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Question 1  (*%)

The figure above shows the curve C, given parametrically by
— 42 —
x=t"=2, y=6t, t=20.

The finite region R is bounded by C, the x axis and the straight lines with equations
x=2 and x=14.

a) Show that the area of R is given by

T
j 12¢% dr,
2

stating the value of T .

b) Hence find the area of R.

| |, [T = 4|, |area = 224]
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Question 2 (**+)

YA

The figure above shows the curve C, given parametrically by

x=4r—1, yzlg, t>0.
t

The finite region R is bounded by C, the x axis and the straight lines with equations
x=7 and x=15.

a) Show that the area of R is given by

o)
64
j .

stating the values of #; and ¢, .
b) Hence find the area of R.

¢) Find a Cartesian equation of C, in the form y = f(x).

d) Use the Cartesian equation of C to verify the result of part (b).

4|, |area =16/, |y = 256

t1:2, tz
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Question 3  (**+)

B

The figure above shows the curve C, given parametrically by
x=4-1*, y=1(t+3), 1>0.
The curve meets the coordinate axes at the points P and Q.
a) Find the coordinates of P and Q.

The finite region R is bounded by C and the coordinate axes.

b) Show that the area of R is given by
5}
j 203 +61% dr,
l

stating the values of #; and ¢, .

¢) Hence find the area of R.

P(4,0) & 0(0,10)], [, =0], [, =2], [area =24

@  2:4-t* Lt
= Howy
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Question 4  (**+)

\\\\W

-

4 11

The figure above shows the curve C, given parametrically by
x=+3 , yzz, t>0.
3t

The finite region R is bounded by C, the x axis and the straight lines with equations
x=4 and x=11.

a) Show that the area of R is 3 square units.

The region R is revolved in the x axis by 27 radians to form a solid of revolution S .

b) Find the volume of S .
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Question 5 (¥*%)

N

The curve meets the x axis at the origin O and at the point P .
a) Show that the x coordinate of P is 6.

The finite region R, bounded by C and the x axis, is revolved in the x axis by 27
radians to form a solid of revolution, whose volume is denoted by V .

b) Show clearly that

r 2
V=7[j 12t(t—t2) dt
0

stating the value of T .

¢) Hence find the value of V.

@ ou-o fo
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Question 6  (**%)

1

2

The figure above shows the curve C, given parametrically by
x=Int, y=t++t, 1<¢<10.

The finite region R is bounded by C , the straight lines with equations x =1 and
x=2, and the x axis.

a) Show that the area of R is given by

T, n
j 1+¢ 2 dt,
h

stating the values of 7} and T, .

b) Hence find an exact value for the area of R.

_ _ 2| [.2 3
.|y =e, T, =e”|, [e"+e—2e?],

4) LO0KG: AT e Deatlad TO 0T umi

4yt
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Question 7  (¥*%)

) P

The figure above shows the curve C, given parametrically by

x=3t+sint, y=2sint, 0<t<rx.

The curve meets the coordinate axes at the point P and at the origin O.

The finite region R is bounded by C and the x axis.

Determine the area of R.
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Question 1 (¥*%4)

W

The figure above shows the curve C, with parametric equations

x=3612-717, y=sm3t <<
8 6 3

The curve meets the coordinate axes at the points A and B .

By setting up and evaluating a suitable integral in parametric, show that the area
bounded by C and the coordinate axes is (7 —1) square units.

Created by T. Madas



Created by T. Madas

Question 2 (***4)

The figure above shows the curve C, with parametric equations

. T
x=4sin’¢ , y=2cost, OStSE.

The curve meets the coordinate axes at the points A and B .
The point P(3,1) lies on C.
The point Q lies on the x axis so that PQ is parallel to the y axis.

a) Show that the area of the shaded region bounded by C, the line PQ and the x
axis is given by the integral

T

16j 2 cos’t sint dt.

T

3

b) Evaluate the above integral to find the area of the shaded region.

W
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Question 3 (¥*%4)

The figure above shows the curve C with parametric equations
V4
x=8tant, y=coszt, 0St<5.

The finite region R is bounded by C, the coordinate axes and the straight line with
equation x=38§.

The region R is revolved in the x axis by 27 radians to form a solid of revolution § .

a) Show the volume of S is given by the integral
)
87£J cos’t dt ,
h

for some appropriate limits #; and 1, .

b) Hence find an exact value for the volume of S .

[ 1. [volume = 7 (7 +2)
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Question 4  (¥*%4)

.

The figure above shows a curve known as a re-entrant cycloid, with parametric
equations

x=60-4sind, y=1-2cos@ , 0<6<2rx.
The curve crosses the x axis at the points P and Q.
a) Find the value of @ at the points P and Q.

b) Show that the area of the finite region bounded by the curve and the x axis,
shown shaded in the figure above, is given by the integral

0,
j 1-6cos@+8cos> 8 db,
6

where 6 and 8, must be stated.

