptotes to the curve
¢ the exact coordinates of any stationary points.
¢ the exact coordinates of any points where the curve crosses the coordinate axes.

graph
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Question 142  (¥*%%¥)

Prove the validity of each of the trigonometric identities.

a) cosecl—cotf=tan (%) .

2tan2x
b) —= cosec’x .
tan 2x —sin 2x
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Question 143  (¥*%%¥)
f(x)=27x"-9x-2, xe R,
a) Show that (3x+1) is a factor of f (x).

It is further given that
36¢c0s8260cos@+9sin20sinf =4 .

b) Find the possible values of cosé .

I:I, cosf=—

WO

W=
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Question 144 (¥%%%)
It is given that

1-tan’ @
Y _.

3 0s26.
1+tan“ @

a) Prove the validity of the above trigonometric identity.

b) Given that cos36°=

, show clearly that

1+\/§
4

tan>18° =

5-25
—

proof
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Question 145  (¥*%%¥)

f(8)=5cos0-12sin8, He R.

a) Express f(8) in the form Rcos(6+a), R>0, O<a’<§.

Give the value of & correct to 3 decimal places.

b) State the maximum value of f (&) and find the smallest positive value of & for
which this maximum occurs.

The pressure P, in suitable units, in a nuclear plant is modelled by the equation

P:20+5cos(%)—125m(%), 0<r<I12,

where ¢ is the time in hours measured from midnight.

¢) State the maximum pressure in the plant and the value of ¢t when this maximum
pressure occurs.

d) Find the times, to the nearest minute, when P =15.

[ 1

6=5.107°

5cost9—12sin¢9El3c0s(6’+1.176c) [max =13],

t.. =10.16

,101:34/06:15
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Question 146  (¥*%%¥)
It is given that

tan 2x —sin 2x .
—_—— = 251n2x, tan2x #0.
tan 2x

a) Prove the validity of the above trigonometric identity.
b) Hence find, in terms of 7, the solutions of the trigonometric equation

tan2x—sm2x:1’ 0<x<2r.
tan 2x

@ ke B oo | bdap | SR

Question 147  (*#%%)

) 12 )
If sinx :E and x is obtuse, show clearly that

cot2x=£.

120

, |proof

OULT AU e Inmmgion e
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Question 148  (¥*%%¥)
It is given that

COS X

cosx+sinxtan2x = }
cos2x

a) Prove the validity of the above trigonometric identity.
b) Hence find, in terms of 7, the solutions of the trigonometric equation
cosx+sinxtan2x=1, 0<x<2rx,

giving the answers in terms of 7.
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Question 149  (¥*%%¥)
It is given that

COseC x COSEC x

- E2seczx, cosecx # *1.
1+cosecx 1—cosecx

a) Prove the validity of the above trigonometric identity.
b) Hence find the solutions of the trigonometric equation

COseC x COseC x

- =5tanx, 0<x<2rx.
1+ cosecx 1—cosecx

x=0.464°, 1.11°, 3.61°, 4.25°
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Question 150  (¥*%%¥)
cotA:—é and cosB :i.
4 13
If A isreflex and B is also reflex, show that

tan(A+B)=%.

Question 151 (¥¥%%¥)
Given that

T . T
cos| x—— |=2sin| x+— |,
( 3) ( 3)

show clearly that

tanx:—4—3\/§.

proof
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Question 152  (¥*%%¥)
Make x the subject of the equation

arctan (14 x)+arctan(1—x)=y.

—+

2
X=x=
tan y

Question 153 (¥¥%%)
It is given that

sin(x+ y)sin(x—y)=cos® y—cos’ x.
a) Prove the validity of the above trigonometric identity.

b) Hence, show that

(T . («w 1
sin| — |sin| — |=—.
(12) (12) 4

proof
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Question 154  (¥*%%¥)
It is given that

1 1 2secx
cosx—sinx cosx+sinx |—tan

-
a) Prove the validity of the above trigonometric identity.
b) Hence solve the trigonometric equation

1 1
—+ —=2, O0<x<2r,
cosx—sinx Ccosx+sinx

giving the answers in terms of 7.
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Question 155  (¥¥%%¥)

_ 6
2cosx+2sinx

(%)

for O<x<m,x#pf.

. . T
a) Express 2cosx+2sinx in the form Rcos(x—a), R>0, O<a<=—.

The curve with equation y = f(x) has a vertical asymptote at x= /3.
b) Determine the value of .
¢) Solve the equation
£(3x)-6 =0,

giving the answers in terms of 7.

|:|, 2cos x+2sin x = 24/2 cos = ,3=3—ﬂ- X=£, 5—”, 25_7r’ 27
4 36 36 36 36
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Question 156 (¥*%%¥)
It is given that

tan” x—3

1-3tan” x

tan (x+60°) tan (x—60°)

a) Prove the validity of the above trigonometric identity.

b) Hence, or otherwise, solve the trigonometric equation

tan (x+60°)tan (x—60°)+11=0, 0< x <360°.

x=26.6° 153.4°, 186.6°, 333.4°
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Question 157  (¥¥%%)

f(x)=cosx++3sinx, xe R.

a) Express f(x) in the form Rcos(x—«), where R>0 and O<a’<§.

b) Hence solve the equation

c0s20++/3sin20 =2cos@, 0<O<2r.

>
Il

. f(x):2cos(x—§j
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Question 158  (¥*%%¥)
It is given that

cosecx—sin x
—  —  =gecx.

cotxcos™ x
a) Prove the validity of the above trigonometric identity.
b) Hence, or otherwise, solve the trigonometric equation

cosecx —sin x
tanzx—secx:—z, 0<x<360°.
2cotxcos” x

x=60°, 300°
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Question 159  (¥*%%¥)

2.5 2.5

260
C

The figure above shows an isosceles triangle ABC where the angle ACB =26 .

A rectangle PQRS 1is drawn inside ABC, so that S and R lie on AB, P lies on AC
and Q lieson BC.

It is further given that |AP| = |BQ| =2.5 and |PC| = |QC| =3.
a) Show clearly that the perimeter of PQRS is

5cos@+12sind.

b) Express 5cos€+12siné in the form Rsin(6+a), R>0, 0<a<90°.

¢) Find the value of @, given that the perimeter of PORS is 10.

, |5cos@+12sin @ =13sin (6 +22.62)°|, |8 = 27.7°
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Question 160  (**%%¥)

f(6)=3sinf+sin6, 0<H<27.
a) Express f(8) in the form Rcos(6—a), R>0, 0<0{<§.

b) Find the solutions of the trigonometric equation
V3+5in20=3c0s26+2sin6, 0< <27,

giving the answers in radians in terms of 7.
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Question 161 (¥*%%¥)
It is given that

cosP—cosQE—2sin(P;stin(P;Qj.

a) Prove the validity of the above trigonometric identity by using the compound
angle identities for cos(A+ B) and cos(A—-B).

b) Hence, or otherwise, solve the trigonometric equation

) V.4
cosbx+sindx=cos2x, 0<x<—,

2

giving the answers in terms of 7.
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Question 162 (¥*%%¥)
Solve each of the following trigonometric equations.

sec” x+8
4—tan x

=3tanx, 0<x<2rm, tanx#4.

il. cos20=sind, 0<6<360°.

[ ] |x=0983, 4.12°|, [9=30°, 150°, 270°

Question 163 (**%%)

Solve the following trigonometric equation

tan (arctan 3x —arctan 2) + tan (arctan 3 —arctan 2x) = .

—
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Question 164  (¥*%%¥)
It is given that

cos(A+ B) =cos Acos B—sin Asin B

cos(A—B)=cos Acos B+sin Asin B

a) Use the above trigonometric identities show that

cos(A+B)+cos(A—B)=2cos Acos B.

b) Hence show further that

COSP+COSQE2COS(P;QJCOS(P;QJ.

It is further given that

sinP+sinQEZSin(P;QJCOS(P;QJ.

¢) Show clearly that

cos2x+cos2y —cot(x+)

sin2x+sin2y

d) Use the above results to show that

cot(52.5°) =6 ++/3 -2 -2

proof
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Question 165

Solve the trigonometric equation

(****)

In(cosecd)=1In4—In(secd), 0<6’<§,

giving the answers in terms of 7.

Question 166

Solve the trigonometric equation

(****)

sianoszzl—cosﬁsinz, 2r<@<dr,
5 2 5

giving the answers in terms of 7.
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Question 167  (****) non calculator

45°

30° 0

23 ¢

The figure above shows a triangle ABC where |AC | =23 and |AB| =x.

The angles ABC, CAB and BCA are 45°, 30° and 6°, respectively.

a) By using a suitable compound angle identity show clearly that

V6 +4/2
=

sin105° =

b) Show without the use of a calculating aid that the exact length of AB, is

3+\/§ .

proof
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Question 168

(****)

f(8)=2cosf+3sind, e R.

a) Express f(8) in the form Rcos(6-«), R>0, O<a’<§.

Give the value of & correct to 3 decimal places.

b) State the maximum value of f (&) and find the smallest positive value of & for

which this maximum occurs.

The temperature 77 °C in a warehouse is modelled by the equation
T=16+2cos| = |+3sin| 2 |, 0<r<24,
12 12

where ¢ is the time in hours measured since midnight.

¢) State the maximum temperature in the warehouse and a value of ¢ when this
maximum temperature occurs.

d) Find the times, to the nearest minute using 24 hour clock notation, when the
temperature in the warehouse is 17 °C.

[ 1. [2cos6+3sin0 =13 cos(6-0.983° )|, | max =13, |9 =0.983°],

08:41/22:50|

T, ~196|, [t =3.75|,

max
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Question 169  (**%%¥)
It is given that

sin P+sinQ = 2sin(P;Qjcos(P;2Q).

a) Prove the validity of the above trigonometric identity by using the compound
angle identities for sin(A+ B) and sin(A—B).

b) Hence, or otherwise, solve the equation
sin@+sin20+sin360=0, 0<O0<rx,

giving the answers in terms of 7.
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Question 170  (¥*%%¥)
Given that

64cos28cos@+32sin20sin@ =27,

find the value of cos@.

o8}

[ T |eoso=7

o

UAL Down) BE Doulle Aagumells § T

= Hleobes+ Dovew = a7

= S(-)ed + 2oumbr\eb =27
= 128008 - Gtos + Gledtesd =27

= 18 - Gl + - =27
= LEeds — 6l é}&%ﬁé oS-
= Glpde = o7

> o= 2%

= WP =2 ///
4//
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Question 171 (¥*%%¥)

f(x)=2sinx+2cosx, xe R.

a) Express f(x) inthe form Rsin(x+a), R>0, 0<0{<§.

b) State the minimum and the maximum value of ...

yzf(x—gj.

ii. ... y=2f(x)+1.

iii. .. y=[/(x)]"

. 10
iv. ... y=—+

F(x)+3V2°

-

1. y=\/§sin(9+%j, (-8B, [-2v8+1,28+1]|, [[0.8]
(V2,542
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Question 172 (¥*%%¥)
It is given that @ and ¢ are such so that

tanf =t and tanp=r-1,
where ¢ is a constant.
It is further given that

1 1

2

5~ =3.
cos“ @ cos” @

a) Show clearly that 1 =2.

b) Determine the exact value of tan(6+ @), showing clearly all the steps in the
workings.

, [tan(6+¢)=-3

&) workG AR Busus

S F e
- as-aw =t

— =l - 5@&‘,& 2
e R R T
= (+=do)- (rbi)=3 %&ﬂi&uﬂ;f
.
= hio-bit =2
= t-(ef=3
= - (k) =3
= ‘/t/; o=y
= 2t=4
= t=2 =
=
b) s v T couponn oy
= bufpuy) < b
(—BuBloud

N LA
It =2

sy oz

\
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Question 173 (¥*%%¥)
. . V4
sin2x+cos2x=1+sinx, 0<x<5.
a) Show that the above trigonometric equation can be written as

cosx—sinxz%.

b) Express COS(X"'%j in the form R(Acosx+Bsinx) , where R, A and B are

constants to be found.

¢) Use the results of part (a) and (b) to solve the trigonometric equation

) ) T
sin2x+cos2x=1+sinx, 0<x<5.

