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Question 1  (**+)

Solve the following trigonometric equation

7 +3arccos(x+1)=0.

Question 2 (**%)

It is given that arcsin x =arccos y.

Show, by a clear method, that

Question 3 (¥*%)

Solve the following trigonometric equation

3arccot(x—\/§)—7[=0.
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Question 4  (¥**4)

A curve C is defined by the equation

y=—arcsin(x—1), 0<x<2.

a) Describe the 2 geometric transformations that map the graph of arcsin x onto
the graph of C.

b) Sketch the graph of C.

The sketch must include the coordinates of any points where the graph of C
meets the coordinate axes and the coordinates of the endpoints of C.

L.

translation by 1 unit to the right, followed by reflection in the x axis

Question 5 (***4)

Simplify, showing all steps in the calculation, the following expression

tan (arctan 3—arctan2),

giving the final answer as an exact fraction.
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Question 6  (¥**4)

Show clearly that if x>0

1 T
arctan x +arctan| — |=—.
X 2

proof

Question 7  (¥*%4)

Solve the equation

2 arctan ( ) =arccosx,

o=

showing clearly all the workings.
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Question 8  (¥**4)

Simplify, showing all steps in the calculation, the expression

tan [arctan 1 +arctan l} R

3 4

giving the final answer as an exact fraction.

Question 9 (***4)

Show clearly that

2arccos(%) = arccos(zls) .

proof
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Question 10  (***+)

Show clearly that

2 S _ 3
arctan 3 + arctan 7= arctan 5

proof

Question 11 (**%+)
Show clearly that

2x

x> +1

sin (2arctan x) =

proof
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Question 12 (**%4)

Prove the trigonometric identity

. T
arcsin x + arccos x = E .

proof

Question 13 (¥*%4)

Show clearly that

arctan% + arctan% =arctan3.

proof
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Question 14  (***+)

Solve the trigonometric equation

arcsin x = arccos2x.

Question 15 (**%4)

Using a detailed method, show that

arctan % + arctan

W=
=

proof
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Question 16  (***+)

Show, by detailed workings, that

Ry
arctan 2+ arctan 3 = T .

proof
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Question 17  (¥*%4)

Use a detailed method to show that

1 1
arccos(S 2)+arccos(10 2):377[.
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Question 18  (¥**+)

Find the general solution of the following trigonometric equation

2arctan (sin x) = arctan (sec x) .
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Question 19 (***4)

Solve the following trigonometric equation

(335
2arctan| — |=arctan| — |.
X 25
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Question 20
Prove that
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Question 21 (F**E4)

Differentiate with respect to x

arctan

Give a simplified answer in the form

A+ Bx
(Cx+D)1-22

where A, B, C and D are integers to be found.

A=1

B=-2

9

Cc=4

b b b

D =-5|

Ur 4= archay [C‘*'XZ\L‘ 7
J g

- dy \ T G-x)*
= dy s [ l
a + (ﬁ*ﬂtﬂ‘) dx L -2
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Question 22 (¥*%4)

Differentiate with respect to x

. 1
sin| arctan
1-x2
Give a simplified answer in the form
A
X

where A and n are integers to be found.

n=2|

A=-1

b b
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Question 1 (¥*%%¥)

YA YA
y; =arcsin x B Y, =arccos x

S
/ X \ .

A 0 E ~*

The diagrams above shows the graphs of y, =arcsinx and y, =arccos x.

The graph of y; has endpoints at A and B.

The graph of y, has endpoints at C and E, and D is the point where the graph of y,

crosses the y axis .
a) State the coordinatesof A, B, C, D and E.

The graph of y, can be obtained from the graph of y, by a series of two geometric
transformations which can be carried out in a specific order.

b) Describe the two geometric transformations.
¢) Deduce using valid arguments that
arcsin x + arccos x = constant ,

stating the exact value of this constant.

A(—l,zj, B(ij, c(-17), D(o,fj, E(1,0)|, |constant =%
2 2 2 2
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Question 2 (¥*%¥)
y=arcsinx, —-1<x<I1.

a) Show that

1

The point P(g,k) , where k is a constant lies on the curve with equation

. . T
arcsin3x +2arcsin y =5 x| S%,

b) Find the value of the gradient at P .

y|S1.
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Question 3 (¥**¥)
f(x)=2+2sinx, —7<x<7.
a) Find an expression for £~ (x).

b) Sketch the graph of f~'(x).