¢) Find an exact value for the above integral.

[ 1. 9P=%7T, QQZ%ﬂ-’ 6=
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Question 5 (¥*%4)

The figure above shows the curve C, with parametric equations

x=t2, y=1l+4+cost, 0<t<2x.

The curve meets the coordinate axes at the points A and B .

a) Show that the area of the shaded region bounded by C and the coordinate axes
is given by the integral

5}
j 2t(1+cost) dt,
gl

where #; and f, are constants to be stated.

b) Evaluate the above parametric integral to find an exact value for the area of the
shaded region.

5 =0, t, =7, area = 7> —4

[solution overleaf]
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[solution of the previous question]
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Question 6  (¥*%4)

The figure above shows part of the curve C, with parametric equations

T

x=cos260, y=sech , 0<0<5.

The finite region R is bounded by C, the straight line with equation x =% and the

coordinate axes.

a) Show that the area of R is given by the integral

I

b) Evaluate the above integral to find an exact value for R.

4sin@ d6.

DIN - ay

The region R is rotated by 27 radians in the x axis to form a solid of revolution § .

¢) Use parametric integration to find an exact value for the volume of § .

, |area = 2«/3 - 2\/5 , | volume = 27rln(%)
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Question 7  (¥*%4)

YA

The figure above shows the curve C with parametric equations
. V4
x=6tanfd, y=sin26, 036’<5.

The curve has a single stationary point at P .

a) Find the coordinates of P .
The point Q lies on the x axis so that PQ is parallel to the y axis. The finite region
R is bounded by C, the x axis and the straight line segment PQ. The region R is

revolved in the x axis by 27 radians to form a solid of revolution § .

b) Show the volume of S is given by the integral
T

ﬁj424sin29 de.
0

¢) Hence find an exact value for the volume of S .

|:|, P(6,1)|, |volume =37 (7 —2)
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.

The figure above shows a cycloid C, whose parametric equations are
x=60-sinfd, y=1l-cos@, 0<O0L2r.
The finite region R is bounded by C and the x axis.

a) Show, with full justification, that the area of R is given by

2
j (1-cos®)’ dé.
0

b) Hence find the area of R.
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Question 9 (¥**¥)

A 7

N

The figure above shows the curve C, with parametric equations

x=4cosf, y=sinf ,0<6<

(SN

The curve meets the coordinate axes at the points A and B. The straight line with

equation y =% meets C at the point P .

a) Show that the area under the arc of the curve between A and P, and the x
axis, is given by the integral

T

jz 4sin’6 dé.
T

6

The shaded region R is bounded by C, the straight line with equation y == and the

=

y axis.

b) Find an exact value for the area of R.

area =%(4ﬂ'—3\/§)
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Question 10 (¥¥%%¥)
y N
z R
A 3 2 B~

The figure above shows an ellipse E, given parametrically by

x=2-cos@, y=1+2sinf, 0<60<2rx.

The ellipse crosses the x axis at the points A and B.

a) Find, as exact surds, the coordinates of A and the coordinates of B .
The finite region R is bounded by E, for which y >0, the x axis and the straight
3 and x=2.

lines with equations x = >

b) Show that the area of R is given by

T

jz sin@+2sin’ @ dé.
T
3

g),3(2+§), areazﬁ(6+2ﬂ'+3\/§)zl.46

.
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Question 11 (¥¥%%)

C

The figure above shows the curve C, given parametrically by

x=500520, y=6sin6 , —%<9£§.

The curve is symmetrical in the x axis.

The finite region bounded by C and the y axis is denoted by R .

a) Show that the area of R is given by

T
jz 120sin2 6cosd dé.
0

b) Hence find the area of R.

[continues overleaf]
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[continued from overleaf]

The region R is to be revolved by 7 radians in the x axis to form a solid of
revolution § .

¢) Show that the volume of S is 90 cubic units.
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Question 12 (¥¥%%¥)

\ 4
=

The figure above shows the curve C, defined by the parametric equations

T T
x=tané, y=cos20, —<f<—.
2 2

The finite region R is bounded by C, the coordinate axes and the straight line with
equation x=1.

a) Determine the area of R.
The region R is revolved by 2z radians in the x axis, forming a solid S .

b) Show that the volume of § is
V4
—(7T+2).
" (7+2)

¢) Find a Cartesian equation of C, giving the answer in the form y = f(x).

] frea=2] [v=!

@ 4oa-)

H
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Question 13 (¥¥%%)

The figure above shows the curve C, with parametric equations
. V4
x=06tsint, y=3sect,0£t<5.

The curve meets the coordinate axes at the point A.

The line y=6 meets C at the point P .

a) Show that the area under the arc of the curve between A and P, and the x
axis is given by the integral

T

18.[ . t+tant dr.
0

The shaded region R is bounded by C, the line y =6 and the y axis.

b) Show that the area of R is approximately 10.3 square units.

