PARAMETRIC
EQUATIONS

EXAM QUESTIONS
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Question 1  (*%)

A curve is given parametrically by

x=3+2cosf, y=-3+2sind, 0<6<2r .

Show clearly that
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Question 2 (*%)

A curve is defined by the following parametric equations
x = 4at?, y=a(2t+1), teR,
where a is non zero constant.

Given that the curve passes through the point A(4,0), find the value of a.
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Question 3 (*%)

A curve is defined by the parametric equations

xz%acosﬁ, y=asind, 0<6<2r,

where a is a positive constant.
Show clearly that

dy 4x
dx y

proof

Question 4  (*%)

A curve C is given by the parametric equations
x=t+1, y=12—1, teR.

Determine the coordinates of the points of intersection between C and the straight line
with equation

x+y=6.

(3.3) & (-2.8)
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Question 5 (**+)

A curve is given parametrically by the equations

x=1-cos20, y=sin260, 0<6<2rx.
The point P lies on this curve, and the value of € at P is %

Show that an equation of the normal to the curve at P is given by
N

proof

Question 6  (**+)

A curve is defined by the parametric equations
x=acoso, y=asin20, 0<0<2rx,

where a is a positive constant.
. . T .
Show that the equation of the tangent to the curve at the point where 6 = 3 is

4x+4y=>5a.

proof
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Question 7  (**+)

A curve C is given by the parametric equations

1—¢2 2t
o=

= , Y=E——, teR.
1+12 141

Determine the coordinates of the points of intersection between C and the straight line
with equation

3y=4x.

Question 8  (**+)

A curve C is given by the parametric equations
x=2-1, y=3(t+1), reR.

Determine the coordinates of the points of intersection between C and the straight line
with equation

3x—4y=3.

[ ].107.12) & (1,0)
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Question 9 (**+)

A curve is given parametrically by the equations

2
x==, y=t>-1, teR, t#0.
t

The point P(4,y) lies on this curve.

Show that an equation of the tangent to the curve at P is given by

x+8y+2=0.

proof
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Question 10  (**+)

A curve C is given parametrically by

x=2t+1, yzi, teR, t#0.
2t

a) Find a simplified expression for % in terms of 7.
X

The point P is the point where C crosses the y axis.

b) Determine the coordinates of P .

¢) Find an equation of the tangent to C at P.

e B L ()| Y e T

dx 442
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Question 11 (**+)

A curve known as a cycloid is given by the parametric equations

x=460—-cos@, y=1+sinf, 0<0<L2rx.

) ) dy .
a) Find an expression for d_y ,in terms of @.
X

b) Determine the exact coordinates of the stationary points of the curve.

dy _ cos@
dx 4+siné

,(27,2), (67,0)
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Question 12 (**%)

A curve is given parametrically by

x=4r-1, y:22+10, teR, t#0.
t

The curve crosses the x axis at the point A.
a) Find the coordinates of A.
b) Show that an equation of the tangent to the curve at A is

10x+y+20=0.

¢) Determine a Cartesian equation for the curve.

10(x+2)
x+1

(-2,0)|, |(x+1)(y—10)=10 or y=
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Question 13 (**%)

A curve C is given parametrically by
1
x=3t-1, y=—, teR, t#0.
t
Show that an equation of the normal to C at the point where C crosses the y axis is
1
=—x+3.
Y 3

proof
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Question 14 (**%)

A curve C is given by the parametric equations

x =42

, y=8t, teR.
. 1
a) Find the gradient at the point on the curve where ¢ = 5

b) Determine a Cartesian equation for C, in the form x= f(y).

. . dy . . .
¢) Use the Cartesian form of C to find d_y in terms of y, and use it to verify that
X

the answer obtained in part (a) is correct.

dyl _1 2] |&v_8
_z’x_16y’ _y

X

Created by T. Madas



Created by T. Madas

Question 15 (**%)

A curve C is given parametrically by the equations
2 1 2 1
x=2t"+-, y=2t"—, teR, t#0.
t t

a) Show that at the point on C where t = % , the gradient is —3.

b) By considering (x+y) and (x—y), show that a Cartesian equation of C is

(x+ y)(x—y)2 =16.
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Question 16  (**%)

The point P(%,—2) lies on the curve with parametric equations

2

x=3t", y=6t, te R .

The tangent and the normal to curve at P meet the x axis at the points 7 and N,
respectively.

Determine the area of the triangle PTN .
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Question 17  (**%)

A curve C is given parametrically by the equations

x=4t+1, yzi, treR, r#0.

t 2t

The point A(5,6) lieson C.
Show clearly that ...

a) . ﬂ = % .

dx 2(1-47%)
b) ... the gradientat A is 2.
¢) ... aCartesian equation of C is
3xy—2y*=18.
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Question 18  (**%)

A curve C is given parametrically by the equations
x=t>-8t+12, y=t—-4, teR.
a) Find the coordinates of the points where C crosses the coordinate axes.
The point P(-3,1) lieson C.
b) Show that the equation of the normal to C at P is
y+2x+5=0.

¢) Show that a Cartesian equation of C is

y2=x+4.

[ 1.](=40). (0.-2). (0.2)
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Question 19 (**%)

A curve C is given parametrically by the equations
1
x=5-3t, y=2+-, te R, t#0.
t

The point A(6,—1) lieson C.
a) Show that the equation of the tangent to C at A is given by
y=3x—-19.
b) Show further that a Cartesian equation of C is

(x=5)(y-2)+3=0.

proof

Created by T. Madas



Created by T. Madas

Question 20  (**%)

A curve C is defined by the parametric equations

x=cos20, y=sinfcosf, 0<6<r.
a) Show that a Cartesian equation for C is given by
X2 +4y*=1.

b) Sketch the graph of C.

proof

Question 21  (¥%%)

A curve is defined by the parametric equations

x=sin@, y=sin| 6+ 2 |, -F<o< X,
6) 2 2

Show that a Cartesian equation of the curve is given by

NS >

=—x+—Vl-x".
Y=,

proof
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Question 22

A curve is defined by the parametric equations

(***)

t+3
X=—"

2
r+1 0 ’

Show, with detailed workings, that ...

dy (t+1j2
a) ... —=|——| .
dx \t+2

b) ... a Cartesian equation for the curve is given by

2(x—1)
x+1

teR,t#-1,t#-2.

, |proof
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Question 23 (**%)

A curve is defined parametrically by the equations

/4
x=asecl, y=btan@, 0<¢9<5,
where a and b are positive constants.

. . T .
Show that an equation of the tangent to the curve at the point where 6 = 2 is

y=£\/§x—b.
a

proof
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Question 24  (**%4)

A curve C is defined by the parametric equations

x=cost, y=cos2t ,0<t<rx.
Lo.dy .
a) Find I in its simplest form.
x

b) Find a Cartesian equation for C .

¢) Sketch the graph of C.
The sketch must include
e the coordinates of the endpoints of the graph.

e the coordinates of any points where the graph meets the coordinates axes.

%:4cost , y=2x2—1 ) (_1,1)(1’1)’(O’_l)’(_g’o)(g’o)
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Question 25  (**%4)
A curve C is given by the parametric equations

2
x:ﬁ, y:ﬂ’ ER’ t¢1.
t—1 r—1
a) Show clearly that
o2

The point P(l,—%) lieson C.

b) Show that the equation of the tangent to C at the point P is

3x—4y—-13=0.
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Question 26  (***+4)

The curve C; has Cartesian equation

2 +y*=9x-4.