B=—1|

R=—|, |A=1

9
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Question 174  (¥*%%¥)

f(x)=sin2x, xeR

g(X)=f(X+§j—f(x—%j, xeR.

a) Show clearly that

g(x)=2cos2x.

b) Express g’(x) interms of f(x).

Created by T. Madas

L [ ]e'(x)=—4f(x)

0)  GOoU THE Do) of q6) g £6) MWD sine Sin(A+R)

= g =t=T) - {&-7)
= go) = m[a@g@ - gm[;@ﬂ;ﬂ
= &0 = sm[ne

= §0) = sy

=a0) = 2
= 90) = 2wsn
7 h upatid
b dmasimmc 40)

36) = 2w

é/(\) = -lbsay
,}j'fﬂ = -0y
_~
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Question 175  (¥*%%¥)

Solve the trigonometric equation

sec@—cos@ =8(cosecd—sinf), 0<6<360°.

0 = 63.4°, 243.6°

Question 176 (¥*%%¥)
It is given that

sin36 =3sin @ —4sin> 4.
a) Prove the validity of the above trigonometric identity by writing 36 as 26 +86.

b) Hence solve the trigonometric equation

12sin>#—9sinf=1.5, 0<86<360°.

6="70° 110°, 190°, 230°, 310°, 350°
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Question 177  (¥*%%¥)

Solve the trigonometric equation

coty  cosy
cosecy —1 1+siny

=2, O<y<2r,

giving the answers in terms of 7.

Question 178  (¥*%%¥)

Solve each of the following trigonometric equations.

2cot’ x+5
Co—x+20056cx:13, 0<x<2rx.

CoS€C x

ii. 2cos260=1-2siné, 0<8<360°.

x=0.340°, 2.80°|, |[@=54°, 126°, 198°, 342°
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Question 179  (¥*%%¥)

Solve the following trigonometric equation

1 1 T
arctan| — |+arctan| — |[=—.
X x+1 4

,lx=-1, 2

NG TRGENC o 80TY SIEE NG | by (ata) = Bl Bul
CEARR

=5 achu(d) ¢ archm (ﬁ] = I
— [ b ()] T
4+

EG)

MXTIOMO ACRDSS
————

l

) x o)
= (@) +ta = aem)
N R S SR P |

I
4

(o =2)(x + 1) =0

- a= <::/

~ 3 K B A AN AN~
sxsa ;
arcou () + otha(w) = ~E+ L - I

U

U eas2

L 4 aeh =
)
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(****)

Created by T. Madas

Solve the following trigonometric equation

(335
2arctan| — |=arcsin| — |.
X 25

Created by T. Madas

x:i4|

9

Ploceed As DWW

= Zawcton(3) = o (&;F)

= S Swb
= 2lu® = awp

‘OING THE VAES o, Ao
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Question 181  (¥*%%¥)

YA YA
y; =arcsin x B Y, =arccos x

ol — . |
/ X \ .

A 0 E~*

The figures above show the graph of y, = arcsin x and the graph of y, =arccosx.
The graph of y, has endpoints at A and B.

The graph of y, has endpoints at C and E, and D is the point where the graph of y,
crosses the y axis .

a) State the coordinates of A, B, C, D and E.

The graph of y, can be obtained from the graph of y; by a series of two geometric

transformations which can be carried out in a specific order.
b) Describe these two geometric transformations.
¢) Deduce using valid arguments that
arcsin x +arccos x = constant ,

stating the exact value of this constant.

e e

-

C(-1,7)|, D(O,zj , |E(1,0)|, |constant :g
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Question 182  (¥*%%¥)
It is given that

sin(A+ B)=sin Acos B+cos Asin B
a) Use the above trigonometric identity to show that

sin3x = 3sin x —4sin° x .

b) Hence find

SN}

cos x(6sinx—2sin3x)3 dx.

I:I, %sin3x+C

9 Rod & Gun
A= Sm(zsx) = SN0y R am
= (v + O-29h)aux
= 2smie 4 am - 20
= 20ux (i-svfy ) +om — 20
= 20 — 2 + S — 2
= Yo - dovd

S

b o800 THe Buoa of prer ()
J e Comm - 203 o
= [ 1 [oam -2 (20m —ds)]F &
[ %_c}(m; ad JT 4
< [ (ast) &
= \\ @ (dofa) dy
- “mni\v?a &

B NSHCTion {00 WING Tt SUBSTITUTION) =Sk

- Lo
= fonsc

P

L/
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Question 183  (*¥%%)
f(x)=Asec2x+B, 0<x<27.

The graph of f(x), where A and B are non zero constants, passes through the points

(g,qj and (7.1).

a) Determine the value of A and the value of B.

b) Solve the equation

s |X =

9

w N

2z 4z 57
373

) @no e ook i (F7) & (m)

&) (n1)
1= AsecT 1 1= Asccor +8
1= -A43 L= A
AN G
28=-C
E:»z/’ § f\:%/

b e e sumed
= 4 s
- 4%@@%)}1 = s
= tee(auan) -3= 5
= sec(aa) =2

> (=L

o (b)= F
2243T = %*')W“\
243 =S oM oz,
(q,: -8 x oy
A= ST 2w
ae W om
A= -3 o
3 (oot 042 <am)
S
(3
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Question 184  (¥*%%¥)

. T . . . .
It is given that the angles 6, 1 and @ are in arithmetic progression.
Show that
. . o\2 2
(sin@—sinp)” +(cosf+cos@) =k,

where k is a constant to be found.

(N ACTHMETLC £ BGUSRIo ;10 THE oRDER Gt
- Too-%-%
= $+6-T

Now e e

ol 2 o 2
(smB-2md) + (o8 + osg)?

I

SO — 2smbsmd + AR +02B + 2008 Bosd + Lo

= @0 + wio) + Cavf + o) 4 ltuxbmp—,\m‘;:y@j

Stosd - Smbsm |

2v2 ] ws(ord)]

= 2+20sT
il .
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Question 185  (*%%¥)
It is given that

COS XCOS x+z —Cos 2x—z =0.
4 4

Given further that x # kx, ke Z , show clearly that tan x=3

proof

Created by T. Madas



Question 186

Created by T. Madas

y=arcsinx, -1<x<1.

a) By expressing arccosx in terms of y, show that

. V4
arcsin x + arccos x = 5 .

b) Hence, or otherwise, solve the equation

3arcsin (x—1) = 2arccos(x—1).

"

Created by T. Madas

x:1+sin(§}:1.5878

4 MiveosTe A SwGESTD
= A= afw
S 4= aram
=Wy =
= 2 swy
Thce Awcad o 5ot S0
= afcosy = arccos (smy)

=) orcesa = afees (MU}LM\,‘)

= ofcota = ’;i,‘j
= sy = L - omaML e g Y= arcsiy

= Wotx roram < L /
74 weontin
b e PA (9, uT g=at

= BareanG-1) = 2arceos(x-1)

= 3aramy = 'Z’)Flcux\\j
Y
= Soreany < 2 [ F-owsmy ]

= T— 2anawy

orsy = o

= T

T

= 2-1= wF
= a= 1+ wk v 5eTg
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Question 187  (¥*%%¥)

Simplify, showing clearly all the workings, the trigonometric expression

cos” @sin @ —sin> @cos O ,

giving the final answer in the form Asink@ , where A and k are constants.

|:|, %sin40

Created by T. Madas

oy s % Cos29

=

"
A M
»w

s
A
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S 0 sXo-

-
"

= B — B
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L (26sto8) ws2e

x 28020 wOG

Iy
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Question 188  (**%¥)

AY

............................ \ f(x):a+cosbx

The figure above shows the graph of the function

f(x)=a+cosbx, 0<x<2r7,

where a and b are non zero constants.

The stationary points (0,4) and (27,2) are the endpoints of the graph.
a) State the range of f(x) and hence find the value of a and the value of b .
b) Find an expression for f~'(x), the inverse function of f (x).
¢) State the domain and range of £~ (x).

d) Find the gradient at the point on f (x) with coordinates (T

e) State the gradient at the point on f -1 (x) with coordinates (%,4%) .

L2 f(x)<4|, a=3,b=%, f_l(x)=2arccos(x—3), 2<x<4],

0< 7 (x)<2a|, |- B -

& 9= 3embh &)

@) 4= 3+t © o con
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Question 189  (¥*%%¥)

Solve the following trigonometric equation.

arctan 2x +arctan x = arctan3, xe R.

1 [e=]

OComx + abwa = archud

URNG- THE  (OMPOUND A TANGETS
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Question 190  (¥*%%¥)

The function f is defined below.

f(x)E4cosx—3sin( x), xeR.

=

Show that if @ satisfies the equation

4sin(%6?)+\/§=0,

then f(6)= %(a +b3 ) , where a and b are integers to be found.

1. [F(10+343)

® ST BY DEARAANEING: THE COUATION

4B + 4T =0
dam§
S T

@ WE NeE) No sausTion
MANPRATE THe FncTion

UL AN ACTORL PANGE | IF We Sormgyy
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Question 191

(****)

Created by T. Madas

The obtuse angles A and A, satisfy the following relationships.

CO0s2A = sinB =

Determine the exact value of tan(A+B).

Question 192

(****)

Simplify (tanx+cotx)sin2x and hence prove that

tan (%7[) + tan(

W=

%z) + COt(%ﬂ') + cot(

[ 1 tan(A+B)=—2

© SHING fonl Gos2A =4 g notg TAr A 1 ogmse

Osmimy  SnB - L (8 ommse .o e smb g b Aeneine)

O fNALY B e OMfoonDd ANDLE 10HNTIES

Bk v b8

Lo
Tt (aam) =

5 _
ﬁﬂ-) = 4+2\/§

, |proof

STRUT WY T SUGBESTID SN PU FORTCR
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Question 1  (¥**%4)

Find the solutions of the trigonometric equation

6+13sin(260+a)°=5c0s26°, 0< O <

where tana°=%, 0<a<90.

360

0 =105°165° 285°, 345°

Question 2 (¥***4)

It is given that sin1® = 0.8415 and cos1® = 0.5403.

THS (o 8 AR Comrondd AuG & NOTABBYT DoVl &S

A Be Hrounn Ate 29 THRoLG+ ol

= £+ Ran(Wi«)= Se®
= 6+ 1] SWBcka+ G2BsUx | = S

= 6+ BamdBlosx ¢ BBy = Seoe2l

Now b= 5 ) o sum
» S o B Primaceas svfb= S
b O 0= 12
;Y 0
RELIIG B THE NAIN UE
= S4Bl v Bempxg = S
= 6 thus +Spxfy = S0
= L= -6
= Swb=-1
oran(-4) = -3
(20= -3ge3n
\Ze: 20k %oy O
(6= —ig°x 180y
\F= losx 190y

0= 16530 o a8
A

Show that sin (I.Olc) =(0.847, correct to three decimal places.

Created by T. Madas

, |proof
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Question 3 (¥***4)

It is given that @ satisfies the equation
4tan@+cotf=4.

Show clearly that

|98

c0s20:§.

Question 4  (¥***4)

Find in radians, correct to two decimal places, the solutions of the trigonometric
equation

sec2x—3tan2x=2, 0<x<2rx.

x=1.14°, 2.99°, 4.28°, 6.13°

Created by T. Madas
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Question 5 (¥***4)

Solve in radians the trigonometric equation
. . T
sin8x =sin2x, OSX<E’

giving the answers in terms of 7.

Question 6  (¥**%4)

Solve in degrees the trigonometric equation

sin5@+sin36 =0, 0°<6<180°.

0=0° 45° 90°, 135°

Created by T. Madas
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Question 7  (¥***F4)

Solve the following trigonometric equation

coSs2x

———— =1-2tanx, 0<x<2rx,
1+cos2x

giving the answers in terms of 7.

[ ] |x=Z, 22 Bz lim
’ 127127 127 12

STAT BY REDBUUNG THE DR ARGOMGS,

R o B Y

B
E=S
(= b =2~ lha
= 0= 1 - Uhux t twd

C Dees N FRUDRIZE WWAY | O PRoeeed BY
DATIC. RORUUUY 08 By (GURETING THE STUARE

— (wx—2) -kri=o

= (faw-2)= 3

R

s
5

= orbu(267) - <

e IC. ST R T =
= [ o &
>
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Question 8  (¥***4)

Solve in degrees the trigonometric equation

4tan(6+60)tan (6 —60) =sec’ 616, 0°<H <180°.