, |proof

[solution overleaf]
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Question 14  (¥¥%%¥)

The figure above shows the curve C with parametric equations
. /4
x=>5cost, y=3sin2t, OStSE.

The curve meets the x axis at the origin O and at the point P .
a) Find the value of r at O and at P.

The finite region R bounded by C and the x axis is revolved by 27 radians in the x
axis forming a solid of revolution S .

b) Show that the volume of S is given by the integral

T

n'j : 180sin’ ¢ cos’t dt .
0

¢) By using the substitution u = cost, or otherwise, find the volume of § .

|:|’ tOZ%’ tp =0,

volume = 247[|
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Question 15 (¥¥%%)

The figure above shows part of the curve C with parametric equations

6
x=—, y=6t—t>, t#0.
t

The curve crosses the x axis at the point R.

The point P(6,5) lies on C and the straight line / is the normal to C at P.

This normal crosses the x axis at the point Q.

a) Determine ...
i. ... the value of ¢ atthe points R and P.
ii. ... anequation for /.

iii. ... the coordinates of R and Q.

[continues overleaf]
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[continued from overleaf]

The finite region bounded by C, [ and the x axis is shown shaded in the figure above.

b) Use parametric integration to find, correct to two decimal places, the area of
this region.

. tR:6, tpzl, 2y:3x_8

[R(1L0)]. |of

w|oo

,0) , 361n6—%z 26.17
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Question 16  (**%%)

The figure above shows part of the curve C with parametric equations
V4
x=coso, y=tan20 , 030<5.

The finite region R, shown shaded in the figure above, is bounded by C, the
coordinate axes and the line y=1.

a) Show that the area of R is given by the integral

&
j 2tan@secl d6,
6

for some appropriate limits 6, and 6, .

b) Hence find an exact value for the area of R.

[continues overleaf]
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[continued from overleaf]

The finite region R is revolved by 27 radians in the y axis forming a solid of
revolution § .

¢) Show that the volume of § is exactly 7In2.

6,=0|, (92:% , area:2(\/§—l)
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Question 17  (¥¥%%)

The figure above shows the re-entrant curve C with parametric equations
x=27-3t%, y =5t(4—t2) ,teR.

The curve meets the y axis at P and Q, and the x axisat R and S .

a) Determine ...

i. ... the value of ¢ at the points P, Q, R and S.
ii. ... the Cartesian coordinates of the points P, Q, R and S.

b) Given that C is symmetrical about the x axis, show that the area enclosed by
the loop of C, shown shaded in the figure above, is 256 square units.

¢) Find a Cartesian equation of C, in the form y? = f (x).

[ ].[P(0.75).t==-3|, [0(0,-75).: =3, [R(27.0).: =0|, [S(15,0),r = %2,

y? =%(27—x)(x—15)2

[solution overleaf]
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Question 18  (¥¥%%)

The figure above shows the curve C with parametric equations
x=cos° @, y=12sinf, 0<O<2r.

The finite region in the first quadrant, bounded by C and the coordinate axes is shown
shaded in the figure above. The curve is symmetrical in both the x and in the y axis.

a) Show that the area of the shaded region is given by the integral

T
2 .
36.[ sin®@cos’ 6 db.
0
b) Use trigonometric identities to show that

cos” fsin’ @ Eé(l—cos%’) :

¢) Hence find, in terms of 7, the total area enclosed by C .

[ 1Dz

[solution overleaf]
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Question 19 (¥¥%%)

The figure above shows part of the curve with parametric equations
2 2
x=t"-9, y=t(4-1)", te R.

The curve meets the x axis at the points P and Q, and the y axis at the points R
and 7T . The point T is not shown in the figure.

a) Find the coordinates of each of the points P, Q, R and T .

The point § is a stationary point of the curve.

b) Show that the coordinates of S are (—%,if) .

The region bounded by the curve and the x axis is shown shaded in the figure above.

¢) Determine an exact value for the area of the shaded region.

|:|, P(-9,0),0(7,0),R(0,3),T(0,-147)|, |area = 1(1)24
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Question 20  (¥¥¥¥)

The figure above shows the curve C with parametric equations
x=sint, y=t2, 0<t<L2rx.
It is given that C is symmetrical about the y axis.

Show that the area enclosed by C can be found by the integral

T
j dtsint dt,
0

and hence find an exact value for this area.

[ 1[4

=
ANNG. S{MMETRY ;& INIEGRATING. W DeSeeeT
T o BCW Pepvernic

@ b
Rk = 2x Sg. a0 dy - Z'Ktlltq dedt

-2l e - [ ot

P

Created by T. Madas

PCLED BY INIESOATION BY PaeTS

==

e T

B v U K:-rumk ot
- [;%ngff [Tt
e R——
= rw)-(o-0)




Created by T. Madas

Question 21  (¥*%%¥)

The figure above shows the design of a pendant ABCD in the shape of a rhombus,
made up of two different types of metal.