The curve C, has parametric equations

x=t2, y=2t , teR.

Find the coordinates of the points of intersection of C; and C,.

(4.4), (4.-4). (1,2), (1.-2)
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Question 27  (¥*%4)

A curve has parametric equations

6
x=t2, y=—, teR,t#0.

t

. . . dy .
a) Determine a simplified expression for d_y ,In terms of 7.

x
b) Show that an equation of the tangent to the curve at the point A(4,-3) is
3x—-8y—-36=0.

¢) Find the value of ¢ at the point where the tangent to the curve at A meets the
curve again.
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Question 28  (**%4)

A curve C is defined by the parametric equations

1 21
X = 5. y= 5. L€ R.
1+1 I+1
) e ) dy .
a) Find a simplified expression for i in terms of .
X

The straight line with equation y =6x—2 intersects C at the points P and Q.

b) Find the coordinates of P and the coordinates of Q.

R T

dx 1-¢>
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Question 29  (**%4)

A curve C is defined by the parametric equations
x=In(1+7), y=In(1-7), teR, f<t<t,.
a) Find a Cartesian equation for C.

b) Determine, in terms of natural logarithms, the coordinates of the point on C
where the gradient is =3 .

The value of ¢ is restricted between f; and ¢, .

¢) Given that the interval between #; and t, is as large as possible, determine the

value of #; and the value of ¢, .

et+e’ =2/, (ln%,ln%) ,

@) F=lO) = =11k 5

©
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Question 30  (***4)

A function relationship is given parametrically by the equations

) T
X=cos2t, y=2sint, OSISE.

a) Find a Cartesian equation for these parametric equations, in the form y = f(x).

b) State the domain and range of this function.

y=+2-2x|, [F1<x<1], J0<y<2

™ 0= ekl as i)
gk (T 4 g )=
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Question 31  (**%4)

A curve is given parametrically by the equations

x=3t—2sint, y=t>+tcost , 0<r<2rx.
. . /2
Show that an equation of the tangent at the point on the curve where ¢ = 2 is given by
V4
y= g(x +2).

proof
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Question 32 (**%4)

The point P(—5,3) lies on the curve C with parametric equations

1+
x=21, y=1T% (eR, 120,-1
r+1

where a is a non zero constant.
Show that a Cartesian equation of C is

_2x+4
x+3
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Question 33  (**%4)

The curve C has parametric equations

T

x=sin@, y=3-2cos260, 0<0< 5

a) Express % in terms of 6.
x

b) Explain why...
... no point on C has negative gradient.

... the maximum gradient on C is 8.

¢) Show that C satisfies the Cartesian equation
y=1+ 4x7%.

d) Show by means of a single sketch how the graph of y =1+ 4x* and the graph
of C are related.

Q _4sin26
dx cos @

8sin @

@ o
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Question 34  (**%4)

The curve C has parametric equations

x=cos@, y=sin268, 0<6<2r.
. . V4
The point P lies on C where 6’:g.

a) Find the gradient at P.

b) Hence show that the equation of the tangent at P is
2y+4x=33.

¢) Show that a Cartesian equation of C is

y2 =4x2(1—x2).

@ dy o Suds | 20 T .

EOVATS
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Question 35  (**%4)

The point P(a,\/z ) lies on the curve C with parametric equations

where a is a constant.

a) Determine the value of a.

b) Show that the gradient at P is kIn2, where k is a constant to be found.

%\/EIHZ
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Question 36  (***4)
A curve C is defined parametrically by

x=t+Int, y=t—Int, ¢>0.
a) Find the coordinates of the turning point of C .
b) Show that a Cartesian equation for C is

4e"7 =(x+ y)2
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Question 37  (**%4)
The point P(%,—%) lies on the curve C with parametric equations
1 1
xX=——, y=——, teR, t#za,
t+a t—a

where a is a non zero constant.

Show that the gradient at P is re
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Question 38  (***4)

A curve C is given by the parametric equations

x=7Tcos@—cos78, y=Tsin@-sin760, 0<60<2rx.

Show that the equation of the tangent to C at the point where 8 :% is

y+\/§x=16.

proof
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Question 39  (**%4)

A curve C is given parametrically by

x=-, y=t", teR, t#0.

The point P lies on C at the point where ¢ =1.
a) Show that an equation of the tangent to C at P is
y+2x=3.
The tangent to C at P meets the curve again at the point Q.

b) Determine the coordinates of Q.

Y=g = m(x-2)
Y-t = 2=

yol= -2

$23

b s suprmensy

:I—Jt- y Y=t Ytm=3

~ <
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= Frg=2
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= tlar2=0
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Question 40  (**%4)

YA\

The figure above shows the curve C with parametric equations
x=t>+4, y=2t+4, teR.
The curve crosses the x axis at the point R .
a) Find the coordinates of R.
The point P(5,6) lies on C. The straight line L is anormal to C at P.
b) Show that an equation of L is
x+y=1I.
The normal L meets C again, at the point Q.

¢) Find the coordinates of Q.

R(8,0)|, |0(13,-2)
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Question 41  (**%4)

A curve is given parametrically by

x=cost, y=cos3t , 0<r<2rx.
a) By writing cos3t as cos(2t+1), prove the trigonometric identity
cos3t =4cos>t—3cost .

b) Hence state a Cartesian equation for the curve.

The figure below shows a sketch of the curve.

> <

The points A and B are the endpoints of the graph and the points C and D are
stationary points.

¢) Determine the coordinates of A, B, C and D .

y=4x =31, [A(-L-1)]. [B(LD)]. |c(-L.1)|. |c($.-1)

@) 3t = Gs(t k) =

Q) TS Dy it el

&) gGkel = a4 <acl
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Question 42 (**%4)

The figure above shows part of the curve with parametric equations
2 2
x=t"-9, y=t(4-1)", te R.

The curve meets the x axis at the points P and Q, and the y axis at the points R
and T . The point T is not shown in the figure.

a) Find the coordinates of the points P, Q, R and T.

The point § 1is a stationary point of the curve.

b) Show that the coordinates of S are (—%,if) .

P(-9,0), 0(7,0), R(0,3), T(0,-147)

b d S0 rGet) | @agaas
0 R/t 2 = — 5 ¢
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Question 43  (**%4)

A parametric relationship is given by
x=sinfcosd, y=4cos20, 0<@<2rx.
Show that a Cartesian equation for this relationship is

16x* = y(4-y).

proof

Question 44  (**%4)

A curve is given parametrically by the equations

The tangent to the curve at the point P meets the x axis at the point A and the y
axis at the point B .

Show that for all possible coordinates of P, BP| = 2|AP| .

proof

Created by T. Madas



Created by T. Madas

Question 45 (**%4)

The curve C is given parametrically by the equations
x=22-1, y=3>+4, teR.
a) Show that a Cartesian equation of C is

8(y—4)" =9(x+1).

b) Find ...
. . dy .
i. ... anexpression for — in terms of .
dx
ii. ... the gradient at the point on C with coordinates (1,1).

¢) By differentiating the Cartesian equation of C implicitly, verify that the
gradient at the point with coordinates (1,1) is the same as that of part (b) (ii)

dy 9] [a] __9
dx 4 dx(l,l) 4
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Question 46  (***4)

The curve C is given parametrically by the equations

x=cost, y=2sint, 0<t<2rx.

a) Show that an equation of the normal to C at the general point P(cost,2sin?)

can be written as

2y X

A S

sint cost

The normal to C at P meets the x axis at the point Q. The midpoint of PQ is M .

b) Find the equation of the locus of M as ¢ varies.