, |@=15° 75°, 105°, 165°

USING: THE T Colboonn Anjne INGINY 4 THE Prjacaesin e =
V= 7T+

IDATINY Conecrinion Fiafhe_sely

prg)e Bt L e ok BA T
LS ey A = L= tTEd@
kgl o 2 A
¢ >h = el (NOWLTU, ACL ¢ RoSuBLé ARETANS

2

S B2 IS5 s) o5 ST 2

7

*;:4% S TSy weee T= Lub

=4(t-3) = -15)G-31)

= 4T-1p = T-3T

— 3—hr+3 =0
= T-lw +[ =0
= O-17-4 =0

>
= (r-7)=

= T-7 = @
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Question 9 (¥***4)

Prove the validity of each of the following trigonometric identities.

a) (tan@+cot8)(sin@+cotd)=sech+cosech.

b) tan(9+%j =sec2@+tan 20 .

proof

Created by T. Madas
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Question 10 (¥***4)

1 1 31
2arctan + arctan =arctan| — |.
x—3 x+2 17

Show that x =5 is one of the solutions of the above trigonometric equation and find, in
exact surd form, the other two solutions.

. _10£5V190

31
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Question 11  (****+) Non Calculator

A triangle, ABC has |AB|=2+3 cm, XBAC =45° and £ACB=60°.

Determine, in exact simplified surd form, the area of this triangle

, area=3+\/§

® TULY ABC =15 i

@ B THE INE DU e Haue A
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Question 12 (¥***4)

It is given that
sin> (9+1j —sin? (e—fj =in26.
4 4

a) Prove the validity of the above trigonometric identity.

b) Hence, or otherwise, show that ...

i ... sin(0+£jcos(0+zj—sin(@—zjcos(ﬁ—zj500520.
4 4 4 4
. . (57[) (575} . (ﬂ'j (ﬂ'j 1
ii. ... sin| — |cos| — [+sin| — |cos| — |=—.
12 12 12 12 2

proof

Created by T. Madas



Created by T. Madas

Question 13 (¥***4)

Solve the trigonometric equation
. 2
(3sinx+5cosx)” = 4cos’ x, for 0<x<2r,

giving the answers correct to three significant figures.

x=1.98% 2.36° 5.12°, 5.50°

Question 14  (¥***4)

Solve the following trigonometric equation
tanx+cotx=8cos2x, OZ<x<r,

where x is measured in radians.

-1 - 5. 13 17
Y=247 247 247 47

[ ]

-

MAWPUATE JONT TE LHS oF The {guiTion)
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Question 15 (¥***4)

The figure below shows a regular octagon F. A circle C is inscribed inside A and

another regular octagon P, is inscribed inside the circle C.

The three objects have a common centre at O.

The circle C has aradius of 1 unit. The points A and B are consecutive vertices of F,

and the points M and N are consecutive vertices of P, .

a) By considering the triangle OAB, show that the perimeter of the octagon A is

16tan£.
8

b) Use the triangle OMN in a similar fashion to show that the perimeter of the

octagon P, is 16sin% .

[continues overleaf]
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[continues from previous page]

¢) Use a standard identity for cos26 to show that

d) Show further that

tan%=—1+\/§.

e) Deduce from the results obtained so far that

3.06 <7 <3.31.

B Dk

lnt = s
8 aswk = \hgm%—/

2980w 8T

UMD oF oGy =

¢ ot Gy = |-

= i = + [2=C

J “”\

(%« 4on)

£ //: 2epueed

&) oS0 T Doostt AN et e 20w 6-Th

= SF = L[z

= tnf= -t ey

=

= g s -3 (kB aom 4 —1 -2 s ok )
%

Mw_/ WE HE
l6s

-L/,i‘fﬁ—r,_ )
306 Py

fumine P < CaowmiRete & < promite §
EI < bbaF

4 T
.
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Question 16 (¥***4)

Solve the following trigonometric equation

cotx +cosecx—1:4’ 0° < x < 360°.

cosecx—1 cotx

x=60°, 300°

Question 17  (¥***4)

f(x)=In(1+sinx), sinx# =£l.

Show clearly that

f(x)=f(=x)=2In(secx+tanx).

6= b am))

MAJROATE AY Fouous
- £
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Question 18  (¥***4)

It is given that

cos3x = 4cos® x—3cosx.
a) Prove the validity of the above trigonometric identity.

b) By differentiating both sides of the above identity with respect to x, show that
sin3x = 3sin x—4sin’ x.

proof

Question 19  (¥***4)

Prove the validity of each of the following trigonometric identities.

cos2x—cosx+1
a) - - =cotx.
sin 2x —sin x

b) 2(:05449+%sin2 20—1=cos28.

proof
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Created by T. Madas

Question 20  (¥***4)

It is given that

tan x secx—1 nx
- =2cotx, O#—,ne’.
secx—1 tan x 2

a) Prove the validity of the above trigonometric identity.
b) Hence solve the trigonometric equation

tan 360 sec30-1 2
- =—, 0<6<r7,
sec30—1 tan36 \/5

giving the answers in terms of 7.

Question 21  (¥***4)

Prove the validity of the following trigonometric identity.

1+cosé@
1—cos@

= (cosec@+cot )’

proof

Created by T. Madas
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Question 22  (¥***4)

It is given that
sin36 =3sin@—4sin> 4.
a) Prove the validity of the above trigonometric identity.

b) State the maximum value of

f(x)= 6sin(5x)—8sin3(5x), xeR,

and determine, in degrees, the smallest positive value of x which produces this

maximum value.

fnax (%)

2

, lx=6°

Created by T. Madas
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Question 23 (**¥*4)

The obtuse angles € and ¢ satisfy the equation
sin 60° +cos4¢° =-2.

Find the possible values of € and ¢.

[ 1. (6.9)=(105°,135°) U (165°135°)

Created by T. Madas
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Question 24  (¥***4)

It is given that

tan A+tan B

tan(A+B)E l-tanAtan B

a) Prove the validity of the above trigonometric identity by using the compound
angle formulae for sin(A+ B) and cos(A+ B).

. . . T .
a) Deduce an exact simplified expression for tan(é? _Ej , in terms of tan@.

b) Solve, for 0< 6 <27, the trigonometric equation
tan@—+/3 = (1+\/§tan0)tan(27r—9) ,

giving the answers in terms of 7.

( ﬂj tan 8 —~/3 T
tan| 0—— |=——F——|, |0 =—
3) 1+/3tan8@ 6
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Question 25  (k***4)

Solve the following trigonometric equation

tan4x—tan2x =0, 0°< x<360°.

:

x=0°, 90°, 180°, 270°

2= O B w=o)23,..

> e - by = 0 )
> Gl = tan2x

5 X = © % dou

L a= daoe s S
— 4r= 2 & B0 weouzy, L Y
N 7 A e
= 21 = O % IBoy
5 X o 4 qoy
L= 0 90° 180", 2¢

MéTpp B
2w
Ushag bup s ,‘6’,
i - 46
(5 \ +
= oy (2xm) - b =0
= 28 Ly =0
[ = tadan, T
=5 2bz — o (1 - B =0
= B ErER N s
el G| 2~ (- ) | =0
B (14 »d) =0
o sowTions
= 'W@x ©
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Question 26  (¥***4)

It is given that

cos30 =4cos’ @ —3cosb.
a) Prove the validity of the above trigonometric identity.

b) Hence solve in degrees the trigonometric equation

2+cosbxsec2x=0, 0°<x<180°.

x=30° 60°, 120°, 150°

Created by T. Madas
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Question 27  (¥***4)

The figure above shows a rigid rod ABC where AB is 6 metres, BC is 4 metres and
the angle ABC is 120°. The rod is hinged at A so it can be rotated in a vertical plane
forming an angle #° with the horizontal ground.

Let 4 metres be the height of the point C from the horizontal ground.
a) Show clearly that ...
i. ... ADBC=6°+60°.
ii. ... h=8sin@+23cos6.

b) By expressing 4 in the form Rcos(6—«), where R>0 and 0<a <90°, find

to the nearest degree, the values of & when h=6.

, |60=20° 113°
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Question 28  (¥***4)

By considering the expansion of tan(2A+ A), show clearly that

_ 3tan A—tan> A

tan3A 5
1-3tan”“ A

proof

Question 29  (¥***4)

Show clearly that

tanzx . 4
3 S—=sin"x.
tan“ x+2+cot“ x

proof
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Question 30 (¥***4)

It is given that

cos30 =4cos’ @ —3cosb.
a) Prove the validity of the above trigonometric identity.

b) Hence, or otherwise, prove that
c0s68 =32cos® @ —48cos* @+18cos? O 1.

proof

Question 31  (¥**%4)

Prove the validity of each of the following trigonometric identities.
a) sin’(x+y)—sin®(x—y)=sin2xsin2y.

cot26 +cos26
cot26

= (cosO+sin )’ .

proof
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Question 32  (¥***4)

Show clearly that

proof

Question 33  (¥**%4)

It is given that
cos3x=4cos’ x—3cos x.
a) Prove the validity of the above trigonometric identity.

b) Hence, or otherwise solve the trigonometric equation

2+cos60sec20 =0, 0°<0<360°.

6 =30°, 60°, 120°, 150°, 210°, 240°, 300°, 330°

oS — (otx — 2081 1 Lo

= -lwfl ~ 3o 8
a8 ppngo
b Poscesn A fououg

083 = 4edb - 3B
B (2xB) = Awd20 — 22O

(0860 =
TRANRRQMING: THE AgUATION
= 2t bbxB =0
= 2+ [ it - 3008w = 0
L diodpsec® - 3008l =0

= 3+ dwdp -3 =0
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Question 34  (k***4)

It is given that
. . _ 3 . 3
(cosx+sinx)(1—sinxcosx)=cos” x+sin” x.

a) Prove the validity of the above trigonometric identity.

b) Hence find, in terms of 7, the solutions of the trigonometric equation

cos> x +sin’ x

3
- =—, 0Zx<urx,
COS X +sin x 4

giving the answers in terms of 7.

T S
X=—, —
12 12
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Question 35  (**¥*4)

It is given that
cos(x+36)° =sin(x—54)°.

a) Show clearly without a calculating aid that the above trigonometric equation is
equivalent to

tan x° = tan 54°.

b) Hence solve the trigonometric equation

cos(3y +36)° =sin(3y—54)°, 0< y <180.

y=18, 78, 138
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Question 36 (¥***4)

Solve the trigonometric equation
sin3x=cos2x+sinx, for 0<O0<rx,

giving the answers in terms of 7.

Question 37  (¥*¥*%4)

Solve the trigonometric equation

2sin2xtan x+4sec2x+5=0, 0°<x<360°.

x=060°, 120°, 240°, 300°
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Question 38  (**¥*4)

It is given that

tan@+tanp =3,
sin” x +2sin x +sin (6 + @) = 3cos fcos p—1,

for xe R, fe R, peR.

Show that the above relationships imply that

sinx=-1.

, |proof
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Question 39  (¥***4)

A geometric progression has first term sin@ and common ratio cosé .

a) Given the value of @ is such so that the progression converges, show that its

sum to infinity is cot%.

A different geometric progression has first term cos& and common ratio siné.

b) Given the value of @ is such so that this progression also converges, show that
its sum to infinity is sec+tané.

, |proof
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Question 40  (¥***4)

Is given that
o cos’x+sin’x=1.
o cosecl5°=~/6+/2.
Use these facts only to show that
a) 1+ cot® x = cosec’x.

b) cotl15°=2++/3.

proof

Question 41  (¥**%4)
Prove the validity of each of the following trigonometric identities.

a) 1+sin260 =cosf+sind.

b) 8cos” (%9) =cos260+4cos@+3.

proof
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Question 42 (¥***4)

A relationship between x and y is given by the equations
x=sin260, 0<f@<rm,
y=cotl, 0<O<r.
Use trigonometric identities to show that
y(2-xy)=x.

proof

Question 43 (¥***4)

Show clearly that

1—x T
arctan x +arctan| —— | = Z .

proof
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Question 44  (¥***4)

It is given that

2tan x 2 x
————=sec”| - |, x#nw,nel.
tan x +sin x 2

a) Prove the validity of the above trigonometric identity.
b) Hence solve the trigonometric equation

2tan x
—=4, 0<x<360°.
tan x+sin x

x=120°,240°

Question 45 (¥***4)

Prove the validity of the following trigonometric identity

sinx _ cosx
l+tanx l+cotx

Created by T. Madas



Created by T. Madas

Question 46  (¥***4)

X
Let t =tan—.
2

a) Show clearly that ...