The innermost part of the design is enclosed by a curve and is made of silver. The rest
of the design is made of gold.

The design is symmetrical about both the x and the y axis.
The innermost part of the design is modelled by an ellipse, given parametrically by
x=12cos@, y=6sinf, 0<0<2r.

a) Use integration to show that the area enclosed by the ellipse is exactly 727 .

[continues overleaf]
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[continued from overleaf]

The point P lies on the ellipse where 6 = % .

The straight line AB is the tangent to the ellipse at P .

b) Show that the equation of the tangent AB can be written as
2y+3x=24.

¢) Hence find an exact value for the area of the pendant that is made up of gold.

, larea = 192\/5 =727
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Question 22  (¥¥¥¥)

[, x

figure 1

The figure 1 above, shows the curve C with parametric equations
x=6cost, y=12sin2¢, 0<t<2rx.
The curve is symmetrical in the x axis and in the y axis.

The region R, shown shaded on the figure 1, is bounded by the part of C in the first
quadrant and the coordinate axes.

a) Show that the area of R is given by

z

j 2 144costsin’t dt .
0

b) Hence find the area enclosed by C in all four quadrants.

[continues overleaf]
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[continued from overleaf]

figure 2

The area enclosed by the entire curve is to be cut out of a piece of rectangular card, as
shown in the figure 2. This is modelled by a rectangle whose sides are tangents to the
curve, parallel to the coordinate axes.

The area of the card left over after the curve was cut out is shown shaded in figure 2.

¢) Show that the area of the card left over is exactly 96 square units.

=192|
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Question 23 (¥¥¥¥)

The diagram above shows the curve defined by the parametric equations

x=460—-sind, y=2cosf , for 0<O<2rx.

The curve crosses the x axis at points A and B. The point C is the minimum point
on the curve and CD is perpendicular to the x axis and a line of symmetry for the
curve.

a) Find the exact coordinates of A, B and C.
b) Show that an equation of the tangent to the curve at the point A is given by

x+2y=2x-1.

[continues overleaf]
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[continued from overleaf]

¢) Show further that the area of the region R bounded by the curve and the
coordinate axes is given by

T

jz 8cos@—2cos’ 8 db.
0

d) Determine an exact value for this integral.

A(27-1,0)|, |B(67+1,0)|, |C(47,-2)|, [8-=
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Question 24  (G¥¥¥¥F)

The figure above shows the curve C with parametric equations

2
=In(r+1), =——, teR, t20.
x=in(r+l). r+2 ©

The finite region R, shown shaded in the figure above, is bounded by C, the straight
lines with equations x =In3 and x=1n9 and the x axis.

a) Show that the area R is given by the integral

8 2
JW"

b) Find an exact value for the above integral.

¢) Show that a Cartesian equation of C is

X

e+l

[continues overleaf]
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[continued from overleaf]

d) Use the Cartesian equation of C and the substitution u =e*+1 to show that
the area of R can also be found by the integral

10
sz 2 du .
4 u(u—l)

e) Without evaluating J , show that J =1.

l:l, 21n(

9)1[s)}
N —

Created by T. Madas



Created by T. Madas

Question 25  (¥¥¥¥F)

x+y=6

The figure above shows two sections of a curve with parametric equations
2 2
x=—+1, y=4-¢t", for te R, t#0.
t

The curve crosses the x axis at the origin O and at the point A.

The straight line with equation x+ y =6 intersects the curve at the point B .
a) Find the value of ¢ at the point A.
b) Determine the coordinates of B .

The line BC is parallel to the y axis.

The finite region R, bounded by the curve, the y axis and the line BC is revolved by
27 radians to form a solid of revolution S .

¢) Use integration in parametric form to find an exact value for the volume of § .

t=2|, |B(3,3)], VolumezmTﬂ

€ vowu = Gy = 7| @
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Question 26 (¥*¥¥)

y

The figure above shows the curve C with parametric equations

x=t", y=4sin2t, teR,t>0.

The curve crosses the xaxis for the first time at the point A. The finite region R,
shown shaded in the figure above, is bounded by C and the part of the x axis from
the origin O to the point A . This region is revolved about the x axis to form a solid of
revolution § .

a) Show that the volume of § is given by the integral

T

I :75'[ ® 16t—16cos4r dt.
0

b) Hence find an exact value for the volume of § .
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Question 27  (¥¥¥¥)

The figure above shows the curve C with parametric equations
. T
x=2sint, y=tant , for 0St<5.

The curve passes through the origin O.

The region R is bounded by C, the y axis and the line y=1.