ERONTION oF THE Nooma =
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Question 47  (**%4)

The curve C is given parametrically by the equations

x=2e+1, y=e¥—6e'+1, teR.

. . )
Determine the coordinates of the point on C with Y3

dx

(5-3)
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Question 48  (***4)

A curve is defined by the following parametric equations
x=4at?, y=a(2t+1), teR,
where a is non zero constant.

Given that the curve passes through the point A(4,8), find the possible values of a.

a=4 U a=16

:

= (at* g= a2t

S W ooty (4e) ® R Bor GatenS.

8= alzen)
Lot
otegenl
¥ & Swrene
4 E
4¢= & 4¢ ,(\“ )
AL
- 5/
(8
£ @
p &
e kL

MY THepoe BY o>
=~ 4a = 88 —lho +a*
= 0= 4" -20a v

= 0= (a-H)(-©)

—
= 0. <
1 i
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Question 49  (**%4)

A curve is defined by the parametric equations
x=t2+1, y=2t—1, te R.

a) Show that an equation of the tangent to the curve at the point P where = p
can be written as

y(2p+1)=2x+2p*-2p-1.
The tangents to curve at the points (2,1) and (0,—3) meet at the point Q.

b) Find the coordinates of Q.
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Question 50  (¥¥¥¥)

A curve C is given by the parametric equations
V4
x=sech, y=In(I+cos26), 0< 9<E )

a) Show clearly that

X

The straight line L is a tangent to C at the point where 8 = % .

b) Find an equation for L, giving the answer in the form y+x =k, where k is

an exact constant to be found.

¢) Show that a Cartesian equation of C is

x2el=2.

y+x=2-In2
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Question 51  (¥¥%%¥)

A curve C is given by the parametric equations
x=cos28, y=2sin36’, 0<@<2rx.

a) Show clearly that

P _ —ésinﬁ.
dx

b) Find an equation of the normal to C at the point where 8 = % .

¢) Show that a Cartesian equation of C is

292 =(1-x)’.

16x—-12y-5=0
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Question 52 (¥¥¥¥)

A curve C is given by the parametric equations

x=2cosf@+sin26, y=cosd—-2sin20, 0<60<2rx.

The point P lies on C where 6’:%.

a) Show that the gradient at P is % .

b) Show that an equation of the normal to C at P is
4x+2y=52.

proof
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Question 53  (¥¥¥¥)

The curve C has parametric equations
x=sin20, y=2cos’6, 0<6<2rx.

a) Show clearly that

d— =—tan26.
dx

b) Find an equation of the tangent to C, at the point where 6 = % .

¢) Show that a Cartesian equation of C is

x2=y(2—y).

y=\/§x—1
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Question 54  (¥¥¥¥)

A curve C is given parametrically by

Show clearly that ...

dy _1-2

a) .
dx t+2

b) ... an equation of the tangent to C at the point where ¢ :% is

3x+5y=8.
¢) ... aCartesian equation of C is
2
+
CLVINPY
xX=Yy

You may find considering (x+ y) and (x—y) useful in this part.

proof

© . y=
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Question 55  (¥¥¥¥)

A curve C is given parametrically by

x=tanf@, y=sin260, 0<0<2rx.
a) Find the gradient at the point on C where 8 = % .

b) Show that

1

cos’ @ = >
x“+1

and find a similar expression for sin’ 8.

¢) Hence find a Cartesian equation of C in the form

y=f(x).
2
2
Q :g, sinzez ; , |l y= 2x
dx|g_7 4 x“+1 x“+1
6
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Question 56  (**¥¥)

A curve C is given parametrically by the equations

The point A( ) lieson C.

1_1
278

a) Show that the gradient at A is —%.

b) By considering R , or otherwise, show that a Cartesian equation of C is
X

X =16y2+2xy.

proof
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Question 57  (¥*¥%¥)

The point P(8,9) lies on the curve C with parametric equations

x=22, y=3, teR.

The tangent to C at P meets the y axis at the point Q.

Determine the exact y coordinate of Q.

9-9In3
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Question 58  (¥¥¥¥)

The curve C is given parametrically by

t+6

x=1-3t, y=—— , teR.

t+2

a) Find a simplified expression for %, in terms of 7.

X

b) Show that the straight line L with equation

4x—3y=1

is a tangent to C, and determine the coordinates of the point of tangency

between L and C.

] |22 @s)
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Question 59  (¥¥¥¥)

A curve C is defined by the parametric equations:

x=tan@, y=sin28 , —£S49<z
2 2

a) State the range of C.

b) Find an expression for D in terms of 6.

dx

. . V4
¢) Find an equation of the tangent to the curve where 6 = e

d) Show, or verify, that a Cartesian equation for C is

@ _ 2co0s260
dx

sec’ @
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Question 60  (¥¥¥¥)

A curve C is traced by the parametric equations

at
x=t"—t, Y1 teR, t#1.
—t

. . dy .
a) Find an expression for d_y in terms of the parameter ¢ and the constant a .
X

b) Show that an equation of the tangent to C at the point where t =—1 is

12y+ax+4a=0.
This tangent meets the curve again at the point Q.

¢) Determine the coordinates of Q interms of a.

dy__ a
dx - (2t-1)(1-1)*
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Question 61  (¥¥%%¥)

The curve C has parametric equations
2 V4
x=2tan@, y=2cos 4, OS0<E .
a) Show clearly that

ﬂ = -2sinfcos 6.
dx

b) Find an equation of tangent to C, at the point where 6 = % .

¢) Show that a Cartesian equation of C is

8
x> +4’

and state its domain.
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Question 62  (¥¥¥¥)

The point P(20,60) lies on a curve with parametric equations

x=2at, y=8at—at2, teR,

where a is a non zero constant.
a) Find the value of a.

b) Determine a Cartesian equation of the curve.

120,

The above set of parametric equations represents the path of a golf ball, ¢ seconds

after it was struck from a fixed point on the ground, O.

The horizontal distance from O is x metres and the vertical distance above the

ground level is y metres.

The ball hits the lowest point of a TV airship, which was recording the golf

tournament from the air.

¢) Assuming that the ground is level and horizontal, find the greatest possible

height of the airship from the ground.
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Question 63  (¥¥¥¥)

A curve C is defined by the parametric equations

x=2r-1 yzi, teR, t#0.
t

The curve C meets the y axis at the point A.
a) Determine the coordinates of A.
b) Show that an equation of the normal to C at A is given by
8y=x+64.
This normal meets C again at the point B .
c¢) Calculate the coordinates of B.

d) Find a Cartesian equation for C.
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Question 64  (¥¥¥¥)

A curve C is given parametrically by the equations
x=6Int—-3t>, y=2r-36r+6Ins, teR, 1>1,.
a) State the smallest possible value that 7, can take .
b) Show that

dy £ —61+l
dx  1-1*

¢) Find the exact coordinates of the only point on C where the gradientis 1.

to=0|, |(-12+61n2,-56 +61n2)
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Question 65  (¥¥¥¥)

A curve C is defined by the parametric equations
x=2t+4 , y=£—4t+1, teR.
a) Show that an equation of the tangent to the curve at A(2,4) is
2y+x=10.
The tangent to C at A re-intersects C at the point B.

b) Determine the coordinates of B .
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Question 66  (¥*%%)

A curve is given parametrically by the equations
x=4-1*, y=1-1, teR.
a) Show that an equation of the normal at a general point on the curve is
y+2x=1+T7t-21.
The normal to curve at P(3,0) meets the curve again at the point Q.

b) Find the coordinates of Q.
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Question 67  (¥**%¥)

A curve is given by the parametric equations

) .4
x=tan’t , y:\/zsmt, OSt<E.