. ) 2t

I. ...SInx= 7
1+¢

.. 1-12

II. ... COSXx = 5
1+1¢

b) Use these results to solve the trigonometric equation

Ssinx+4cosx=3, 0°< x<360°.

x=113.4°, 349.3°
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Question 47  (**¥*4)

It is given that for 8e R, pe R

3tan@ =4tan .

Show that the above relationship implies that

sin 26

tan(H—(p): 7+cos20

proof |

b
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Question 48  (¥***4)

The figure above shows part of the graph of the curve with equation

Use differentiation to show that

> X

DIFETIATE Vid QN &1 Dyl & TI0)

-thj N gs—sm;l;m o (o)
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o Esmdad +6 - 3n
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— wn = = &P
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= sw =+ 302
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Question 49  (k***4)
It is given that
3tan x —tan’ T
tan3x Ex—zx X ;tn— ,n=0,1,2,3,...
1-3tan” x

a) Use the above identity to express cot3x in terms of cot x.

b) Show clearly that

cos2x—cosx+1 1
=cotx, cosx;tj.

sin 2x—sin x

L solve the trigonometric equation

a) Hence, or otherwise, given that cos3x # >

cos6x+sinb6x—cos3x—sin3x+1=0,

for 0 < x <, giving the answers in terms of 7.
Iz llx
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Question 50  (****4)

flx

a) Show clearly that

Created by T. Madas

sin3x cos3x nrw
= + ,xeR, x;t?,neZ.

cosx  sinx

f(x)=2cot2x.

b) Solve the trigonometric equation

f(x)+1=tanx, 0<x<27.

A=

,

x=0.785%, 2.94°, 3.93°, 6.09¢
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Question 51  (¥***4)

Solve the trigonometric equation
\/g(secx—tanx) =1, 0<x<2r,

giving the answers in terms of 7.

Question 52  (¥**%4)

Prove the validity of the following trigonometric identity

cot” x—tan” x = 4cot 2xcosec2x .

Created by T. Madas



Created by T. Madas

Question 53  (¥***4)

X
Let t =tan—.
2

a) Show clearly that ...

. ) 2t

I. ...SInx= 7
1+¢

.. 1-12

II. ... COSXx = 5
1+1¢

b) Use these results to solve the trigonometric equation

2sinx+3cosx=1, 0<x<2rx.

x=~1.88%, 5.58°
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Question 54  (¥***4)

a) Sketch in the same diagram the graphs of f(x) and f~'(x)=arcsecx.

b) State the domain and range of f~'(x)=arcsecx.

¢) Show clearly that arcsecx = arccos(%) .

d) Show further that i(arcsec x)= !

dx A2

, |[domain: x<—1uU x>1], |range: 0< £ (x) <7, f_l()c);tZ
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= tgn = L
DX
- 9= el

b anssa s ara(d)

d} R 0% SN ResuT § kR oF Thar &)

\ e
ey (L) )

o) floma()- - = 48

=
</M 02 B T o W,vawxﬂ/\/\//v}
o (. St v
{ P TR 3
§ =smy= N A N
Dab: 2l U Al ¢ 3 7 @éﬂ B é
R - 0g L WL E & T2 ! ! 6
< < AL P $
= 4 2 &t T Z
Q) DLy Tom e Meomiod Gt : Doy ¢
; — T ; an ok ES -~ >
= 4= aesen 7 f——
o !%‘ e (e 2
= oSy = X =3 = s 3 P COANAT 1 TE
> s g g - A 67 Do) Gues)
= ey [N b2,
= 7 ol sd-oy ! 2
L I B A e S R Y

Created by T. Madas



Created by T. Madas

Question 55  (**¥*4)

It is given that
sin36 =3sin@—4sin> 4.
a) Prove the validity of the above trigonometric identity.

b) By differentiating both sides of the above identity with respect to €, show that

c0s360 =4cos> @—3cosh.

¢) Hence show that

_ 3tan @sec’ O —4tan> @

tan 36 5
4—-3sec” @

d) Deduce that

_ 3tan@—tan’ @

tan 36 5
1-3tan“ @
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Question 56  (¥***4)

Prove the validity of the trigonometric identity

1+sin@
1-sin@

(secO+tan )’ .

proof

Question 57  (¥**%4)

Solve the following trigonometric equation.

x=3 U x=6

6 ©= ofchu (35) o d= ana (34

= e -

= foulo1s) = bux

oo Qeeew)
GHe-Y

Moy Tieoust &y (-1)(x-3)
G + A-9G-) = -NE-8) - @-5)a)
A-BbIS b o ke = A-diy o (at-anva)
DY = s -7
-l +% = o

-+ g =0

G-@-e)=0o
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Question 58  (¥***4)

Given that
seczx—(1+\/§)tanx+\/§=l,

show that either tanx =1 or tanx = \/5 .

Detailed workings must be shown in this question.

e L dady = «20

= & - (AT ) o w21
— dede it - Q@b 7=
= &b - b T2 0

Bl e quacene ReuuA

= g« (2 R bl

Question 59  (k***4)

It is given that
u=sin26 , v=cotd.

Use trigonometric identities to find a simplified expression for u” in terms of v.
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Question 60  (¥***4)

The diagram below shows a right angled triangle OBC where |OC | = x and the point A
on OB so that |OA|=8, |AB|=4.

The angles OAC, OBC and ACB are denoted by 8, ¢ and ¥ respectively.

By considering a relationship between the angles 8, ¢ and ', show that

4x

tany = .
v 96 + x°

Wekng AT we ficoam

N 3
BAC = 18o-9 Ai
ool AT *\PAL CN
8
G+ (el + ¥ = teo N \ by
b-B+yp=o L ..
5 = c
Y= b-4

TAUNG- TANGEIS BT SIS

by -t (9-9)
by - b - b

s
U= b bk 5 OI
= o = e
! ﬁ s
g
o B =
.
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Question 61  (¥***4)

Solve the trigonometric equation

o
IA
=
IA
NN

sin xcos xcos2xcos4x = T

giving the answers in terms of 7.

[ | |x=Z 3207 1z
’ 32°32°327 32

= SneD s
29053008 (0}
s e togh

2 s = =

= swbaah = 2
F  )x
= 2ebadh - 2

= sng o= 2
‘/g&—, T4 2= 20T
U= 3y & 2ur

(a= W F

\as ag s

G2 THE RMIE 0 <2 £
e .

Question 62  (¥***4)

Solve the trigonometric equation

4 - =cotp, O<@<2m, @+,
2sec@p—2sinp+1

giving the answers in terms of 7.

Created by T. Madas



Created by T. Madas

Question 63  (¥***4)

Solve the trigonometric equation

tan9(1+00520)=2sin229, 0<6<90°.

0 =0°15°,75°,90°

Question 64  (¥*¥*%4)

Solve the trigonometric equation

arcsin x + arccos% = 2arctan% )

— 44
|:|, X=125

eT @:onm::% q ¢:qréﬂi
\K [C R %
4 J_ bk 3 & Smp=2

TR THE CQUATRN
= awwx + oeeotd = 2ankod
= otmx +6 = 2%
= ovowx = 2%-%
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= = swzhaxl — ce2ksw®

LS. DoCRLEANGE DORITES Svb= Dstrblosd ¢ (o~ 21—/
=5 x= 2swbosbsd — sub (2e-1)
= - 2R)E)@)- )
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> X= k- %%

- oas W
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Question 65  (¥***4)

It is given that

cotx COS X

- =2tanx, x#180°, ne Z.

cosecx—1 I+sinx
a) Prove the validity of the above trigonometric identity.
b) Hence solve the trigonometric equation

cot36 cos 36

- : =2tand, 0<6<2r,
cosec30—1 1+sin36

giving the answers in terms of 7.
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Question 66  (¥***4)

Prove the validity of the following trigonometric identities.

tan 2x )

S€C x.

1
tan2x+sin2x 2

.. tan @
ii. =cosecy.

(1-cos@)(1+seco)

proof
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Question 67  (¥***4)
f(x)=2+sec(x—§j, xeR,0<x<2rx.

a) Solve the equation f(x)=0.
b) Sketch the graph of f(x).

The sketch must include the coordinates of any stationary points, the coordinates
of any x or y intercepts and equations of the vertical asymptotes.

[ |e=n 2
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Question 68  (¥***4)

7.

The figure above shows a rigid rod ABC where AB is 1 metre, BC is 2 metres and
the angle ABC is 120°. The rod is hinged at A so it can be rotated in a vertical plane
forming an angle €° with the horizontal ground.

Let & metres be the height of the point C from the horizontal ground.
a) Show that ...

i. ... ADBC=6°-60°.

ii. ... h=2sin0—\/§cos0.
) ) 3
iii. ... when AC is horizontal, tané?:?.

b) By expressing / in the form Rsin(@—¢), where R>0 and 0 <& <90°, find

the maximum value of 4 and the value of @ when & takes this maximum value.

L1 e =7
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Question 69  (¥***4)

Solve the trigonometric equation
2siny+3secy=6+tany, 0<y<2r,

giving the answers in terms of 7.
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Question 70  (¥***4)

f(x)=sec’x, xe R, xi%(2n+l), neN.

Show that if

f(x):%f()ﬁ%j,

then either sinx=0 or tanx=2.

, |proof
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Question 71  (**¥%4)

] YA ! y
i y=tanx y=cotx
9] i /% [9) “x

The diagrams above shows part of the graphs of y =tanx and y=cotx.

a) Sketch the graph of y, =—tan(—x) and hence write a simplified expression for

y; in terms of tanx .

The graph of cotx has vertical asymptotes and the equation of one of them is labelled
in the diagram as x=a.

b) State the value of a.

The graph of cotx can be obtained from the graph of tan x by a series of two geometric
transformations which can be carried out in any order.

¢) Describe the two geometric transformations.

d) Deduce using valid arguments that

V4
cotx=tan| ——x |.
2

. . . . T .
a = x|, |reflection in the x axis/translation to the "right" by B} units

@ i

y N

=

(I
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Question 72 (**¥*4)

The figure above shows a triangle ABC, where XBAC = % , ABCA=6 and |BC | =1.

The straight line segment BD, labelled as h, is perpendicular to AC .

Let AD=x and DC=y.
a) By expressing /4 in terms of @, and x in terms of 4, show that
x+y:\/§sin¢9+cost9,

and hence deduce that the area of the triangle ABC is given by
sin 05in(0+%j.

b) By using the trigonometric identities for

wo(og)] me oloo5l)

write a simplified expression for the area of the triangle ABC .

[continues overleaf]
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[continued from overleaf]

The value of @ can vary.

¢) By using part (b), deduce that the maximum value of the area of the triangle
ABC is

(2++3)

1
4

) ) 57
and this maximum value occurs when 6 = —.

3

:I,sinesin 6’+% =

— ——cCoS 26’+£
4 2 6

A
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Question 73 (¥***4)

The height of tide, 7 meters, in a harbour on a certain day can be modelled by
h(t) =10+~/3sin(30r)°+cos(30r)°, 0< 1 <12,

where ¢ is the time in hours since midnight.

a) Find the time when the high tide and the low tide occur during the morning
hours of that day and state the corresponding depth of water in the harbour at
these times.

The depth of water in this harbour needs to be at least 8.5 metres for a boat to dock
A boat arrives outside the harbour at high tide and needs five hours to unload.

b) Show that the boat has to wait until 09:23 to enter the harbour.

:

high tide of 12 metres at 02:00|, [low tide of 8 metres at 08:00)

b
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Question 74  (¥***4)

The figure above shows an irregular pentagon ABCDE . The lengths of AB, BC and
AE are 14 cm, 8 cm and 6 cm respectively.

The point Q lies on AB so that AQ is 6 cm and OB is 8 cm. The point D is then
constructed so that QEDC is a rectangle.