Use integration in parametric form to find an exact value for the area of R.

area = 2x/§—2
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Question 28  (¥¥¥¥)

.

4%%%%%%

\\

V =

The figure above shows the graph of the curve with parametric equations

x=2-L¢ y=2"-2, teR.

4

The curve meets the x axis at the point P and the y axis at the point Q.

a) Find the coordinates of P and Q.

The finite region R is bounded by the curve and the coordinate axes, and is shown

shaded in the figure above.

b) Show that the area R is given by the integral

" |
=2
jl 2 5 dr.

¢) Hence find an exact value for R .

0(0,254)

127 7

2In2 2
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Question 29  (¥¥¥¥)

The figure above shows an ellipse with parametric equations
. /4
x=2cos6, y= 6sm(¢9+§j, —-T<LO<r.

The curve meets the coordinate axes at the points A, B, C and D.
a) Find the coordinates of the points A, B, C and D.
The straight line / is the tangent to the ellipse at the point E .

b) State the equation of [, given that [ is parallel to the y axis.

¢) Find the value of @ at the point E.

[continues overleaf]
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[continued from overleaf]

The finite region bounded by the ellipse and the x axis for which y >0 is shown

shaded in the figure above.

d) Show that the area of this region is given by the integral

2z

3

e) Hence find the area of the shaded region.

1.

A(-1,0), B(1,0), C(-3,0), D(-3,0)

3
I 3-3c0s260+3+/3sin20 dé.

6,=0

, larea =37
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Question 30  (G¥¥*%F)

v
=

The figure above shows the curve with parametric equations

x=200529, y:\/gtane, OSB<§.

The finite region R shown shaded in the figure, bounded by the curve, the y axis, and

the straight lines with equations y=1 and y=3.

Use integration in parametric to show that the volume of the solid formed when R is

2
T
fully revolved about the y axisis —.
V3
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23 HARD QUESTIONS
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Question 1 (F***4)

@

) R 0

The figure above shows the curve C with parametric equations
. V4
x=6cost, y=3sin2t, OStSE.

The point P lies on C where x=3.

a) Find the y coordinate of P.
The line L is the normal to the curve at P . This normal meets the x axis at Q.

b) Show that an equation of L is

2y+2x3=93.

[continues overleaf]
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[continued from overleaf]

The line PR is parallel to the y axis.

¢) Show that the area of the finite region bounded by C, the line PR and the x
axis is given by the integral

3
j 36sin*tcost dr.
0

d) Hence find an exact value for the area of the shaded region, bounded by C,
the normal L and the x axis

303
2 b

Created by T. Madas



Created by T. Madas

Question 2 (¥***4)

A curve has parametric equations

[t o
x= , y=—— , teR
o2
a) Find the gradient at the point on the curve where ¢ = %

b) Show that the finite area bounded by the curve, the x axis, and the straight
4 2

and x =

lines with equations x = , 1s exactly

%e(e3—4).

¢) Determine a Cartesian equation of the curve in the form y = f(x).

el, |y=
dx =3 Y e’

T e L G N

a) (ke LUITS_§ 26¥ AT e MoeT § OXEY ISKEUTOY B Prert
(4 AN,
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o g%t o - 2t et B Le* aC
e
&, 28y SHAWATING Bt 4o
20 SRURITNG L b
£ 3
ot ) e . &
2 2y o 2 [opestco ] - HESSI
-5
T, - e
= @L@uk(mi;exﬂ < =(-ue)
s qele-9) _—
A Bequiok)
C) SNING WTY THE 3 cquicn)
= os =¥
L‘\ 4
. = = 1 -ele®
N 2 b %
Y e = t-d%
—A ) 4 d TS e 4 Gouicn) waas
a, 214

+
=0 | gndede
\ﬁ ot

3

= % ak

i:{ =A< Ko 2T dr = %< het- Wichyt .
ot e > [t-2- tow) =

=4 = € J = ok
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Question 3 (¥***4)

P(3,2)

\"v,%
<
R

The figure above shows the curve C with parametric equations

T

x=4cos’ @ , y=4sinf, 0<6< 5

The point P(3,2) lies on C. The straight line / is the tangent to C at P.

a) Show that an equation of [ is
x+y=5.

The finite region R is bounded by C, [ and the x axis. This region is to be revolved
by 2z radians about the x axis to form a solid S .

b) Find an exact value for the volume of S .
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Question 4  (¥***4)

The figure above shows the curve C, given parametrically by

x=3sin26, y=cos@d , for OSHSZ.

. . dy .
a) Find an expression for d_y in terms of 6.

X
The line T is parallel to the y axis and is a tangent to C at the point P .

b) Show that 9:% at P.

[continues overleaf]
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[continued from overleaf]

The finite region R bounded by C , T and the x axis.

¢) Show that the area of R is given by

d) Hence find the area of R.