. . dy .
a) Find an expression for d_y in terms of 7.

X

. . T .
b) Show that an equation of the tangent to the curve at the point where ¢ = o’ is

32y =(9x+10)2.

¢) Show that a Cartesian equation of the curve is

2: 2X
Y x+2°

dy _ V2 cos’ 1
dx 4tant
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Question 68  (¥**¥)

A curve C is given parametrically by
2 3
x=(r+2)", y=r"+2, teR.
The point P(1,1) lieson C.

a) Show that the equation of the normal to C at P is
3y+2x=5.
b) Show further that the normal to C at P does not meet C again.

proof

Created by T. Madas



Created by T. Madas

Question 69  (¥¥¥¥)

A curve C is given by the parametric equations

1
x=1£ -9, y=§t2, teR.

The point P(10,2) lieson C.

a) Show that the equation of the tangent to C at P is
3y+2x=26.
The tangent to C at P crosses C again at the point Q.

b) Find as exact fractions the coordinates of Q.
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Question 70 (¥¥¥¥)

A curve C is given by the parametric equations

x=2t—i, y=2t+i+2, teR, t#0.
2t 2t

a) Show that

dy 4 -1
dx 47 +1

b) Hence find the coordinates of the stationary points of the curve.

¢) Show that a Cartesian equation of the curve is

(y+x-2)(y—x-2)=4.

(0,0), (0.4)
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Question 71  (¥¥%%)

A circle has Cartesian equation
x4y —4x—6y=3.
Determine a set of parametric equations for this circle in the form

x=a+pcos@, y=b+pcosf, 0<0<2r.

x=24+4cosf, y=3+4cosl
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Question 72 (¥¥¥¥)

A curve C is given by the parametric equations

x=3co0s20 , y=—2+4sin@, 0<0<2rx.
a) Show that a Cartesian equation of the curve is

3y? +12y+8x=12.
The point P lies on C, where sinﬁzé.

b) Show that an equation of the normal to C at P is
y=x-3.
The normal to C at P meets C again at the point Q.
¢) Find the coordinates of Q.

d) State the domain and range of C, and given further that C is not a closed
curve describe the position of the point Q on the curve.

, |Q is an endpoint of C

0(-3,-6)|, [-3<x<3|, |-6<y<2
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Question 73 (¥¥¥¥)

A curve is given by the parametric equations
x=cost , y=sin2t, 0<t<2r.

a) Find a Cartesian equation of the curve, giving the answer in the form

b) State the domain and range of the curve.

. . dy .
¢) Find an expression for < in terms of ¢.

dx

d) Hence, find the coordinates of the 4 stationary points of the curve.

2 2
dx sin t
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Question 74  (¥¥¥¥)

A curve C is defined by the parametric equations
x=1=3, y=t>-4, teR.
The straight line L with equation 3y —2x+10=0 intersects with C.

Show that L and C intersect at a single point on the x axis, stating its coordinates.

(5.0)

Question 75  (¥¥¥¥)

A curve C is defined by the parametric equations

x = 8cosec 6 , y=2coté, <6<

K
N

a) Find a Cartesian equation for C, in the form y= f(x).

b) Determine the range of values of x and the range of values of y, which the
graph of C can achieve.
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Question 76  (**¥¥)

A curve C is defined by the parametric equations
x=t>41, y=2t-3, teR.

a) Show that the equation of the tangent to C, at the point where ¢ =T, is given
by

Ty—x=T*-3T-1.

b) Find the equations of the two tangents to C, passing through the point (5,2)

and deduce the coordinates of their corresponding points of tangency.

y—x+3=0, (2,-1)|, |[4y—x-3=0, (17.,5)
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Question 77  (¥¥¥¥)

A curve C is defined by the parametric equations

x=Int , y=6£, t>0.

2

The point P lies on C, so that % =2 at P.
x

Determine the exact coordinates of P .
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Question 78  (¥¥¥¥)

The figure above shows the curve C known as the “lemniscate of Bernoulli”, defined
by the parametric equations

x=3sin@, y=2sin260, 0<O<2r.
The curve is symmetrical in the x axis and in the y axis.

a) Show that a Cartesian equation of C is
81y2 =16x> (9—x2) .

In the figure above, the curve C is shown bounded by a rectangle whose sides are
tangents to the curve parallel to the coordinate axes.

The shaded region represents the points within the rectangle but outside C.

b) Given that the area of one loop of C is 8 square units, find the area of the
shaded region.
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Question 79  (¥¥¥¥)

AV

The figure above shows the curve C with parametric equations

x=cosf, y=sin20—cosf, 0<0<2r.

a) Find an equation of the tangent to C at the point where 6 = % .
b) Show that the tangent to C at the point where 6 = 577[ is the same line as the
. /4
tangent to C at the point where 6 = 1

¢) Show further that a Cartesian equation of the curve is

4x2(1—x2)=(x+ y)2

, [x+y=1
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Question 80  (¥¥¥¥)

The figure above shows the curve C with parametric equations

x=2+2sinf, y=2cosf@+sin26, —%SHS%.

The curve meets the x axis at the origin O and at the point P . The point Q is the
stationary point of C.

a) Find an expression for % in terms of &.
X

b) Hence find the exact coordinates of Q.

¢) Show that the Cartesian equation of C can be written as

y2:x3_%x4'

The finite region bounded by C and the x axis is rotated by 27 radians about the x
axis to form a solid of revolution § .

d) Find the exact volume of S .

dy cos26—sin6 3 64
= |» 37_\/g D) V =7
dx cos 8 Q( 2 ) S
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Question 81  (¥*%%¥)

The figure above shows the curve with parametric equations
. V4
x=s1n(t+gj, y=14+cos2t, 0<t<2rx.

The curve meets the coordinate axes at the points A, B and R.

. . dy .
a) Find an expression for 2 in terms of ¢.

dx
b) Determine the coordinates of the points A, B and R.

At the points C and D the tangent to the curve is parallel to the x axis, and at the
points P and Q the tangent to the curve is parallel to the y axis.

¢) Find the coordinates of Cand D .

d) State the x coordinates of Pand Q.

[continues overleaf]
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[continues from previous page]
The curve is reflected in the x axis to form the design of a window.
The resulting design fits snugly inside a rectangle.

The sides of this rectangle are tangents to the curve and its reflection, parallel to the
coordinate axes. This is shown in the figure below.

PN
N

It is given that the area on one of the four loops of the curve is %\/5 square units.

e) Find the exact area of the region which lies within the rectangle but not inside
the four loops of the design.

b 22 (O o) (B.0).x(13). [e(-2) 05 2]

ax Cos(t +”j
6

Q) & cq P
© wcap, duo ) (i il
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Question 82  (¥¥¥¥)

AN

The figure above shows the curve C with parametric equations
x=t2, y=sint, 0<t<rx.
The curve crosses the x axis at the origin O and at the point A.

a) Find the coordinates of A.

The point P lies on C where ¢ = 2?7[ The line T is a tangent to C at the point P .

b) Show that the equation of 7' can be written as
247y +9x =47 (7+33).