The sketch must include the coordinates of any points where the graph of

! (x) meet the coordinate axes as well as the coordinates of its endpoints.

7 (x) = arcsin (%x—l)

Question 4  (¥***)

Solve the following trigonometric equation

tan (arctan 3x —arctan 2) + tan (arctan 3 — arctan 2x) = 3,
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Question 5 (¥*%¥)

A curve has equation
y=m—arccos(x+1), -2<x<0.
a) Describe geometrically the 3 transformations that map the graph of
y=arccosx, —1<x<1,
onto the graph of

y=7x—arccos(x+1), 2<x<0.

b) Sketch the graph of
y=7x—arccos(x+1), 2<x<0.

The sketch must include the coordinates of any points where the graph meets
the coordinate axes.

¢) Use symmetry arguments to find the area of the finite region bounded by
y=nm—arccos(x+1), -2<x<0,

and the coordinate axes.

L.

translation by 1 unit to the right, followed by reflection in the x axis|,
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Question 6  (¥**%)

Solve the following trigonometric equation

(3 Jraenl 5)-4
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Question 7  (¥**¥)

f(x)=—2+2tan( x), —T<x<T.

=

a) Find an expression for £~ (x).

b) Sketch the graph of f~'(x).
The sketch must include ...

e ...the equations of the asymptotes of f ' (x)

e . .the coordinates of any points where the graph of f -l (x) meets the

coordinate axes.

f_1 (x)=2arctan (%x+l)
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Question 8§  (¥***)

Solve the following trigonometric equation

2arctan| — |=arcsin| — |.
X 25
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Question 9 (¥**¥)

The curves C; and C, have respective equations
y; =3arcsin(x—1) and y; =2arccos(x—1).

a) Sketch in the same diagram the graphs of C; and C,.

The sketch must include the coordinates of any points where the graphs of C;
and C, meet the coordinate axes as well as the coordinates of the endpoints of

the curves.

b) Use a suitable iteration formula of the form x,,, = f (x,) with x; =1.6 to find

the x coordinate of the point of intersection between the graphs of C; and C,.
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Question 10 (¥*%%¥)

Make x the subject of the equation

arctan (1+ x)+arctan(1—x)=y.

x=x 2
tany
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Question 11 (¥*%%¥)

It is given that
i(aurcsinu)z;z, lu|<1.

du 1-u

Hence show that if y =sin (% arcsin 2xj , then ...

a) ... (1—4x2)(ﬂj2 =1-y°.

dx
b) ... (1-4 2)d—zy—4 LU
X 2 xdx y=0.
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Question 12 (¥*%¥)
y=arcsinx, —1<x<1.

a) By expressing arccosx in terms of y, show that
. V4
arcsin x +arccos x = >

b) Hence, or otherwise, solve the equation

3arcsin(x—1) =2arccos(x—1).

x=1+sin(%)z1.5878
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Question 13 (¥*%%¥)

A curve has equation

. V4
y=arcsin2x, — —ESyS

NN

a) By finding % and using an appropriate trigonometric identity show that

dy _ 2
A \J1-422
b) Show further that ...
. d? Ax
1. = 3
D (1-422)?
. d’y B*+C
ii =
. .o 3 5 b

dx (1—4x2 )E

where A, B and C are constants to be found.
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Question 14  (¥*%%¥)

IA
=
IA

y=arcsinx, —

|
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a) By finding % and using an appropriate trigonometric identity show that

dy 1
dx  J1-2
A curve C has equation
y = xarcsin 2x, —leSl, —ES ysZ
2 22 2

b) Find the exact value of % at the point on C where x =% .
X
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Question 15 (¥*%%¥)

Show clearly that
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y =2xarcsin 2x+\/1—4x2 , —%
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Question 16 (FHEE)

Use trigonometric algebra to solve the equation

sin [arcsin% + arccos x} =1.

=

4y

J

i

Question 17  (¥*%%¥)

The curve C has equation

y=arcsin(2x-1), -0<x<1.

Find the coordinates of the point on C, whose gradient is 2.

SO THE CRUATION 4 PUONS
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Question 18  (¥*%%¥)

Find a simplified expression for

d
—| arctan
dx 4-x?

] [ arotan| = | [=—-
dx \/4—x2 \/4—x2

F&\m S adut) - T(\IF\” « £
&l |

A ()] = £]ow[cz]]

ES [ %)
(4=2) %1 — 2= $Ga) Can)

ey Caz)!