2
j 12sin® @cos@—6¢cos db.

e) Find a Cartesian equation for C in the form x* = f(y).

P_

dx

sin @

6c0s26|

area:Z\/E—Z ,

x° =36y2(1—y2)

Created by T. Madas




Created by T. Madas

Question 5 (¥***4)

> <
=
[l
W
a

The figure above shows part of the curve C with parametric equations

The curve crosses the x axis at P.
a) Determine the coordinates of P .

b) Show that the gradient at any point on C is given by

dy _ 4’ +1
dx 47 -1

¢) By considering x+y and x—y find a Cartesian equation for C.

[continues overleaf]
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[continued from overleaf]

The region R bounded by C, the line x :% and the x axis is shown shaded in the

above figure.

d) Show that the area of R is given by

e) Hence calculate an exact value for the area of R.

P(1,0)[, [x*—y* =1
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Question 6 (F***4)

YA L

The figure above shows part of the curve C with parametric equations

The curve crosses the x axis at P and the point Q is such so that t =2.
The straight line L is anormal to C at Q.

a) Determine the exact coordinates of P.

b) Show that the gradient at any point on C is given by

dy 27 +1
dx 27 -1

[continues overleaf]
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[continued from overleaf]

The normal L crosses the x axis at R.

The finite region bounded by C, L and the x axis, shown shaded in the figure, has
area A.

¢) Find the coordinates of R.

d) Calculate an exact value for A.

P(242.0)|. [R(9.0)|. |4A=83-6In2
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Question 7  (¥***4)

> <

The figure above shows a curve known as a Cardioid which is symmetrical about the
X axis.

The curve crosses the x axis at the points A(-2,0) and B(6,0).

The point P is the maximum point of the curve.
The parametric equations of this Cardioid are

x=4cos@+2cos26, y=4sinf+2sin20, 0<60<2r.

a) Find a simplified expression for %, in terms of &, and hence find the exact
X

coordinates of P.

b) Show that the area of the top half of this Cardioid, shown shaded in the figure,
is given by the integral

T
j 16sin” @+ 24sin@sin 26 +8sin> 26 dé,
0

and hence find the exact value of the area enclosed by the Cardioid.

[, | & __cosbcos20) P(1.3V3)|, [area = 247]

dx sin @ + sin 26

[solution overleaf]
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Question 8  (¥***4)

The figure above shows a symmetrical design for a suspension bridge arch ABCD .

The curve OBCR is a cycloid with parametric equations
x=6(20-sin26), y=6(1-cos26), 0<O<rx.

a) Show clearly that

— =cotfd .
dx

[continues overleaf]
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[continued from overleaf]

The arch design consists of the curved part BC and the straight lines AB and CD.

The straight line AB is a tangent to the cycloid at the point B where ¢9=£ and

3 b
similarly the straight line CD is a tangent to the cycloid at the point C where 8 =

|8

b) Show further that ...

i. ... the tangent to the cycloid at B meets the x axis at

x=4r—1243.

ii. ... the length of AP is 9V/3.

iii. ... the area between the x axis and the part of the cycloid between B
and C is given by

2

3
36I 3—4cos28+cos48 db .

¢) Hence find an exact value for the area enclosed by ABCD and the x axis.

I:l, area =367 +162/3
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Question 9 (¥***4)

W//////////////////////////

The figure above shows the curve with parametric equations
x=12+1 , y=2t+2, teR.

The straight line with equation x =10 meets the curve at the points P and Q.

The area of the finite region bounded by the curve and the straight line with equation
x =10 is shown shaded in the figure above.

Show that this area is given by

3
8J‘ 2 dt,
0

and hence find its value.
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Question 10

The figure above shows the curve with parametric equations

(g

Created by T. Madas

\Y

2

x=t", y=sint, 0<t<r.

The curve crosses the x axis at the origin O and at the point A.

The point P lies on the curve where ¢ = %75.

The straight line 7 is a tangent to the curve at P.

Show that the area of the finite region bounded by the curve, the tangent 7 and the x
axis, shown shaded in the figure above, is

(3«/3—75).
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Question 11 (*¥¥%%*4)

A curve lies entirely above the x axis and has parametric equations

x=sin2t, y=4tan3t, OSI<%7£.

The finite region R is bounded by the curve, the x axis and the straight line with
equation x =%.

Use integration in parametric to find the exact area of R.
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Question 12 (*¥%%*4)

Created by T. Madas

A curve lies entirely above the x axis and has parametric equations

x=2t, y=———

! t20.

9

5
14 2¢2

The finite region R is bounded by the curve, the x axis, the y axis and the straight

line with equation x=2.

Use integration in parametric to find the exact area of R .
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Question 13 (*¥¥*4)

C’_\

The figure above shows the closed curve C with parametric equations

x=cos@, yzsin@—%sin%’, 0<0<2rx.

The curve is symmetrical about the x axis.