The point Q lies on the x axis, so that PQ is parallel to the y axis. The point B is
the point where T crosses the x axis.

¢) Show that the area of the triangle PBQ is 7 square units.
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Question 83  (¥¥¥¥)

y L
A
/PA
C R
0
S X
0]

The figure above shows a curve C and a straight line L, meeting at the origin and at
the point R . The points P and Q are such so the tangent to C at those points is

horizontal and vertical, respectively.

The curve C has parametric equations
x=2/2sin2¢, y=1-cos2t,0<t<r,
and the straight line L has equation y=x.
a) Find the coordinates of P and Q.
b) Show thatat R, tanz =2+/2.

¢) Hence determine the exact value of the gradient at R .

d) Show that a Cartesian equation for C is

8)}2—16y+x2 =0.

P(0.2).0(2v2.1)|, |-

o

@ 2= ont
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Question 84  (¥¥¥¥)

A curve C is defined by the parametric equations
x=sin’6 , y=sin20 0<6<rx.

a) Show that

Q =2cot28.
dx

The straight line with equation y =2x intersects C, at the origin and at the point P .
b) Find the coordinates of P, and show further that P is a stationary point of C.

¢) Show further that a Cartesian equation of C 1is

y? =4x(1-x).
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Question 85  (¥¥¥¥)

The curve C is given parametrically by
x=cost+sint—2, y=sin2t, 0<t<2rx.

a) By using appropriate trigonometric identities, show that a Cartesian equation
for C is given by

y=x2+4x+3.

b) Sketch the part of C which corresponds to the above parametric equations.
The sketch must include
e the coordinates of any points where C meets the coordinate axes.

e the exact coordinates of the endpoints of C.

graph
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Question 86  (¥%%%)

A curve has parametric equations

x=1-cos@, y=sinfsin28 , 0<O<r.
Determine in exact form the coordinates of the stationary points of the curve.

No credit will be given for methods involving a Cartesian form of this curve.
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Question 87  (¥¥¥¥)

A curve is given parametrically by the equations
x=3cost, y=4sint, 0<r<2rx.
a) Show that the equation of the tangent to the curve at the point where =86 is

3ysin@+4xcosf=12.

The tangent to the curve at the point where 7 =6 meets the y axis at the point P(0,8)

and the x axis at the point Q.

b) Find the exact area of the triangle POQ , where O is the origin.
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Question 88  (*¥¥¥¥)

> X

tangent

The figure above shows the curve C with parametric equations
x=acos @ , y=bsin@, 0<6<2r,
where a and b are positive constants.

The point P lies on C, where 6 =%.

a) Show that an equation of the tangent to C at P 1is

9ay +4bx~/3 =9ab .

The tangent to C at P crosses the coordinate axes at (0,12) and (%,0).

b) Find the value of a and the value of b .
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Question 89  (¥¥¥¥)

> X

The figure above shows an ellipse with parametric equations

x=2cos6 y=6sin(0+§j, 0<@<2r.

The curve meets the coordinate axes at the points A, B, C and D.
a) Determine the coordinates of the points A, B, C and D.
The straight line L is the tangent to the ellipse at the point A.
b) Find an equation of L.

¢) Show that a Cartesian equation of the ellipse is

y2+9x2 =9+3xy\/§.

A(-1,0), B(1,0), C(-3,0), D(-3,0)|. |y =243 (x+1)
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Question 90 (F**¥)

A curve C is given parametrically by the equations

x=sin%6, y=6sinf—sin’4, §<9<§.

) ) dy . .
a) Find an expression for d_y , in terms of sin@.
X

b) Hence show that C has no stationary points.

¢) Determine the exact coordinates of the point on C, where the gradient is 8% .

d) Show that a Cartesian equation of C is

y? =x(x—6)2.

@_6—3sin29 P(lﬁ)
dx 2sin6 |’ 9°27
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Question 91  (¥*%%¥)

\ 4
=

The figure above shows a curve C with parametric equations

12 I
x=—4— y=L_ ieR,>1.
r—1 r—1

The points P and Q lie on C so that the tangents to the curve at those points are
horizontal and vertical respectively.

a) Show that

dy _t(2t-3)
dx -2

b) Find the coordinates of P and Q.

¢) Show further that a Cartesian equation for C is

yz—yx2+x3=0.

® oo G " il -
2 = e e 2 g
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Question 92 (¥¥¥¥)

\ b \

The figure above shows the curve defined by the parametric equations
x=40—-sin@, y=2cosd , for 0<O<2rx.
The curve crosses the x axis at points A and B.

The point C is the minimum point on the curve and CD is perpendicular to the x
axis and a line of symmetry for the curve.

a) Find the exact coordinates of A, B and C.
b) Show that an equation of the tangent to the curve at the point A is given by
x+2y=27w-1.

¢) Show that the area of the region R bounded by the curve and the coordinate

axes is given by
T

jz 8cos@—2cos2 0 db.
0

d) Find an exact value for this integral.

A(27-1,0)|, |B(67+1,0)|, |C(47,-2)|, [8—=
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Question 93 (¥¥¥¥)

The curve C is given parametrically by the equations
. V4
x=cos3t, y=s1n3t, O<t<5.

a) Show that an equation of the normal to C at the point where ¢ =8 is

xcos@—ysin@ =cos26.

The normal to C at the point where =@ meets the coordinate axes at the points A
and B.

b) Given that O is the origin, show further that the area of the triangle AOB is

cos28cot20.
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Question 94 (**¥)

The curve C is given parametrically by the equations
x=3t, y=%, t#0.
a) Show that an equation of the normal to C at the point with parameter ¢ is
yi+3tt =x2+3.
The point A(12,%) lies on C . The normal at A(12,%) meets the curve again at B .

b) Determine the coordinates of B .

3(6—34,192)
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Question 95  (¥*%%¥)

A curve is defined parametrically by the equations

x=3cos2t, y=6sin2t, O0<t<2rxw.

2

Express —;) in terms of y.
dx
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Question 96  (***%*4)

The curve C is given by the parametric equations
2
x=—, y=4t,1t>0.
t

The tangent to the C at the point P where ¢t = p, meets the coordinate axes at the
points A and B.

Show that the area of the triangle OAB, where O is the origin, is independent of p,
and state that area.
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Question 97  (**¥*4)

The curve C is given parametrically by the equations
— _ Q43 2
x=2t+1, y=8t"+4t",te R.
a) Find the coordinates of the stationary points of C, and determine their nature.

It is further given that C has a single point of inflection at P .

b) Determine the coordinates of P .

min (1,0)|, max(
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Question 98  (***%*4)

The curve C is given by the parametric equations
x=3at, y=at3, teR,
where a is a positive constant.

a) Show that an equation of the normal to C at the general point (3at,at3) is

yt? +x=3at+at> .

The normal to C at some point P, passes through the points with coordinates (7,3)

and (-1,5).

b) Determine the coordinates of P .