Let the angle AQE be 6° and assume that 6° can vary.

a) Given that P cm and R cm? are the perimeter and the area of the pentagon
respectively, show that ...

i. ... P=28+12cos@+16sind.
ii. ... R=146sin26.

b) Hence show that when the pentagon has a maximum area

P=14(2++2) em®.

, |proof
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Question 75  (**¥¥*4)

Let t =tan (ﬁj .
2

a) Show that ...

. ) 2t

I. ... SInx= 7
1+¢

.. 1-¢2

Il. ... COSXx = 5
1+¢

b) Use these results to solve the trigonometric equation

Ssinx—5cosx=1, 0<x<2rx.

x=3.79°,0.927¢
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Question 76  (¥***4)

The functions f and g are defined by

V4 T
—3sinx, xeR, ~L<y<”
f(x)=3sinx, xe S Sx<T

g(x)E6—3x2, xeR.
a) Find an expression for f~'g(x).

b) Determine the domain of f~'g(x).

|:|, f_lg(x):arcsin(Z—xz), “J3<x<—1 or 1<x<43
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Question 77  (¥¥*%4)

Find the solution of the equation

X 1
arctan| —— |=—arctan x .
1+x
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Question 78  (¥***4)
%sin4 x+%cos4 X :% .

Show that the above trigonometric equation is equivalent to

tanzxz%.
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Question 79  (¥***4)

A relationship is defined as

x=sin20, 030<%.

y=tan20, ose<%.

Use trigonometric identities to show that

2 4x(1—x)

(1—2)c)2 '

Question 80  (¥***4)

Find the solutions of the trigonometric equation
cos@+cos36+cos50+cos760=0,

for which 0 <8 <180°.

0 =122.5°45°,67.5°,90°,112.5°,135°,157.5°
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Question 81  (¥***4)

sin36 =3sin@—4sin’ 6 .
a) Prove the validity of the above trigonometric identity.

b) Hence or otherwise solve the trigonometric equation

. . (1)
arcsin x = 3arcsin 5 .

Question 82  (¥**%4)

Solve the simultaneous equations

arctan x +arctan y = arctan 8

x+y=2.

=1 =3 inei
I:I, x—z,y—z,lneltherorder
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Question 83  (¥***4)

Solve the trigonometric equation
4tan21//+300tl//seczw= 0, O<y<2r,

giving the answers in terms of 7.

Question 84  (¥*¥*%4)

Show clearly that

3 ran] )
2arctan| — |+arctan| — |=7.
2 5

, proof
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Question 85  (¥***4)

Find, in terms of 7, the solutions of the trigonometric equation

cos2x+3cosx—200s2x—%/cosx =1,0<x<d4dr.

, |1x=0,27

@ STIT BY BOMONG! THE AT oF Dy
= (@82 + et ~ Aoty - Joosy | = |

= (A1) + Btowx — 2 — (o) ¥ =)

= st -(os)¥ 2 =0
@ &0 \3:@&]\‘5
- S\jﬁu‘r,zzb

® v

INSPECTION, y=1 1S A eoY

—1)+ 3u(g -1 Vi
Y-+ 3y(y-1) + 29y =0

= &4 +3+D(y-1)=0

® ONY souwmd gy
<J
= los=|
(X = 0 &om
X= Q4

W=0iy5,

\ mrr
T

2 =0
=ar

=

_

Question 86  (¥***4)

Solve the trigonometric equation

cosx+cos5x=0, O0<L@<rm,

giving the answers in terms of 7.
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Question 87  (¥***4)

Use the substitution ¢ = tanlx to show that if

2

6tan%x:1+5sinx,

then the three possible values of tan%x are

or —l.

1, - 3

1
2
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Question 88  (¥***4)

AJ U @— secbx

> x

The figure above shows part of the graph of
y=a+secbx,
where a and b are positive constants.
The points A, B, C and D are the x intercepts of the graph, with respective

coordinates (Z,Oj, (2—7[,0), (4—ﬂ,0j and (S—E,Oj-
3 3 3 3

Determine the value of a and the value of b .
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Question 89  (¥***4)

The point A lies on the y axis above the origin O and the point B lies on the y axis
below the origin O.

The point C (12,0) is at a distance of 20 units from A and at a distance of 13 units

from B.

By considering the tangent ratios of XOCA and £OCB, show that the tangent of the
angle ACB is exactly %

, |proof

Question 90 (****4)

x) solve the trigonometric equation

=

By using the substitution ¢ = tan(

—

3cosx+4sinx:3—tan(§x), 0<x<360°.
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Question 91  (¥***4)
sinx—cosx=sin2x+cos2x—1, cosx#0,
Show that the above trigonometric equation is equivalent to

(tanx—1)(secx+2tanx)=0.

proof

Question 92  (¥***4)

Solve the trigonometric equation

i(\/l—cos2x):1, 0<x<2rx.

dx
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Question 93 (¥***4)

Given that

find the finite value of tanx .

tanx =—

'S

Question 94  (k***4)

200t2x+tanx+7=coseczx, 0<x<urx.

Given that x;tz , find the solutions of the above trigonometric equation, giving the

answers in radians correct to two decimal places.

x=0.32°,2.68°
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Question 95 (¥***4)

14+ cosx

:3+\/§cosec( ), 0<x<720.

DO

1—cosx

Find the solutions of the above trigonometric equation, giving the answers in degrees.

x=30°,330°510°,570°
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Question 96  (¥***4)

A triangle has vertices at the points with coordinates A(3,1), B(7,4) and C(10,—4).

The acute angle @ is defined as the angle formed between AB and the straight line
which is parallel to the y axis and passes through B.

N
[

Find the value of tan& and hence show that tan(£ABC)=

1

[\

-~

[ [ |ano=%

(98]

STHET W A DA § AGu) | 8w, < (io-4)

® 8Cr)
d Qe
8] LA pa
= %

R

Houe BY UG e Goupoood AT ioary e uw(0a)
S o) = Db bk

bk
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Question 97  (¥***4)

The figure above shows two right angles triangles ABC and ACD . The angles CAB
and DAC are denoted by 8 and ¢, respectively.

The length of BC is 1.
The point E lies on AB so that the angle AED is 90°.

Show clearly that the length of AE is cot@—tan¢.

, |proof

(ROKING AT THE DIGHT ANOS TRaOw ARC
t8ele o
e Wl
o smd
lac| = E\@
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el
Wl
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bol = A2

o,

7.5 e iy
suf wosd

O LOING: AT THE DICHT ANQUD TRifRE ADE

AEL
28 o)

ME| = | Adl cos(brd)
Iag| = (o)
SING o

Hel = Bk — smbund
sQeosdy

Lol s
By =)
€)= at® — hud ~

1 e
A i)
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Question 98  (¥***4)

It is given that
sinp=ksin@, k#0, k+=*1.

Show, by a detailed method, that
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Question 99  (k***4)

It is given that if xe (O,%ﬂ') , then

sin 3x _l
sinx 2

) cos3x
Determine the exact value of ———.
Ccos X

[ 1-

oo

STROT Wi THE TP IDASTYY 0@ Sim3a — 86 ComAs

AUMBEG AS 106 Wil Ao 1eeD (0S30

O riand = O Y

o3 = 423
TS 06 wos ook s swido | S o e, cetsbo

oy - Gl - 3o

s Comx

= dofi-3 (a4%)

- AG-sh)a

= d-dsdy 3
< -ush

= -alaf
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Question 1 (F*¥F)
Use trigonometric algebra to find the solution of the following simultaneous equations,

in the intervals 0<x <27, 0<y<2r7.

4cosy=3-2sinx and 4y-2x=1.

T
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Question 2 (r¥EF)

C = cos(%f[) cos(%ﬂ') cos(%ﬂ')

Use the sine double angle identity for sine to show that C :% .

Created by T. Madas



Question 3

The acute angles x and y, satisfy the following relationships.

(*****)

2tanx =1

Created by T. Madas

and sin(x+y):ﬁ.

Determine the possible values of tany.

[ 1 juany=

wfg w

=

= sm(ay) = - £

= A ANt

< L =
St as [
ol +Z

HE OMPTOND ANE 1D6TTY foR_Sm(xry)
SWLCORY 4 (o S = X
N] Y = IS

Vol aony + 2410 sy =

sy + 2w ((may )= 7

J
2 i-edy = 7~ Jieesy|
Wxiox(i-wdy) = (7- @xb&@l

> o - oedy = 4 lic'tesy + 10cogy

o= &)c&ﬁ o'y +9

oy _ Loa
Y - By + o

(&) R

»loy- L] = Mo g
S 2ses S
2. A
w Ve 2S00
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e e 4 agm ] 1=
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i

) [T
L+l Loy

%
L) o [ R
= T2
2 14 PY =N I
= 5 vy o
= L 420 x B
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T
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Question 4  (Fx**F)

Created by T. Madas

Two circles, C; and C,, have respective radii of 4 units and 1 unit and are touching

each other externally at the point A.

The coordinates axes are tangents to C;, whose centre P lies in the first quadrant.

The x axis is a tangent to C,, whose centre Q also lies in the first quadrant.

The straight line /; is parallel to the x axis and passes through P.

The straight line /, has negative gradient and is a common tangent to C; and C,,

touching C; at the point C.

The acute angle formed by PC and /| is denoted by ¢.

Show that tan @ = 7 .
24

, |proof
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Question 5 (F***F)

2a

The figure above shows a triangle ABC, where |AB| =a and |AC | =2a.

The angle BAC is «, where tanaz%.

The side BC is extended to the point D so that the angle ACD is denoted by 6.

Show clearly that 8 = arctan?2.

[ [proof

© <THC LT THe D | Ler BEC -2 5 © fury e o
@ B/ e (onwe pute o Al : AP

< vrh

— Bl (AR \acf

AR [ oo = = fd = b(xeb)

v /

W d dalose / >ty o b

Sa*— da*x & A ﬁ_/\ 3 "’
o 7/ = * ks
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Question 6 (Fx*FFF)

The acute angles @, y and « satisfy the following equations.
4tan @ =tan

(5+3cos2a)tany =3sin2¢ .

Express @+ , in terms of & .
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Question 7 (FFFFF)

The acute angles @ and ¢ satisfy the following equations

2cos@ =cos@

2sin@ =3sin@.
Show clearly that

0+¢:7£—arctan\/E

ONT 0BT e AT UAWE OF b 4 tud
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Question 8  (F*x**F)

Determine the range of the following function

1
f(0)= ,0eR
( ) sin” @ +3sin @cos @+ 5cos’

.[R=r0)=2
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Question 9 (Fx**F)

It is given that
(a+2)sinx+(2a—-1)cosx=2a+1,

where a is a non zero constant.

x) , giving the answer in terms of a, where appropriate.

N~

Find the exact value of tan(

1. uan(4) =

=
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Question 10  (F***¥)

Solve the following trigonometric equation.

cos4x® = cos40°+cos80°, 0°<x<180°.

x=5° 85° 95° 175°

Ll

sl = esdt’ 4 e o< a <Bo°

© STNT By i

\dy = 340+ oy =023

‘/’ A= S & 9om

\a= 85 % qom

Question 11 (%)

A right circular cone, of radius r and semi-vertical angle €, lies with one of its
generators in contact with a horizontal surface.

The cone is then rolled on the horizontal surface with its vertex at rest, so that the
rolling circumference of its base completes a full circle on the surface, while the cone
completes N revolutions about its own axis.

Show that N =cosecé.
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Question 12 (Gk#¥¥¥)

Solve the following trigonometric equation.

2\/§sin(x+Z—;[j :3cosec(x+?—;[} 0<x<L2rx.

l:l x_l 11z 137 23x

12 12 12 12

e ~ ~ AV
sz;"u‘ = ) r,;uzr‘\,) [ = F & om
e | (N : =gl
T A AALRAATACAA A D NERE )
= 27 s (2 ) = By / x = L & wr
\ain Snas3) i
. v
Vas s m
25t 2E s ) a2
@ lnEeE) = 35

= o8| @)= (- 55| - corf GT)s (resip) | = 2
[ Gt )= Ge- )]~ con T ) =5
e s \ -
3 s — Gs(asm) = 6
; [ 1 .
L | toshiesT — S | = 6
=3 N:& A (osn 3
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Question 13 (k¥¥F)

Solve the following trigonometric equation.

sin(26+58)°+2sin(42°) =1, 0<6<360.