The finite region enclosed by C is revolved by x radians about the x axis, forming a

solid of revolution S .
Show that the volume of S is given by
d 2
7ZJ‘ sin® 0(1—%005 0) ae,
0

and by using the substitution u =cosé, or otherwise, determine an exact value for the

volume of S .
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Question 14  (F***4)

%%/

The region R, shown shaded in the figure, is bounded by the curve, the x axis and the

straight lines with equations x = % and x=2.

a) Show that the area of R can be found by the parametric integral

1
2

;2 dt,
o (1=0)(+1)
2
and hence find the exact area of R.

b) Determine a Cartesian equation of the curve, in the form y= f (x) , and by

evaluating a suitable integral in Cartesian verify the answer given to part (a).
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Question 15 (¥***4)

A
\
C P
0 A

The figure above shows the ellipse with parametric equations

x=8cosf, y=4sinf, 0<6<2rx.
The point P lies on the ellipse, where 6 = %ﬂ'.

The straight line T is a tangent to the ellipse at P .

The finite region R, shown shaded in the figure, is bounded by the ellipse, the tangent
T and the x axis.

Find an exact value for the area of R.

area = 16—4ﬂ'|
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Question 16  (***%*4)

> X

The figure above shows the curve C with parametric equations
x=sint, y:tz, 0<tr<L2rx.
It is given that C is symmetrical about the y axis.

The region bounded by C is to be revolved about the y axis by z radians to form a
solid of revolution with volume V .

By considering a suitable integral in parametric, or otherwise, find an exact value for
this volume.
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The figure above shows the curve with parametric equations

x=24+2sinf, y=2cos@+sin26, —

T<O0<=rx.

=

The curve meets the x axis at the origin O and at the point P .

The finite region bounded by the curve and the x axis is rotated by 27 radians in the
x axis, forming a solid of revolution S .

a) Show that the volume of S is given by

y/4

4
2

and hence find its exact value.

2 N2 3
7| 8(1+sinf) cos’ @ db,

b) Determine a Cartesian equation of the curve and by forming and evaluating an
appropriate integral in Cartesian verify the answer for the volume of S, found

in part (a).
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Question 18

(kg
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\ Y

shown shaded in the figure.

Show, with detailed workings, that ...

i. ... the area of shaded region is

The figure above shows a curve with parametric equations

x=cos@, y=sin20—cosf, 0<0<2rx.

S
24

. the area enclosed by the two loops of the curve is

.. a Cartesian equation of the curve is

4x2(1—x2)=(x+y)2.

The curve, which has rotational symmetry about the origin O, crosses the x axis at
the points P, Q and O.

The finite region bounded by the curve, for which x>0, y>0, and the x axis is

8

W
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Question 19  (*¥¥*4)

8
x=—, y=Int
t

Vv =

The figure above shows part of the curve with parametric equations
8
x=—, y=Int, t>0
t

The finite region R is bounded by the curve, the x axis and the straight line with
equation x=1.

a) Show that the area of R is given by

t
J‘2 8Int (5)
t

2
| t

where the 7, and ¢, are constants to be found.

b) Evaluate the above parametric integral to determine, in exact simplified form,
the area of R.

¢) Find a Cartesian equation of the curve and hence verify the answer of part (b).

. tlzl, t2:8, 7—3In2

[solution overleaf]
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Question 20 (FHEEL)

ANY

A semi-cubical parabola C, which consists of two sections meeting at the origin O,
has parametric equations

The point P lies on C where t=2.

The straight line L is the tangent to C at P and the point Q is where L re-intersects
C, as shown in the figure.

a) Find the coordinates of Q.

b) Determine the area of the finite region bounded by C and L, shown shaded in
the figure above.

[ ] ]e(-1)]. [area=27]
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Question 21 (Gk¥¥EF)

figure 1 figure 2

Figure 1 above, shows the curve with parametric equations

.

=

x=sin20, y=1-sin30, 0<6 <

Figure 2 above shows a glass design. It consists of the curve of figure 1, reflected
successively in the x and y axis.

The resulting design fits snugly inside a rectangle, whose sides are tangents to the
curve and its reflections, parallel to the coordinate axes. The region inside the 4 loops
of the curve is made of clear glass while the region inside the rectangle but outside the

4 loops of C is made of yellow glass.

Determine the area of the yellow glass.

I:I, yellow area = %
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Question 22 (*¥¥*4)

A curve is defined in terms of a parameter €, by the following equations.

x=cos@, y=8sind, 0<O<2r.

Determine an exact value for the area of the finite region bounded by the curve, the y
axis for which y >0, and the straight line with equation y =4 for which y>4.
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Question 23 (*¥¥¥*4)

> X

The figure above shows a curve with parametric equations
_ 2 _ 3
x=t"+2t, y=t"-9t,teR.
The curve meets the coordinate axes at the origin O and at the points A, B and C.

a) Determine the coordinates of A, B and C.