[ 1. |P(4)

o) D T AT Aol N THMC o + ATHATE & firiome Te GUATaY f THE vopus
S da e e N .5=3
g et O2) & Gud = mesbe 2oL
5 NoPAc GURWET AT A Gruegar Pondl s gc }% NORMACRANNT = - = - L
—_— % TE T Ty
SPUATION OF NoRAL AT (tjat?) @
— YYo= (-2 = t;q/z
= 9-at=- (-5 T
= By-at’ = —x+3ot / olf t=p e f=p
- Mﬂy@wm 44432 Gasdn 4y +2 = ~&-3n
dy+a = 28, 4442 =-238
H (RING: THe Too Roidi Gruhd WD The FRIRAC NOIMAL
c (a): 2i1=38 (WR) " 2+7=-384
(3) = 3t%7= 2abyats a N 9= 36 {5 a
S > So
C1g) = SE-1 = Joteats 3 e Si (=3t%47 and />€
- A'=w e i =
8 GRS
= -
= t= 7
-l te
ook be. 2 ol et s R B a-L =2 vor ?(BN)/
20°47 =G -3 AT =—a-3n
19 = 36q 19 = -3gy

ek
fe = %’z_ a>o

aash, k=2 veor

P (aat ) = P(z4)
/
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Question 99  (**¥*4)

The curve C is given parametrically by the equations
x=t>, y=1+cost, te R,

Show that the value of ¢ at any points of inflection of C is a solution of the equation

t=tant.

proof
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Question 100 (***%*4)
A curve has parametric equations

3

t2

xX= y=5t2 , t>0.

If the tangent to the curve at the point P passes through the point with coordinates

(%,%) , determine the possible coordinates of P .
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Question 101 (***%*4)

A curve is given parametrically by the equations

x=3sin20, y=4cos20, 0<60<2x

The point P lies on the curve so that
3
cosf = g ,0<60<

Show that an equation of the tangent at P is

32x-=T7y=100

proof
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Question 102 (**%%4)
y=a*,a>0, xeR
a) Show clearly that

dy
dx

=a*lna.

A curve C is given by the parametric equations
x=2*", y=8+1, reR.
b) Show that for points on C,

W 34,
dx

¢) Find in simplified form a Cartesian equation for C.
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Question 103 (**%%*4)

A curve C is given parametrically by

4 4sin2
= cost _ 4sin2t feR.

= . » Y= - 2.0
1+4sin’ 1+4sin’
Show that ...
. . T .
a) ... an equation of the tangent at the point where ¢ = 7 is

7y—4\/§x:4.

b) ... a Cartesian equation of C is

(x2+yz)2 =4(4x2—y2).

proof
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Question 104  (¥***4)
A curve is defined by the parametric equations

N

x=2cost, y=4sint, OStSE.

a) Show that an equation of the tangent to the curve at the point P where ¢ =6

can be written as

ysin@+2xcos@=4.

The tangent to curve at P meets the coordinate axes at the points A and B.

The triangle OAB , where O is the origin, has the least possible area.

b) Find the coordinates of P.

1. |p(v2.242)

A
Ak oF oA = L oAl les|
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S ) - dawd - (a-20) =
L =118

50— 4w = \ = = w4 Uar 8

> Y - dmb = svee B
— VD — Ui = &2 Q
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= Wi o Wi 0=TF
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+ WP =

= Een)

B

10) Wi %=0 ) Yamb=d
4 0, L

4= Swp Y\ see )

Wi Y=oy 2awsB= b
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Question 105  (***%*4)

A curve C is given parametrically by the equations
x:tz—l, y:t3—t, teR.

Find a Cartesian equation C, in the form y* = f(x).

Question 106  (**%%4)

A curve is given parametrically by the equations
_ _ 2
x=2t, y=t",teR.

The normal to the curve at the point P meets the x axis at the point A and the y axis
at the point B.

Given that |OB| = 3|OA

, where O is the origin, determine the coordinates of P .
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Question 107  (***%*4)

A curve is given parametrically by the equations

2t 1-12
= _

=7, Y= )
141 1+

The point P g,%

lies on this curve.

teR.

Show that an equation of the tangent at the point P is given by

x+y=+2.
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Question 108  (***%*4)

A curve is given parametrically by the equations

x=4sin@, y=cos26, 0<0<r.
The tangent to the curve at the point P meets the x axis at the point (3,0).

Determine the possible coordinates of P .

[ 1|(24) or (4-1)

BAD Tt GATIord o & mhi0SIT AT A GedeeAL Pour7 B= 6"
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—Ct-2999 ) = 3wy +4fp
—~l e = - demb 3 dwi
0=2afh ~ 3ol 1
(2smg — OV(swp - 11=0

b

TS e davk

(4o, 008) = (Ao 1-20p) = <
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Question 109  (**%%*4)

A curve is defined by the parametric equations
x=cosf, y=sinf—tané, 0<0<2rx.

Show that a Cartesian equation of the curve is given by

5 (x—l)z(l—xz)
v = - -

SINING WITH THE 4 GIUATION §  CREATE COMINES = xg‘: = g Zaim

e (e Q-
AN e -
2 0\ \r 2
= 4= Q-2)GE-0 7

R EaReE AR

= A
. A7

ARUIATINE  ASPLOATH

= M= Smb - bud
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Question 110  (**¥*4)

A parametric relationship is given by

x=sin26, y=cotd, 0<O0<rx.
Show that a Cartesian equation for this relationship is
y(2—xy)=x.

proof
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Question 111  (**%*4)

A curve has parametric equations
x=3—t, y=t>-1, te R.

a) Find, in terms of ¢, the gradient of the normal at any point on the curve.
The distinct points P and Q lie on the curve where = p and ¢ = g, respectively.

b) Show that the gradient of the straight line segment PQ is —(p+gq).
The straight line segment PQ is a normal to the curve at P.

¢) Show further that

2p2+2pq+1=0.

The point A(2,0) lies on the curve.

The normal to the curve at A meets the curve again at B . The normal to the curve at
B meets the curve again at C.

d) Find the exact coordinates of C.

dy 1 7 85
=z =—1,|C(£,22
dx(normal) 2t (6 36)
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Question 112 (**%%4)

The curve with equation xy =3 is traced by the following parametric equations

4t 4
:—p, y=——, t,peR,t#p
I+p I+p

where t and p are parameters.

Find the relationship between ¢ and p, giving the answer in the form p = f (¢).

. [p=ar or p=1e

SURSTUH FE pAofuaRIs w90 oy =3
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Question 113 (**¥%4)

A parametric relationship is given by
x=sin26, y=tan26, 0se<%.

Show that a Cartesian equation for this relationship is

»  4x(1-x)
C(1-22)*

proof
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Question 114  (¥***4)

A curve C is given by the parametric equations

) T .4
x=2cos2t, y=S5sint, ——<t<—.
2 2

The point P(l,—) lieson C.

S
2

a) Find the value of the gradient at P, and hence, show that an equation of the
normal to C at P is

8x—10y+17=0.