[ 1. |6={58.154, 238,334}

(T
2 Anprse) & osi e =1 0t <%0 §
L S S B
SOWING: THE ERURTIoN S G

— o] = -2l

=90 (Hese) = Gas(2x4r)
=an@iw) = G’

= Sn(Prsg) = o (0
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EXTRATING A ERNEIACSKITON

(20488 = & & 3o
= e n= oz,
V204 = [ = 360y 1
:)(ZQ T st o

N2o = U6 & 3oy
(%= - dey
Ty = 5B gm

= B 15,33 %, 287

= O %10 28 w0
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Question 14  (r¥¥F)

Solve the following trigonometric equation

cos(arcsin%) sin(arccosx) =—+(4-x) , xeR.

N

[ L]

A=

Meibo A Werop ®
ATOMPE T CLEATE A SINE COMPoonD 1017
5 cos(orm) sin(oreoa) = @)

= @ (o) snlacen) = 1= x

— (avem % sin(areosac) = £0-1)

—  kx + tes(ow Ly (oruow) =
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8 A B
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Question 15 (ke¥¥F)

It is given that 0<x<i7z and O<y<l7£.

2 2
It is further given that

sin(x+y)sin(x—y)=% and cosx+c0sy:%.

I+ . e
Show that cos(x—y)= —\/; , where n is a positive integer to be found.
n

n:6|

b

Moo A Blang
= s(glsuig) = =
= By ey oy - consm] 3
= ey ~oshady = £
= (- ool - Cobe(i— o) =S5
el b by - |
EICISEENNE ¥
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L oy e n
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by e d

iy Snce @ g e sl
e T A
e

N Ie=a RS I R
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Question 16 (k**%%¥)

A curve in the x-y plane has equation

x*+y? +6xcos@—18ysin@+45=0,
where @ is a parameter such that 0<8<27x.

Given that curve represents a circle determine the range of possible values of 8.

|:|, {%ﬂ'<0<% }U{%ﬂ'<9<%ﬂ'}
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Question 17  (r¥¥F)

Prove the validity of the following trigonometric identity.

1+ tan @tan 360 _ cos’ 28
1+tan20tan36 cos’@

Question 18  (F¥#¥¥%¥)

A surveyor views the top of a building, of height /4, at an angle of elevation « .
The surveyor walks a distance a, directly towards the building.
From this new position he views the top of the building at an angle of elevation /.

Show that

asinasin f
p=L00000
sin(f—-a)
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Question 19 (Gr¥¥F)
8 1

sin® x—cos® x = 1—§sin2 2x.

Use trigonometric identities to show that the general solution of the above equation is
x=kx,keZ.

proof

Question 20  (k¥EF)

It is given that x is a solution of the following equation.

secx+tanx=%.

Without solving the above equation for x, find the value of cosecx+cotx.

v

o L tuia s sy
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= = S(sa-bu)
= sa-bock
T W o e
St -5 9
PR I G SE R
seo-bups F =
e =
SHHG s S = S oz
b - &

by

S e aue Ponue Goswe BOT e st o A w THe 47
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Question 21  (k¥EF)

The positive solution of the quadratic equation x?—x—1=0 is denoted by ¢, and is
commonly known as the golden section or golden number.

Solve the equation

xcos(%arctanZ):\/a, xeR .

Give the answer in the form X/m , where m and n are positive integers.

(QG-A st ©= Fankma.

= 26= fup. | =

= Yoy =2
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Question 22 (k)

Prove that

arccos x .

g

(@}

[

o

5

Il
=

MAPOGTE (N sTies
= o= | =’

Now UG (28 = 2efe—/
—_— e

= ko = k)

= 2H-1=

= e = 2

= X = orms

= & = bowm

= o = b
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Question 23 (Gk¥kEF)

The functions f and g are defined in the largest possible domain by the equations

f(x)=arcsin(cosx) and g(x)=vz?—4x>.
a) Sketch the graphs of f and g on the same set of axes.

b) Use an algebraic method to solve the equation

arcsin (cos x) = V% —4x* .
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Question 24  (****¥) pnon calculator

It is given that

2cos@+sinfd=1.

Determine the possible values of

7cos@+6sinb.

L

Tcos@+6sin@=2, 7cos@+6sinf@=6
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Question 25  (k¥EF)

The point M is the midpoint of AB, on a triangle ABC.

Given further that

tan| £CAM | =% and  tan[£CBM | =%,

Use trigonometric identities to find the value of tan[&CMB] .

[ ] |tan[<CMB]=2

® STRC By lredunG AU THE
ANGUES, (0 THe Rowpe W Thow
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Question 26 (F*¥**F)

Show, with detailed workings, that if sin2x :% then

cos® x+sin® x

also equals to % .

, D, proof
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Question 27  (k¥EF)

A pole AB, of height &, is standing vertically on level horizontal ground with A on
the circumference of a circle of radius a, centred at the point O.

The point C is another point on the circumference of this circle so that XCOA =6 and
XACB=6.

Use a detailed method to show that

4asin (% G)tan (%0)

1- tan? (% 0)

h=

Created by T. Madas



Question 28

(*****)

Created by T. Madas

A triangle has angles of 36°, 72° and 72°.

By suitably partitioning this triangle and using similar triangles, show that

Question 329

sin18°+cos36°:%\/§ and  sin”36°+cos’18° =

5

4

ST Wil THE TG SU664STrS ) ABC e BAC =367

o ter Wellac] =1

o T =2

o Besr we e A&
Wit BD

AIbUSH The TRUANAR A% NX © cae (Bbls . Tou we 3% Bk
MOD THE  apuks WOl=x FoM T 2N R — Dok o)
s =

(****%¥) pon calculator

Solve the trigonometric equation

G

/L ‘
VAR

sin(y—30) =sin(y—45), 0<y<360°.
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y=82.5° 262.5°
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Question 30  (k¥EF)

cotzx—tan2x=800t2x, 0<x<180.

Find the solutions of the above trigonometric equation, giving the answers in degrees.

x=15°45°75°135°

Created by T. Madas
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Question 31  (k¥¥F)

Solve the following trigonometric equation for 0 < x <360°

1 4
tan xsec x + - =—.
I+sinx 3
x=30°, 150°, 210°, 330°
Question 32  (***%%) non calculator
Given that o = arctan% and S = arctan% , find the value of tan(3a—j).
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Question 33 (Gk¥kEF)

It is given that for some value of the constant k

cosdx=1+ksin” xcos” x .
a) Determine the value of k.

b) Hence, or otherwise, show clearly that for xe R

—%S 4cos?2x—3sin” xcos’ x< 4.

Question 34  (*****) non calculator

Solve the following trigonometric equation

cos(y —60) =cos(y—45), 0<y <360°.

W =52.5° 232.5°
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Question 35  (k¥EF)

S = sin(10°) sin(30°) sin(50°) sin(70°)

Use the sine double angle identity for sine to show that S = % .

STRT WAL T Db Sn® = s (30-6)

SR Ol s w T

& s .
DE = 80 skl esUS 20"
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Question 36 (k¥FF)

Solve the trigonometric equation

(cos4x+cosx)2+(sin4x+sinx)2 =23sin3x, 0<x<7,

giving the answers in terms of 7.

W3y

= 2d3wmAx

W "R TRANSRRMATION ;o AS Rotwony
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Question 37  (GF¥¥EF)

A D
0
N
8
6
B M C

The figure above shows a rectangle ABCD .

The points M and N lie on BC and CD respectively.

The angle AMN is 90°,

AM| =8 and |MN| =6. The angle BAM is denoted by €.

a) Given that the perimeter of the rectangle ABCD is fixed at 24 units, determine
the possible value(s) of 6.

b) Given instead that the perimeter of the rectangle ABCD can vary, determine the
largest possible area of the triangle ADN .
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Question 38  (*****) non calculator
tan2x°+tan 2x°tan 25°=1—tan 25°, 0 < x < 360.

Find the solutions of the above trigonometric equation, giving the answers in degrees.

x=10°,100°,190°,280°

Question 39 (F*#E)

2tan x —sin2x =sin’ x, 0< x < 360.

Find the solutions of the above trigonometric equation, giving the answers in degrees.

x=0°,26.6°,180°,206.6°
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Question 40  (****¥) pnon calculator

Solve the following trigonometric equation

sin(6—20)=sin(6+60), 0<6<360°.

0 ="170°, 250°

Question 41  (k¥¥F)

The three angles in a triangle ABC satisfy the relationship
sin(2A—B)—sin(B+C)=cos Asin(A—B).

Show that the triangle ABC is isosceles.

proof
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Question 42 (GrkEF)

It is given that
sin(A+ B)=sin Acos B+cos Asin B.
Use the above trigonometric identity to show that
sin3x = 3sin x — 4sin° x ,

and hence find

J‘é/Ssin 2x—2sin3xcosx dx .

3%
—§s1n3 x+C
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Question 43 (Gk¥kEF)

It is given that a, b and ¢ are consecutive terms of an arithmetic progression.

It is further given that

2

acosz%—(2a+c)sin %:acosx—b(l+sinx) , xe R.

Show clearly that

tanx=-—1.

|:| , |proof

@ IF abC Al ONSEOTILE TS OF A ARIRIMETC PREGUSSION

= 0ol - (2bra)
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Question 44  (GrkEF)

Prove the validity of each of the following trigonometric identities.

3tanx —tan° x
a) tam3xE—2
1-3tan” x

2sec’ @—cos26—1
2tan @ +sin 26

=tand.

proof

Question 45  (****¥) pon calculator

Solve the trigonometric equation

cos(y—36)=cos(y—72), 0<y <360°.

W =54°,234°

Created by T. Madas
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Question 46  (r¥*F)

Solve the trigonometric equation
sinx+sin2x+sin3x+sin4x=0, 0<6<r,

giving the answers in terms of 7.
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Question 47  (Gr¥¥EF)

Use the substitution ¢ = tan x to show that if

10sin2x=3+10tan x,

2+419
——

) 1
then either tan x = E or tanx =

Question 48  (F#FFF)

Solve the following simultaneous equations.

x+y:%7£, cosx+cosy=0, 0<x<2r.

O R

Aty I ~
DLAE (= 4=
G vy =0 J =

& SRETOE WD The GHAL SPUATON
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Question 49  (Fx*FF)

I—-sin2x .
f(x)=————, xe R, sinx#cosx.
sin x —cos x

a) Show clearly that
f(x)=sinx—cosx.

b) Solve the equation
2
f(x)f(—x):cos(x—?j, 0<x<2r,

giving the answers in terms of 7.
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Question 50  (k¥EF)

Find the solutions of the trigonometric equation
sin(x+15)+35sin x+sin(x—15) :[cos(x+15)+SCosx+cos(x—lS)]tan(2x+15),

in the range 0° < x <360°.

x=165°,345°

Question 51  (¥¥*#%%¥)

Solve the trigonometric equation

4cos(x+30°) =sec(x—60°), 0<x<360°.

x=45°165°,225°,345°
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Question 52 (F#x*FF)

In the following question you may not use the sine or the cosine rule.

T

L,

The figure above shows the plan of a river whose banks are modelled as straight parallel
lines I, and L,.

The points A and B lie on L, so that |AB| =x.

A tree is positioned at the point 7 on L,, so that AT and BT subtend angles of € and
20, respectively.

The tree located at T has height #. The angle of elevation of the top of the tree as
viewed from A is 6.

Show that

h=2xsin@.
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Question 53 (k¥EF)

By using the trigonometric identity for sin28, or otherwise, show clearly that

T 2 4Ar 1
COS—COS——COS— = ——.
7 7 7 8
proof
Question 54  (¥¥#%F)
Show clearly that
tan3Z —tan Z —tan3Z tan L =
8 8 8 8 '
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Question 55  (****¥) pon calculator

Solve the trigonometric equation

sin(@+30) =cos(p—45), 0<@<360°.

@ =52.5° 232.5°
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Question 56  (Gr¥¥EF)

Eliminate € from the following pair of equation.
tan @+ cot = x°
secf—cosf = y3

Write the answer in the form

f(xy)=1.

[ ]y -y =t
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Question 57  (Gk¥¥EF)

It is given that

tan2(z—gj5 l—s%né?’ x¢£(4n+3), neZ.
1+sin@ 2

a) Prove the validity of the above trigonometric identity

b) Hence solve the equation

tan(%—Zx)z 7+4\/§, 0<x<rm.