R - s
i (4= 4 uan ™t

e (4-2%)

(4l [y *i‘:"”

Question 19 (¥**%¥)

Solve the following trigonometric equation.

arctan 2x +arctan x = arctan3, xeR.

[ 1]

=

Ocom2x + adaya = arckud

- 22~ 3(1-2a3

T =\ -
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Question 1

(kg
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f(x) = 2arcsin/x —arcsin(2x 1),

By considering f’(x) sketch the graph of f (x).
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Question 2 (¥***4)

sin30 =3sin@—4sin> 6.

a) Prove the validity of the above trigonometric identity by considering the
expansion of sin(26+6).

b) Hence or otherwise solve the equation

arcsin x = 3arcsin (%) .

@) UQNG TRIRAMTRIC MEITES 08 THE LHS.

SMzp) = sm(z5+6)

SnZBoosh + (32 sub
(z®o®eash + (11— 28 )omb
2suBoF- + s — 2040

2908 (1 -9if8) + suh — 2sude-

oo

b) Feowen ac caay

= osna = 3oksn 4
= 9n(onma) = sn [Fovn]
= A= Su 3
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Question 3 (¥***4)

Solve the following simultaneous equations

arctan x + arctan y = arctan 8

x+y=2.

=1 =3 e
X=7,y=%,n either order
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Question 4  (¥***4)
zr
f(x)=secx, 0<x<= U Z=<x<7.
a) Sketch in the same diagram the graphs of f(x) and f~'(x)=arcsecx.
b) State the domain and range of f~'(x)=arcsecx.

¢) Show clearly that arcsec x = arccos(%) .

d) Show further that i(arcsec x)= !

dx x4 _x2
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Question 5 (¥***4)

Show clearly that

3 raeen] 3
2arctan| — |+arctan| — [=7.
2 5

, proof

Question 6  (¥***4)

Show clearly that

1—x T
arctan x +arctan| —— :Z.

proof
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Question 7  (¥***F4)

Solve the following trigonometric equation.

(x—Sj (x—4j T
arctan + arctan =—, xeR.
x—1 x-=3 4

x=3 U x=6

6 ©= ofchu (35) o d= ana (34

= Wb -

= fou(o44) - &
[

IR cE/ce)
GHe-Y

MOTIRY THRoosd B G- (x-3)
GEHED + a0a-) = QN3 -G<a-0
LoBbis b at-smoee = 2wy - ()
D- 1wty = s -7
-l +% = o
o+ g =0

Ge-3)@-6)=o

3
A= =T 80T A e
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Question 8  (¥***4)
y=arccosx, —1<x<1,0<y<r.

a) By writing y =arccosx as x=cosy, show that

y__ 1

dx 1-x? .

The curve C has equation

yzarccosx—%ln(l—xz), x>0.

b) Show that the y coordinate of the stationary point of C is

1
—(7+In4).
J(7+Ind)
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Question 9 (¥***4)

Solve the following trigonometric equation

arcsin x + arccos% = 2arctan% .
_ 44
I:I s |X= 125

eT @:onm::% q ¢:qré =

e}
5 3
4 \‘\' Ers

ToANSFOD THE (R0ATRRY
= amsmx + oecotd = 2arkoud

= otwmx +6 = 2

= ovowx = 2%-%

= snlwan) = SwG4-e)
= = Swzpex® — e2bswB

LS. DOURLE ANGE IDGTITS SV2b= Dswdblosdh ¢ @b~ 2Tp-|

= s 2mbusbocsd — b (2edp1)

= - 20 - ek

Question 10 (¥***4)

Find the solution of the equation

1—-x 1
arctan| —— |[=—arctan x .
1+x

i
w|®
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Question 11 (**¥%*4)

The functions f and g are defined by

T T
=3sinx, xeR, - L<x<”
f(x)=3sinx, xe S Sx<

g(x)E6—3x2, xeR.
a) Find an expression for f~'g(x).

b) Determine the domain of f~'g(x).

|:|, f_lg(x):arcsin(Z—xz), ~J3<x<—1 or 1<x<3
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Question 12 (¥*¥%4)

y=arctanx, x€ R.

a) By writing the above equation in the form x= g (), show that

i(arctan x)= )
dx 1+ x2

The function f is defined as
f(x):arctan\/;, xeR, x>0.

b) Show further that

£ () =—ix_%(3x+l)(x+l)_2.