The normal at P meets C again at the point Q.

b) Show that the y coordinate of Q is —%.

dyl _ 5
T

qQ) &xy\ Np_ Y= Sh
o Bwon 0 Syits & mose g A sowmony Cponn 7)
= smb= L = (@nt-)(ksteR)=0
= t= k = swt-_— "% &«*?
\ } L el
&
SUAD D WexT
b B | st | s L s 8A8 s R
R g ” Siom T e /
& Ag BEyves0
y e s <
- s
B;“)t;w: By xL T 4
© ® > CHTDIDN 0 RSN, ~— A AN
NORAL_SRuATIcN {7 as 2esat o B w(i- zsm’ei - mgtz
Y- o= W) % Y= Ssinp Swt= L st - 22 %
Y= T = 42060 ot L Cu 48 SoAToN }
=& —1Qy+ 7= s o
AT E ”%&i* A\?\Ji,/// % Bt 3a 2 }
lo = 8 s zavery
4 -5 v Br=ic -2 ‘) B Sxt {
Ny, s Sipu) Ugw,
b)  SOUWNG SMOmwgRy vk & ok ; Cloy 1) = 16 Bt i
= EB—yin=o é R ry-ne=o
A 2 4 2509~ 825
=5 Blzest)~o(samt) +17= © J Sy emfisce
= lboazt - s0SME +1T=0 5 Bt 9= 3 A sowlion ,30nn P
= 16[1- 28] - o5k H1=0 ! (24~ 5) Qiey +t6s) 20 |
— 6 - 20dt - Wouk 7= /? . !
— ©O= 32t 4+ sosmEt -3 % :\T TC s we ‘/
PPNy S S e

Created by T. Madas



Created by T. Madas

Question 115 (**%*4)
A curve C is defined by the parametric equations

x=12+2, y=t*+3, te R.

Show clearly that
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Question 116  (****4)

A curve C is defined parametrically by the equations

The tangent to C at point P passes through the point with coordinates (—10,7) .

Find the possible coordinates of P .

(-11), (-64,16), (125,25)
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Question 117  (***%*4)

A curve C is defined by the parametric equations
x=cos@+(0+¢@)sinf , y=sinf—(6+¢)cosb,

where ¢ is a constant and @ is a parameter, such that
O<0<§, O<(p<§ and 8+¢+#0.

Show that the equation of a normal to C at the point with parameter & is given by

ysin@+xcos@ =1

proof
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Question 118  (***%*4)

A curve C is defined parametrically by the equations

x=t*, y=2r>-8t+9,teR.

2

Find the value of % at the stationary point of C.
X

Created by T. Madas



Created by T. Madas

Question 119  (***%*4)

The curve C is given parametrically by

x=4(1+¢2 =, teR.
(1+22), y=r,

=

a) Show that an equation of the tangent to the curve at the point P where 7 = p is

2y+3p+p3 =6px.
b) Show further that the straight line with equation
y=9x—-18

is a tangent to C and determine the coordinates of the point of tangency.

(5.27)
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Question 120 (**¥*4)

A curve C is given by the parametric equations

X =cost,

y=cos2t, —T<t<T.

The point P lies on C, where t = %

a) Show that an equation of the normal to C at P is

2x+4y+1=0.

The normal at P meets C again at the point Q.

b) Determine, by showing a clear detailed method, the exact coordinates of Q.
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Question 121 (***%*4)

The figure above shows a curve known as a Cardioid. The curve crosses the y axis at
the point A and the point B is the highest point of the curve.

The parametric equations of this Cardioid are

x=4cos@+2cos268, y=4sinf+2sin260, 0<0<2rx.

a) Find a simplified expression for ?, in terms of 6.

X

b) Hence show that the coordinates of B are (1, 3\/5 ) .

¢) Find the exact value of cos@ at A.

[continues overleaf]
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[continued from overleaf]

Madas

The distance of a point P(x,y) from the origin is y/x* + y* .

d) Show that for points that lie on this cardioid

x>+ 92 =20+16cosb,

and use this result to find the shortest and longest distance of any point on the
cardioid from the origin.

P_

dx

_cos@+cos 20

- - , [cos@
sin @ + sin 26

-1+
2

i

min

=2

-

|0P|max =6
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Question 122  (**¥%4)

(>~

N Y

)

The figure above shows the curve C given parametrically by the equations

x=cost+2sint, y=sin2t, 0<t<2r.

a) Find the coordinates of the points where C crosses the x axis.

There are two points on C where the tangent to C 1is parallel to the y axis.

b) Determine the exact coordinates of these two points.

¢) Show that a Cartesian equation of C is

9(1—y2)=(5+4y—2x2)2.

(-2,0). (-10) .(1.0), (2,0)]. (5.2
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Question 123  (**¥%4)

A curve given parametrically by the equations
x=1-cos2t, y=sin2t, 0<t<2x

2

Find the turning points of the curve and use d_;) to determine their nature.
X

max (1,1), min(1,-1)

Question 124  (¥*#**4)

For the curve given parametrically by
2
t t
x=—, y=——, teR,t#1
1-t 1-t

find the coordinates of the turning points and determine their nature.

max (—2,—4), min(0,0)
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Question 125 (**%*4)

The curve crosses the x axis at P.
a) Determine the coordinates of P .

b) Show that the gradient at any point on C is given by

dy 4 +1
dx 47 -1

¢) By considering x+y and x— Yy, or otherwise, find a Cartesian equation for C.

[continues overleaf]
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[continued from overleaf]

The finite region R bounded by C, the line x =% and the x axis is shown shaded in

the figure.

d) Show that the area of R is given by

e) Hence calculate an exact value for the area of R.

P(1,0)], |¥* =y =1], |Area =10
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Question 126  (****4)

<
~
@)

g

The figure above shows part of the curve C with parametric equations

x:2t+1, y=2t—1 , 1>0.
t t

The curve crosses the x axis at the point P and the L is a normal to C at the point
O, where r=2.

a) Determine the exact coordinates of P .

b) Show that the gradient at any point on C is given by

dy 21741
dx  217-1

[continues overleaf]
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[continued from overleaf]

The normal L crosses the x axis at R. The region bounded by C, by L and the x
axis, shown shaded in the figure, has area A.

¢) Find the coordinates of R.

d) Calculate an exact value for A.

P(24/2.0)[. |R(9.0)]. |A=83-6In2
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Question 127  (**¥%*4)

The figure above shows a symmetrical design for a suspension bridge arch ABCD .

The curve OBCR is a cycloid with parametric equations
x=6(2r—sin2¢), y=6(1-cos2s), 0<t<7.

a) Show clearly that
—=cott .
dx

b) Find the in exact form the length of OR .

¢) Determine the maximum height of the arch.

[continues overleaf]
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[continued from overleaf]

The angle BAO is %

"

Created by T. Madas

=12

-

|OR|=127|,

y max

The arch design consists of the curved part BC and the straight lines AB and CD.

The straight lines AB and CD are tangents to the cycloid at the points B and C.

d) Find the value of ¢t at B, by considering the gradient at that point.

e) Find, in exact form, the length of the straight line AD .

tB:

,|AD|=47+243
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Question 128  (***%*4)

A curve is given parametrically by the equations

x=260+sin26, y=cos28, 0<6<r.

Show that ...
a) ...ﬂz—tane.
dx
2
b) ... the value of % evaluated at the point where 6 :% is —g .
X
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Question 129  (**¥*4)

Ay
P/////%4?/
Q// 4 > X

The figure above shows the curve C with parametric equations
x=t2, y=2t,teR, t>0.

The point P lies on C, where ¢ = p. The point R lies on the x axis so that PR is
parallel to the y axis. The tangent to C at the point P meets the x axis at the point
Q, so that the angle XPOR=6.

a) Find the coordinates of Q in terms of p.

b) By considering the triangle POR, show tan @ = 1 .
p

The point S has coordinates (1,0) and £PSR=¢.
¢) Find an expression for tan ¢ in terms of p and hence show that ¢ =26.

d) Deduce that |SP| =|SQ| .

1. [o(-#7.0)| [anp=—22

pr-1

[solution overleaf]
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[question overleaf]
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Question 130
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(g

A curve C is given by the parametric equations

x=tan@—secl, y=cotd—cosecé, 0<9<£.