Created by T. Madas
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Question 58  (k¥FF)

It is given that
p=sin249 , g=tan26.

Use trigonometric identities to find a simplified expression for q2 in terms of p.

2_4p(1-p)
(1-2p)’
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Question 659  (FF¥¥EF)

sin2x—x/50052x:tanx, 0<x<2rx.

Find the solutions of the above trigonometric equation, giving the answers terms of 7.

T 7w 37 Sk 4rx Ix
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Question 60  (k**¥F)
. T . T .
sin 3x—g +sin x—g =sinx, O0<x<urx.

Determine the solutions of the above trigonometric equation, giving the answers in
terms of 7.

BerbD (

2w Y 2w

\ 21 < 3y E2mm

x= T4 =om
\X = 357 &
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Question 61  (k¥*¥F)

The function f is defined as
. ) . V4
f(x)=sin| x+— [sin| x+-—|, 0<x<27
12 12

Solve the equation

|:| = 137 257 377w

24724 24° 24

e Tie QUK B CosL

@A) = mAeR-swAwd D i
63(A-B) = iLa&(agKr\v#\AMK\i‘ SEan

teos " awts

Zsmsnb= gu-8) o o)

Hnice we rive

eI + sy swiE

= o uosTa su suiE
e sain S

= 203l = 2wl +smpesnd
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Question 62  (Gk¥¥EF)

It is given that the three angles of a triangle &, £ and ¥ satisfy the relationship

tan% = (1+tan2%)sin(ﬁ—7) :

Assuming that the triangle is not right angled, show that

3tany=tan f.

© SR MimIROATG AS Fouous

= ¥ = FH Gl g { <w(@-)

= %% an(B-y)

Question 63 (¥**%%) non calculator

Solve the trigonometric equation

sin(y—48)=cos(y+12), 0<y<360°.

y=63°, 243°
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Question 64  (Gr¥F¥EF)

The 2“d, 3 and 4" terms of a geometric series are cosé@, \/5 sin@ and \/3 tan@ ,

respectively, where 0 < 8 < %

Show clearly that the sum of the first 6 terms of the series is
43

proof
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Question 65  (Gk¥¥EF)

It is given that @ and ¢ satisfy the relationship

tan @ = 3sin qoczs(p.
1-3sin” ¢

Show clearly that

tan(0—¢@)=2tan .

@ smr v empress toud m T

== | 3had
(bt 2y -2ty

® furey G e Gopoood ANGe DAY Be fan(A-3)

Heu(8-4) =
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Question 66  (k**¥F)

The figure above shows three right angle triangles, OAB, OBC and OCD .

It is given that LAOB = £BOC = £COD and |OD|=2|0A|.

Given further that the length of AB is J6 , determine the length of DC .

[ 1.|pcl=4

Sx- s 2 e

= %—:mfe 4 = cw®

= osh= @hjf

- e TF

Now oBohe) Some FAEmR
>
e
\Ej’ 1@ 4 SomE RSP o B - OD
Y= 3 e

N C) 2%a
ﬂ 222
< (nel= 2% jag)

%

= 2% b
= %% = ZL/
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Question 67  (r¥*¥EF)

Solve the trigonometric equation

8cos2xcosdxcos8x+1=0, O0< x<%.

[ ] |x=Z E 37 22 % 5% 4z

Question 68  (F#*FF)

Find, in terms of 7, the solutions of the equation

Vil (Ve 2cosx) =1, 02 r<dr’.
X

_497* 12127

36 36
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Question 69  (Fk¥¥EF)

Find in terms of 7 the solutions of the trigonometric equation

cot(%cosszl, 0<x<2rx.

Question 70  (F¥FFFF)

Solve the trigonometric equation

8sin z cos x cos z cos 2—7[ =cos3x, OSx<£,
18 18 9 9 2

giving the answer in terms of 7.
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Question 71  (r¥¥F)

Solve the trigonometric equation

sin (26°+20°) +cos(36°+50°) =0, 0<6<360°.

|t9 =40°,60°,112°,184°,256°,328°

Question 72 (¥#**E)

A curve has equation

T T T
y=In|tan| x+— ||, ——<x<—.
CCHIIES

Show clearly that

— =2sec2x .
dx
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Question 73 (kEEF)

Prove the validity of each of the following trigonometric identities.

i. sin’@tan@+cos’OcotH+2sinHcosd = tanf+cotd.

ii. sin@(1+tan@)+cos(1+cot)=secH+cosech.

Created by T. Madas
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Question 74  (GF¥kEF)

Given the simultaneous equations

3tanf@+4tan@p =38

/4
O+p=—,
v 2

find the possible values of tan@ and tan¢@.
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Question 75  (Gk¥EEF)

A relationship between x and y is given by the equations
. V1
x =cosecfd —siné, 0<8<E

y=secl—cosf, O<6’<§.

Use trigonometric identities to show that

proof
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Question 76  (Gr¥FEF)

Solve the trigonometric equation
secx++3cosecx=4, 0L6<rx,

giving the answers in terms of 7.

Question 77  (F¥EEE)

It is given that

cos (%) = cos (%j[COS(Aﬂ') +cos(B7)].,

where A and B are constants such that 0< A<1 and O<B<1.

Determine the value of A and the value of B.

Created by T. Madas
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Question 78  (F¥¥FEF)

Find the only finite solution of the trigonometric equation

) X 1 T
arcsin| —— |+ 2arctan| — [=—.
(x—lj (x+lj 2

Question 79  (Gk¥kEF)

Prove the validity of the following trigonometric identity

sin*@+cos*@ E%(Z—sin2 29).
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Question 80  (G¥¥¥EF)

<~
NS S
RN
NN ~,
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\¢ N ~
< ~
\ ~ S
\ N ~o
~
N N S<
\ N \\
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\ So Ss
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\ AN ~o
N N SO
\ ~
A RS S

The figure above shows a spotlight L, beaming down on level ground, where L is
mounted at a height of 12 metres and the point G is directly below L.

The bulb emits light in the shape of a cone whose axis of symmetry LB is angled at 8°
to the vertical.

The beam is ¢° wide all the way round the axis of symmetry of the light cone.
a) Show that the length of AB is

12sec’ @

|aB|= 12570
cot@+tan @

The lengths of LG and AB are 8+/3 metres and 8 metres, respectively.

b) Show further that tan@ = %(6 + \/5) .
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Question 81  (k¥¥F)

P A S
gcm

B

D
20cm
0
0 R
< 20cm >

The figure above shows the cross section of a letter inside a filling slot.

The letter ABCD is modelled as a rectangle with |AB| =8cm and |BC | =20cm.

The width of the filling slot OR is also20 cm and the angle BCR is 6.

Determine the value of 6.

, |[8=43.6°

b 18 lacls lee)= (ge|

'L: & N Inclsm® + \erles® = 20
P SV Y B + 206 = 20

“ e 29mB + Sesl =S
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(*****)

Created by T. Madas

Solve the following trigonometric equation

V140528 —/1—cos28 =1, 0<0<2r.

T

11z 137 23«

127120 120 12
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Question 83 (k)

Prove the validity of the following trigonometric identity.

sin 460 —8sin> @cos O
sin @

=4cos30, O#nrx.

, |proof

= fbebel o = 4l
= dosBows - = 4os3D
= i = eHS
4oosBeost ~ ,;)'
4

=4[

~ 4 cos(26+9)

D e AGHN
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Question 84  (r¥EF)

The three angles of a triangle are denoted by &, £ and ¥.
a) Show clearly that ...

i. ...sin(a+f)=siny.

i, ... sin(ﬂzﬁ):cos(%).

jii. ... sina'+sin,8+sin(a+,8):2sin(a+’8)[cos(&2’b))+cos(a_’8”.

iv. ... sina+sin f+siny = 4cos%cosgcos%.

b) By using (iv) with suitable values for &, f and ¥, show that

4

12

o[ 2) -

|:| , |proof
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Question 85  (Gk¥EF)

Simplify, showing all steps in the calculation, the expression

4
arctan E +arctan 2 —arctan 3,

giving the answer in terms of 7.

&N
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Question 86  (k¥*F)

Solve the trigonometric equation

secx+cosecx=2x/§, 0<x<2rm,

giving the answers in terms of 7.

Question 87  (G¥¥¥EF)

Prove the validity of the trigonometric identity

tanz(ﬂ_zszw—““x, x¢£(4n+1), neZ
4 1—-sin4x 3

Created by T. Madas



Created by T. Madas

Question 88  (k¥*F)

Use algebra to find, in terms of 7, the solution of the trigonometric equation

x> —87x+2—2cosx+167° =0, xeR.
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Question 89  (Gk¥kEF)

The piecewise continuous function f is given below

sin x°

sin 2x°

f(x)=

sin3x°
a) Sketch the graph of f(x).

b) Solve the equation ...

0<x<360
360<x<720
720 < x <1080

i f(x)z—%.
ii. ... f(x)=cosx.
, |x =210, 330, 465, 525, 645, 705, 790, 830, 910, 950, 1030, 1070

9

|x =45, 225,390, 450, 510, 630, 735, 742.5, 832.5, 915, 922.5, 1012.5

Created by T. Madas



Created by T. Madas

Question 90  (GF¥¥EF)

The figure above shows the wall AB of a certain structure, which is supported by a
straight rigid beam PR, where P is on level ground and R is at some point on the wall.

In order to increase the rigidity of the support, the beam is rested on a steady pole NQ,
of height 3.2 metres.

The pole is placed at a distance of 1.35 metres from the bottom of the wall B.
The beam PR is forming an acute angle @ with the horizontal ground PNB .
The angle € is chosen so that the length of the beam PR, is least.

Determine the least value for the length of the beam PR, assuming that R lies on the
wall, fully justifying that this is indeed the minimum value.
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Question 91  (Gk¥¥*F)

The functions f and g are defined by

f(x)=cosx, xeR, 0<x<7
g(x)El—xz, xeR.

a) Solve the equation

=

fe(x)=

b) Determine the values of x for which f™'g(x) is not defined.

l:l, xzi\/l—% , lx<—J2 or x>\/5

T
“““
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Question 92  (GkkEF)

f(x)scos2x+sin2x, xeR.

a) Determine an expression for f”(x) and find the value of f (%7{) :

b) By using the results of part (a) only, show that

cosZx+sinx=1.

Question 93 (F*#F)

Prove the validity of each of the following trigonometric identities.

N2—-2cosx X
a) ————=sec—.
sin x 2

b) sin” @tan @ + cos” cot @+ 2sin Bcos P = tan @+ cot 8.

proof
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Question 94  (Gk¥kEF)

Solve the trigonometric equation

2arctan (x—2)+arcsin (1_—)6) = %
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Question 95 (Gk¥kEF)

By considering the solution of trigonometric equation

sin(x—30)°=cos(x—45)°,

find, in degrees, the exact value of arctan{

2
N
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Question 96 (k¥EF)

Simplify, showing all steps in the calculation, the expression

2
arctan 8 + arctan 2 + arctan E ,

giving the answer in terms of 7.
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Question 97  (Gr¥EF)

Given that 0< @< %75 , 0<p< %75 , solve the following simultaneous equations.

Scos@+2tan@p =5 and  Ssinf+cotp=35.

Give the answers in exact form in terms of inverse trigonometric functions.

I:I, [9,¢]:[arccos%,arctanl} , [0,(/)]=[arccos%,arctan%} ,

[6.¢0]= [arccos [%(3 + x/ﬂ)},arctan [%(7 T I
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Question 98 (Fx**F)

Solve the trigonometric equation
\/gcos(x+%j:sin(x+%j, 0<6<2r,

giving the answers in terms of 7.

Created by T. Madas
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(*****)
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Solve the following trigonometric equation

) Y4
arcsin 2x + arccos x = ? .

o=
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Question 100  (*****) non calculator

Find, in degrees, the solutions of the trigonometric equation

cos(x+22)°

, 0°<x<360°.
sin(x+10)°

2cos(x+10)°=

Ll

x=16°92°,136°, 256°
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Question 101  (¥**%¥*)

It is given that for 6 # (4k +1)% ke,
tan(g+zj =tanfd+sech.
2 4
a) Prove the validity of the above trigonometric identity.

b) Hence find a similar expression for tan (g —zj .