, |proof
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Question 13 (¥***4)

nx

f (x) = arctan (SI—

j, O<x<2rx.
cosx—1

Show that f (x) represents a straight line segment.
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Question 14  (¥***4)

1 1 31
2 arctan + arctan =arctan| — |.
o o ean 1

Show that x =35 is one of the solutions of the above trigonometric equation, and find
in exact surd form the other two solutions.

L 10£5V190

31
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Question 15 (¥***4)
y=arccosx, xe R, -1<x<I.
a) By writing the above equation in the from x= f (), show that

i(arccos x)=-— !

dx 1—x? '

A curve has equation

y=arccos(1—x2), xeR, 0<xS\/§.

b) Show further that

¢) Show clearly that

d’y d*y/( dy g 2\( dy ;
16— =4x—- +(2+ —
e dx? \ dx ( ) dx
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Question 16 (¥***4)

y = (2+\/;)\/1—x+arcsin\/1—x, 0<x<lI.

Show with detailed workings that

ﬂ _ Nl-x
dx \/;—1'
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Question 1 (F***¥)

Given the simultaneous equations

3tanf+4tanp =8

b4
O+p=—,
v 2

find the possible value of tan @ and the possible value of tan ¢ .

[tane, tan (p] = [2,%} = [%,
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Question 2 (F*x**F)

Simplify, showing all steps in the calculation, the expression

4
arctan 5 +arctan 2 —arctan 3,

giving the answer in terms of 7.

NG
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Question 3 (FF¥EF)

X
y =arctan x+arctan| — |, xe R.
1+ x

Without simplifying the above expression, use differentiation to show that for all
values of x

proof
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Question 4  (FF¥EF)

A curve C has equation

y:earctanx’ xe R

a) Show, with detailed workings, that

d3y (6x2 _6x_1)earctanx

dx’ (1+x2)3

b) Deduce that C has a point of inflection, stating its coordinates.
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Question 5 (FF¥EF)

Solve the following trigonometric equation

1

cos(arcsinz)sin(arccosx): (4-x), xeR.

I
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Question 6 (Fx*FFF)

Simplify, showing all steps in the calculation, the expression

2
arctan & + arctan 2 + arctan g ,

giving the answer in terms of 7.
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Question 7  (¥FF#F)

It is given that

where « is a constant.

Show that
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a+CoSx

y = arcsin
1+ acosx

-

dy _
l+acosx

dx

, |proof
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Question 8  (FF*FF)

The functions f and g are defined by

f(x)=cosx, xe R, 0<x<7w

xzi\/l—% ,lx<—J2 or x>x/§
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Question 9 (Fx**F)

The acute angles 8 and ¢ satisfy the following equations

2cos@ =cos@

2sin@ =3sin@.
Show clearly that

t9+¢:ﬂ'—arctan\/g
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Question 10 (Gk¥¥%%¥)

Show clearly that

4 arccot 2 + arctan (%j =7.
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Question 11 (F**%%F)

Solve the following trigonometric equation

) Y4
arcsin 2x + arccos x = ? .
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Question 12 (k¥¥F)

Find the only finite solution of the equation

. X 1 T
arcsin| — |+ 2arctan| — |=—.
(x—lj (x+1j 2
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Question 13 (F**%%¥)

Solve the trigonometric equation

2arctan(x—2)+arcsin(l_—xj:§, xeR.
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Question 14  (k¥¥¥F)

Use trigonometric algebra to fully simplify

\/1+sinx—\/1—sinx T
arctan . . , 0<x<—,
J1+sin x ++/1—sin x 4

giving the final answer in terms of x.

o=
po
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Question 15 (Gk#¥%¥)

Use trigonometric algebra to solve the equation

27
arctan x + 2arccot x = ? .

You may assume that arccot x is the inverse function for the part of cotx for which

0<x<r.

x=+3
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Question 16 (F¥¥¥%¥)

Use trigonometric algebra to fully simplify

[5)arce{ 75 raren
2arctan| — |+ arccos| —= |+arctan| — |,
5 52 8

giving the final answer in terms of 7.
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Question 17  (GF¥¥%¥)

f (x) =arctan (3x) + arcsin[

;]R
Vox? +1

Show, by a detailed method, that ...

a) ... f/(x)=0.

b) ... arctan (3x) + arcsin{ J = kxr , stating the value of the constant & .

1
V9x? +1

@ e da
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Question 18  (F¥#¥%%¥)

It given that

T
arctan x + arctan y +arctan z = E .

Show that x, y and z satisfy the relationship

xy+yz+zx=1.