The finite region R, shown shaded in the figure, is bounded by the curve and the
coordinate axes.

b) Find the area of R.

The finite region bounded by the curve and the y axis, for which x <0, is revolved
by 27z radians about the x axis, forming a solid S .

¢) Calculate the volume of S .

[ ].|A(3.0), B(15.0), C(0,10),
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Question 1 (Gk¥¥¥¥)

The figure above shows the curve C with parametric equations

x=4cos30, y=4sind, 0<6<

The curve meets the coordinate axes at P(0,2) and at Q(4,0).
The straight line L is the tangent to C at the point P .
a) Show that an equation of L is
6y+ w3=12.

The finite region bounded by the curve C the tangent L and the x axis is shown
shaded in the above figure.

b) Show further that the area of this region is exactly V3 square units.
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Question 2 (Gk¥¥EF)
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T

a

\\\\\\\

The figure above shows the curve C with parametric equations

x=tsint, y=cost, 0<t<2r.

The curve meets the coordinate axes at the points P, O, R and S .

a) Find the value of the parameter ¢ at each the points P, Q, R and S .

The finite region bounded by the curve C is shown shaded in the above figure.

b) Show that the area of this region is exactly 7? square units.
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Question 3 (Gk¥¥EF)
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Vv =

The figure above shows a curve given parametrically by

x=sin3t,

I+ ycos3t=2y,

teR, 0<5¢<

|

3

The finite region bounded by the curve and the y axis, shown shaded in the figure is
revolved by 27 radians about the y axis, forming a solid of revolution.

Determine an exact simplified value for the volume of this solid.
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Question 4
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N
g

The figure above shows the curve with parametric equations

) .4
X =sin t+g , y=1+cos2t, 0<t<2r.

Given that the curve is symmetrical about the y axis, show that the area enclosed by

3

. 4
the two loops of the curve is —.
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Question 5 (Fx*FF)

The figure above shows the curve C with parametric equations

x=2t, y=t2—1, teR.

The finite region, bounded by C, the x axis and the line x=4 is revolved by 27
radians about the line x =4, to form a solid of revolution S .

Find an exact value for the volume of S .
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Question 6 (F¥EF)

The figure above shows the curve with parametric equations

The tangent to the curve at the point P meets the curve again at the point Q .

Given that the area of the finite region bounded by the curve and the tangent, shown

shaded in the above figure, is 2% square units, determine the coordinates of P .

I G

@ s top 18 A 2PEATD Suston 4T P A

h/P/ astiggiet] | P2 F TR =3( e~ 3P ] - sl

T/ 2 = 3xBes
\ = (t-DGtey)=o S*%®
5 = LOT CTpsp ey (P8 @ U NoT i
= t= N I L E R B &Y

® i e poons o P E) e kepar P b o row QCpHLF) i £

sdu_ S 3t 5 s -
ST ®a T WX TG R
4 @ By we e
dl | o2 5
=8y - 22y = 0

et =
Sy L» g &P B
y ‘ gl O N
© QUATON) O THE TINGAS] 15 b BY “ W &t T )
i ©Tie Yo A O B Rooud AS | o g #

- 2G-p) . = 5p* L oS - 3.
=9—F . G- \liﬁ(ﬂ& e ‘g“w"d,ﬂ“ at "ot = % Dx<t
S3p-3= - oy, O g e = 5f -2t - o

s SN 5 © )x(o
© SO SUUTANESY W THE GRE T T & -] r £(3¢) de = S~ = w2
= 308 - 3¢ < A -2¢? | ’f' - xm
= 3t = o e pd = 3t dp
; er Beee »'-P(%\q—\/

Created by T. Madas



Question 7  (Fx*FFF)
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B(x,y)

The figure above shows a set of coordinate axes superimposed with a circular cotton
reel of radius @ and centre at C(0,3a).

A piece of cotton thread, of length 37za, is fixed at one end at O and is being
unwound from around the circumference of the fixed circular reel. The free end of the

cotton thread is marked as the point B(x,y) which was originally at A(0,6a).

The unwound part of the cotton thread BD is kept straight and @ is the angle OCD as

shown in the figure above.

a) Determine the parametric equations that satisfy the locus of B(x,y), as the

cotton thread is unwound in the fashion described, for which x>0, y>0 .

b) Find the total area enclosed by the curve traced by B, in the entire x-y plane.

[ 1.
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Question 8  (Gr¥¥*F)

A curve C has equation

x2+xy+y2=1. , 0<x<3.

By seeking a suitable parameterization of C in the form

x=Acos@+Bsinf and y=Acosd—-Bsiné,

where A and B are suitable constants,

determine the area of the finite region in the first quadrant, bounded by the curve and
the coordinate axes.

You may assume that the curve does not intersect itself.
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