You are now given the equation

tan x—tan(x— o) =2tanx,

where ¢ is a constant.

¢) Express tanx in terms of trigonometric functions involving & only.

d) Hence solve the trigonometric equation

tanx—tan(x—%j:han%, 0<x<2rx,

giving the answers in terms of 7.

_x llzr 21z 31z

s _—

2072020 20

tan x = tan @ T sec

9
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Question 102 (F¥¥%¥)

It is given that @ and ¢ satisfy the simultaneous equations

sin 26
1+sin@

=1-sing,
O+op=r
V4
Mmm0<9<ﬁ,0¢5,0<¢<%.

a) Determine the value of tané.

b) Show clearly that

tan (360 +5¢) = —g.
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Question 103 (¥**&¥*)

The angle @ satisfies the equation

tan@tan 260 = ZZcosr 20.
r=0

Given that 0< @< % find the exact value of tan@.

ENE

, [tan@ =3
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Question 104  (¥**%¥*)

Use trigonometric algebra to fully simplify

\/1+sinx—\/l—sinx
arctan , 0<x<—,
J1+sin x ++/1—sin x 4

giving the final answer in terms of x.

=
=
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Question 105  (¥**%¥*)

Solve the following trigonometric equation, for 0 < x <27.

2cos xsin” x—2cos” xsin x+cos” x —4sin x +3cos xsin x+ 2sin x—2cos x = 0.

Created by T. Madas
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Question 106 (¥*¥%%¥)

Use trigonometric algebra to solve the equation

27
arctan x + 2arccot x = ? .

You may assume that arccotx is the inverse function for the part of cotx for which

0<x<r.

x=+/3
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Question 107  (G¥¥¥%%¥)
The distinct acute angles € and ¢, 8 > ¢ satisfy the equation

f(6.9)=¢(6,9) tang,

where the functions f and g are defined as

f(6,9)=sin(6-9) and g(8,9)=cos(6-¢@)-2tang@sin(6—@).

Use trigonometric identities to show that

tanfd=2tang.

6-4) — Zhub sm (o)

(64| — Smbsulp-4) |
i} |

Q - Snbsn(-¥ |
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Question 108 (k¥ %%¥)

Solve the following trigonometric equation, for 0< 8 <27 .

3C08219—Sin2(9—\/§COSt9—Sint9=O.
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Question 109  (Gk#¥%%¥)

Solve the following trigonometric equation, for 0 < x < 27.

sin xsin2x+sin2xsin3x+sin3xsin4x =0.
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Question 110 (¥**%¥*)

Solve the following trigonometric equation, for 0 < x < %75.

4cosxcos2xcosSx+1=0.

1, 1,3, 2
1. *=305%3457
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Question 111 (¥**%¥*)

Solve the following trigonometric equation.

2cot2x=secx sec(%—g)+2tan(%—”), 0<x<2rx.

Give the answers in the form k7, where k is rational.

[, [k=1 3 1L 71 131 41
’ 272290290’ 90’ 30

30" 50
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Question 112 (¥**&¥*)

Use trigonometric algebra to fully simplify

|5 rames] 75 rarun
2 arctan| — |+ arccos| —= |+ arctan| — .
5 5¢2 8

giving the final answer in terms of 7.
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Question 113 (Gk#¥%%¥)
It given that

T
arctan x + arctan y +arctan z = E .

Show that x, y and z satisfy the relationship

xy+yz+zx=1.
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Question 114  (F**%%)
Use a fully detailed method to show that

arctan [\/€+\/§—\/§—Z] =37.5°.

|_| , |proof

Created by T. Madas



Created by T. Madas

Question 115 (¥¥¥%%¥)

Use a trigonometric algebra to solve the following equation

2
(arctan x)2 + (arccot x)2 = 5% )

You may assume that y =arccot x is the inverse function of y=cotx, 0<x<7x
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Question 116  (¥**%%)

2a

The figure above shows a network APQD inside a rectangle ABCD, where |AB| =a
and |BC | =2a . The endpoints of the network A and D are fixed. The points P and Q

are variable so that they always lie on BC with |AP| =|QD|. The angles BPA and
CQD are both equal to €. A particle travels with constant speed v on the sections AP

and QD and with constant speed %v on the section PQ.

Let T be the total time for the journey APQD .

Given that the positions of the points P and Q can be varied as appropriate, show that

14
the minimum value of 7T is 5—a , fully justifying that this is the minimum value.
v

, |proof
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Question 117  (F¥¥%¥)

The figure above shows a infinite sequence of circles of decreasing radius, the radius of

4

the larger circle being 3

The centres of these circles lie on a straight line. The straight lines OA and OB are
tangents to every circle in the sequence, the angle AOB denoted by 26 .

Given that the total area of these circles is 27 , determine the value of 6.
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Question 118

(*****)

6

Created by T. Madas

c0s 66° —sin 48°

= arctan

c0s48° —sin 66°

Show by detailed working that 8 =—12°.
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Question 119  (¥**k¥*)

f (x) =arctan (3x) + arcsin(

;JR
Vox? +1

Show clearly that ...

a) ... f/(x)=0.

b) ... arctan (3x) + arcsin{ J =k , stating the value of the constant k .

1
V9x% +1

=

@ L
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Question 120  (k¥¥%¥)
It is given that

cotx—2cot2x=tanx.
a) Prove the validity of the above trigonometric identity.

b) Hence, or otherwise, show that
10

> sl = sl o)
tan| — |=——cot| —— |—2cot x.
or-1 2" ) 512 1024

r=1
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Question 121  (F**%%¥)

Given the trigonometric equation

sin(x—a)

=tano,
cos(x—a)-2tanasin(x— ) an

show clearly that

tanx=2tan .
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Question 122  (Gk#¥%¥)

Solve the trigonometric equation

) 1 X 7
sin xcos x+—=cos’| = —= ,0<x<m,
2 2 6

giving the answers in terms of 7.
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Question 123  (¥*¥&¥*)

Prove the validity of the following trigonometric identities.

a) cos’@+sin*@ Ei(3+4cos46’).

b) 32sin” xcos* x =2+ cos2x—2cosdx —cos 6x.

proof
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Question 124  (k**#*)
Show clearly that

4 arccot 2 + arctan (%j =r.
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Question 125 (k**#*)
Itis given thatif x#y, x#0, y#0,

tan(x+y)=2tan(x—y).

Show clearly that

sin2x

sin2y

|:| , |proof
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Question 126  (¥**%¥)

A triangle ABC is such so that £BAC =+7 and [BC|=1.

Show that the maximum value of the area of the triangle ABC is

(2++3).
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Question 127  (¥¥*%*)
It is given that the angles A, B and C are the three angles of a triangle ABC with

B#90°.

Given further that

cos(B-C)

sinA—sin(B-C)= -
an

show that the triangle ABC is right angled.
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Question 128  (¥**#¥)

Solve the following trigonometric equation

arctan [x cos (2 arcsin%)} =

A=

Created by T. Madas
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Question 129  (k**k*)
Sketch the graph of

2
y = (arcsin x)” arccos x, —1< x <1

|_| , |graph
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Question 130  (F¥¥%%¥)

Solve the following trigonometric equation

sin [arccot (x+ 1)] = cos (arctan x).

You may assume that y =arccot x is the inverse function for y=cotx, 0<x<rx.
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Question 131 (G¥¥¥¥¥)

The function f is defined in the largest possible real domain, contained in the interval

(—27,27), and its equation is

= 1,1
f(x)_ln[tan(Sﬂ' zx)]
a) Find the domain of f.

k

ﬁ , for some constant k .
—sin2x
[ 1, (—275,—%7&')U(—%E,%%)U(%E,Zﬂ')

b) Show that f’(x)
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Question 132 (¥**k¥*)
The positive solution of the quadratic equation x*—x—~1=0 is denoted by ¢, and is

commonly known as the golden section or golden number.

It can be shown, and you may assume in this question, that cos(

7)

=
Il
=
<

Use trigonometric identities to show that

an (L) tan

)1\

7[) tan(%f[) tan(%f[) =5.

n—

You may not use complex numbers in this question.
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Question 133

(*****)

Created by T. Madas

Itis given that @, & and [ are distinct real numbers which satisfy.

tan(@—a)+tan(6—-b)=x

cot(6—a)+cot(6-b)=y.

Find, in exact simplified form, an expression for tan(a—f3), in terms of x and y.

tan(a—f) ==

_ Xzy —axy

xX+y
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Question 134  (¥**%¥*)
By considering the trigonometric identity for tan(A—B), with A=arctan(n+1) and

B =arctan(n), sum the following series

(o]

z : 1
arctan(z—j.
n“+n+l

n=l1

You may assume the series converges.
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Question 135 (k¥¥¥¥)
It is given that

(arcsin x)3 +(arccos x)’ = k7>,

x|£1,

for some constant k .

a) Show that a necessary but not sufficient condition for the above equation to have
solutions is that

1
k232.

b) Solve the equation given that it only has one solution.

¢) Given instead that that k = % , find the two solutions of the equation, giving the
answers in the form x =sin(ax), where ae Q.

1. xzﬁ, x:sin(lj, x:sin(s—”j
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Question 136  (¥**%¥)
Sketch the graph of

f (x)=arcsin(cos x),
in the largest domain that the function is defined.

Indicate the coordinates of any intersections with the axes, and the coordinates of the
cusps of the curve.

, |graph
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Question 137  (¥***¥)
It is given that

arctan 2+ arctan A+arctan B =7 .
It is further given that A and B are distinct positive real numbers other than unity.

Determine a pair of possible values for A and B.
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Question 138  (¥***¥*)
Find the value of

sin® (7Z'>< 2"2)
—
r=0

Hint: Express sin*@ in terms of sin’@ and sin” 26 only.

® THITND BY MAGPUATING THE SINE 7 THE Rvend

L - Losn) = L - Lo o feol

%* 2f6 ﬁi‘/’ Loy

= =ufp - Lawize

@ i u ove
T (o) -
2. =

T=o

Created by T. Madas



Question 139

(*****)

Created by T. Madas

The triangle ABC is isosceles with |AB| = |AC| and XBAC =36°.

The angle bisector of KABC meets AC at the point D.

By using trigonometry in the above construction, or otherwise, show that

c0s36° =

(1+\/§).
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Question 140  (¥**%¥*)

F)=—S22% LR, sin2x#-1.

- V1+sin2x

a) Express f(x) in the form

where g(x) is a function to be found.

b) Sketch the graph of f(x) for 27 <x<27.
¢) Hence solve the trigonometric equation

V2f(x)=1, —27m<x<2rm.

_ ' 23, _11, 1
|:|, g(x)=cosx+sinx|, [x= ST~ 157
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Question 141  (F¥¥%¥)

Prove that for all x such that —1 < x <1

arccosx+arccos[%(x+\/3—3x2 )} =§.
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Question 142

The function f is defined as

(*****)

f (x)=sinx+cos x+ tan x+ cot x +sec x + cosec x,

Determine with full justification the range of f .
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Question 143  (¥**&¥)
It is given that

e the angles A, B and C are the three angles of a triangle ABC .
e the angles A, B and C are in an increasing arithmetic progression, in that order.

e The lengths of the triangle ABC, opposite each of the angles A, B and C are
denoted by a, b and c.

Show that

ﬁsin 2C+£sin 2A = \/5 .
c a
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Question 144  (¥***¥*)

Find, in exact surd form, the only real solution of the following trigonometric equation
. V4
arcsin (2x—1)—arccos x = rx

The rejection of any additional solutions must be fully justified.

=

1]
=

|
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Y
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Question 145  (¥**k¥*)

Given that n is an integer such that n >3, use a detailed method to solve the following
trigonometric equation.

1 1

+
: [2%} . [3%
sin| — sin| —
n n
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Question 146  (¥**%%)

Find, in terms of 7, the general solution of the equation

(x+ y)2+4(x+ y)cos(x—y)+4=0.

[ 1. (X,)’)=(—1+k—” —l—k—”),kzeven , (x,y)=(1+k7”,l—k7”),k:odd
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Question 147  (GF¥¥¥¥)

Find the general solution of the following equation

Jox
% ,[1 : sin(t2)+cos(2t2) dx | = — % xe R.
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