& Lguiesy
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Question 19 (Gk¥¥¥¥)

The positive solution of the quadratic equation x?>—x—1=0 is denoted by ¢, and is
commonly known as the golden section or golden number.

Solve the equation

xcos(%arctanZ):\/a, xeR .

Give the answer in the form &/m , where m and n are positive integers.
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Question 20  (F¥**F)

Prove that if |x| <1

arctan| ,|—— | = %arocosx.
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Question 21 (Gk¥¥FF)

Use a trigonometric algebra to solve the following equation

2
(arctan x)2 + (arccotx)2 = % )

You may assume that y =arccot x is the inverse function of y=cotx, 0<x<x
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Question 22 (¥#¥*¥)

Solve the following trigonometric equation

arctan [xcos (2arcsin%)} =

ENE
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Question 23 (k¥EF)

On a clearly labelled set of axes, draw a detailed sketch of the graph of

2
y =(arcsin x)” arccos x, —1<x<1.

||, |eraph
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Question 24  (F*x**F)

Solve the following trigonometric equation

sin [arccot (x+ 1)] = cos(arctan x).

You may assume that y =arccot x is the inverse function for y=cotx, 0<x<rx.
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Question 25

(*****)

Prove that if |x| <1
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Question 26 (G¥¥¥FF)

It is given that

(arcsin x)3 +(arccosx)’ = k7z°,

x|£1,

for some constant & .

a) Show that a necessary but not sufficient condition for the above equation to
have solutions is that

1
k232.

b) Solve the equation given that it only has one solution.

¢) Given instead that that k = % , find the two solutions of the equation, giving

the answers in the form x =sin(ax), where ae Q.

1. x:Q, x=sin(£j, x:sin(s—”j
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Question 27  (k¥¥EF)

Sketch the graph of
f (x)=arcsin(cos x),

in the largest domain that the function is defined.

Indicate the coordinates of any intersections with the axes, and the coordinates of the

cusps of the curve.

, |graph
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Question 28  (FF¥¥FF)
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Question 29  (k¥EF)

2

) ) X )
Differentiate arctan| ——— | with respect to arccos[2xx/ l—xz}, and hence sketch
X

the graph of the resulting gradient function.
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Question 30  (k*FF)

It is given that
arctan 2 +arctan A+arctan B=7 .
It is further given that A and B are distinct positive real numbers other than unity.

Determine a pair of possible values for A and B .
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Question 31

By sketching the graph of the integrand, or otherwise, determine the maximum value
of the following function

(*****)

b

F(ab) = 2arcsiny/x+2 — arcsin(2x+3) dx.

, |proof
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Question 32 (k¥EF)

If 0<x <1, simplify fully

arcsin (2x—1)—2arcsin/x .
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Question 33 (k¥EF)

Prove that for all x such that —1<x<1

arccosx+arccos[%(x+\]3—3x2 )} =% .
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Question 34  (k¥EF)

Find, in exact surd form, the only real solution of the following trigonometric equation
. T
arcsin (2x—1)—arccos x =

The rejection of any additional solutions must be fully justified.

=

1]
=

|
A=~
B
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Question 35  (k¥FEF)
By considering the trigonometric identity for tan(A—B), with A =arctan(n+1) and

B =arctan(n), sum the following series

[}

Z arctan(%j.
n“+n+l

n=l1

You may assume the series converges.

Created by T. Madas



Created by T. Madas

Question 36 (kF¥FF)

A circular wheel of radius r and centre at the origin O of a positive x axis. A particle
P is constrained to move on the positive x axis, so that the distance OP is x. The
particle is connected to a taut cable which runs over the wheel and hangs vertically
down on the other side of the wheel as shown in the figure above. The section of the
cable RT , which is in contact with the wheel has length /. The section of the cable
TP is a straight line.

a) Given that the angle TOP =@ show that

a___ 7

dx waxZ—r?

Let s=l+|TP| and suppose that P is moving in the positive x direction with

constant speed 2 units per unit time.

b) Find the rate at which s is increasing when P is at a distance of 2r from O.

NG}

e+ (o] 4 1 x
f¥een et

(}] OO AT THE Dkl Bbow)

= sn(oea k)

98 . & &
&t & S

= nfowed) x 2

el = m(ofmel) x2

Created by T. Madas



Created by T. Madas

Question 37  (GF¥¥EF)

Prove that if 0 < x <1

1+2tan (%arosin x)

i iarctam
dx| 3 3 -
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