Show clearly that ...

a) ... aCartesian equation of C is

b)

(27 =1) (3% -1) =42y
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Question 131  (**¥%4)

The point P(%,%) lies on the curve given parametrically as

X=cos2t, y=4sin3t, 0<t<2rx.
The tangent to the curve at P meets the curve again at the point Q.

Determine the exact coordinates of Q.
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Question 132 (**%%4)

The point P lies on the curve given parametrically as

x=t>, y=t’—t, teR.

[\S][OV)
N —

The tangent to the curve at P passes through the point with coordinates (4,

Determine the possible coordinates of P .

[ 1.[P(1Lo) U P(16,12)
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Question 133 (**¥%4)

A curve C is given parametrically by
T
x=a+tant, y=b+cot2t, O<t<5,

where a and b are non zero constants.

a) Show that ...

] d
i ... —y=—200t3t.

dx

il. ... a Cartesian equation of C is

(y—b)(x—a)’ =1.

b) Given that C meets the straight line with equation y=6x+2 at the points
where y=2 and y =35, show further that a is a solution of the equation

(a—1)(124> +3a-1)=0.

¢) Hence, state a possible value for a and a possible value for b .
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Question 134  (¥**%¥*)

A curve C is given parametrically by the equations

x=24+2sinf, y=2cos@+sin26, 0<0<2rx.

a) By considering a simplified expression for X, show that a Cartesian equation
X

of C is given by

b) Given that C meets the straight line with equation y =x at the origin and at
the point P, determine the coordinates of P .

¢) Use differentiation to show that the straight line with equation y =x is in fact
a tangent to C at the point P .

P(2.2)
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Question 135  (G¥¥¥%%¥)

A parametric relationship is given by
. V4
x=cosecld—sinf, y=secd—cosb, 0<¢9<5.

Show that a Cartesian equation for this relationship is

proof
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Question 136  (¥*¥%%¥)

The curve C has parametric equations

x=4cost—3sint+1, y=3cost+4sint—1, 0<r<2rx.

Find a Cartesian equation of the curve.

Created by T. Madas
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Question 137  (¥¥¥%%¥)

A curve C is given parametrically by

x=t2—p2, y=2tp,

where ¢ and p are real parameters.

The parameters ¢ and p are related by the equation

pr=21>-1.

Show that a Cartesian equation for C is

y2=4(x-1)(2x-1).
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Question 138  (¥¥¥%%¥)

The curve C has parametric equations
_ 42 2
x=t"+2t, y=2t"+t, teR.

Show that a Cartesian equation of the curve is given by

4x* +y? —4xy+3x—-6y=0.
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Question 139  (G¥¥%%¥)

A curve C is given parametrically by the equations

412 4¢

y=—"_ teR.
441

X = .
441

By using the substitution ¢ = tan%, or otherwise, show that the Cartesian equation of

C represents a circle.

Question 140  (Gk¥¥%%¥)

A curve is defined by the parametric equations
x=sin2t, y=sintcost+cost, 0<t<2rx.

Show that the Cartesian equation of the curve is

()c2+y2 —1)2 =4x(1—x) .

proof
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Question 141  (G¥¥¥%%¥)

.

The figure above shows the curve C with parametric equations
x=4cosf, y=3sind, 0<6<2rx.

r
5

The point P lies on C where € =« , where 0 < & <
The line T is a tangentto C at P.
The tangent 7" meets the coordinate axes at the points A and B.

The area of the triangle OAB, where O is the origin, is less than 24 square units.

Find the range of the possible values of « .
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Question 142  (F¥¥%%¥)

A cycloid is given by the parametric equations
x=60-sinf, y=1-cosf, 0<bf<r.

The gradient at the point P on this cycloid is 1

5

Show that at the point P, tan@ =—

OSTEN
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Question 143

(*****)

Created by T. Madas

A straight line with negative gradient passes though the point with coordinates (2,4).

The point M the midpoint of the two intercepts of this line with the coordinate axes.

Sketch a detailed graph of the locus of M .
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Question 144  (*%%%x)

The curve has parametric equations

2
t“+5 4t

xX= 2 , y: 3 5 IER
t“+1 t“+1

Show, by eliminating the parameter 7, that the curve is a circle, stating the coordinates
of its centre, and the size of its radius.

[ 1.1(3.0). [R=2
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Question 145  (GF¥¥%%¥)

The curve C has parametric equations

x=3t_1 ! teR.

D) y_ D)
2 -1 21

Show by eliminating the parameter ¢, that a Cartesian equation of C is

(x=2y)(x—4y)=x-3y

, |proof
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Question 146  (¥*¥%%¥)

A curve is given parametrically by the equations

x=sint, y=cos3t, 0<r<2rx.

a) Find a simplified expression for %, in terms of 7.
X

b) Show that ...

: d?

i ...—g:—6cost+3sect.
dx
3y

ii. ...—3:3tant(2+sec2t).
dx

dy
dx’

¢) Show further that the value of

2

at the points where % =0 is £12.
X
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Question 147  (Gk¥¥x¥)

A curve is given by the parametric equations
x=sinf, y=6cos@, —r<0<rx.
. T V4
The tangents to the curve, at the points where 6 = ) and 6= T are parallel to one
another , at a distance d apart.

Show that

‘i:J8x2_32x+32'

72 —8r+32
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Question 148  (¥¥¥%%¥)

A curve is given parametrically by

(2n-1)7

x=In(sect+tanr), y=2sect, teR, r+# 5

Find a Cartesian equation for the curve in the form y = f (x).

Question 149  (F¥¥%%¥)

A curve is given parametrically by
x=t>+143, y=2*-3t+1, teR

Find a Cartesian equation for the curve in the form f(x,y)=0.

[, (422 + % —day +5y-35x+75=0

Created by T. Madas



Created by T. Madas

Question 150  (Gk¥**¥)

Eliminate @ from the following pair of equations.
tan @+ cot @ = x°
secf—cosl = y3

Write the answer in the form

f(x,y)zl.
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Question 151  (Gk¥#*¥)

The figure above shows a set of coordinate axes superimposed with a cotton reel.

Cotton thread is being unwound from around the circumference of the fixed circular
reel of radius a and centre at O.

The free end of the cotton thread is marked as the point B(x,y) which was originally
at P (a,O).

The unwound part of the cotton thread AB is kept straight and @ is the angle OA
subtends at the positive x axis, as shown in the figure above.

Find the parametric equations that satisfy the locus of B(x,y), as the cotton thread is
unwound in the fashion described.

[ ], |x=a(cos6+6sinb), y=a(sinf—BOcosb)
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Question 152  (¥¥¥%%¥)

y
B
0 0 X
M (1,0)
A

The figure above shows a rigid rod AB of length 4 units which can slide through a
hinge located at the point M (1,0). The hinge allows the rod to turn in any direction in

the x-y plane. The end of the rod marked as A can slide on the y axis so that

|OA| <4 .Let @ be the angle of inclination of the rod to the positive x axis.

a) Show that as A slides on the on the y axis, the locus of B satisfies the
parametric equations

x=4cos@, y=4sinf—-tanf, —-6,<60<6,,
stating the exact value of §,.

b) Show further that a Cartesian equation of this locus is given by

(16—)62)()6—1)2

yo =
)C2

|:| , |proof
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Question 153  (¥**&¥*)

The curve C has parametric equations

(u+v)2 _uz—v2

b
u® +v?

b

u? +v?
where u and v are real parameters with u>+v2 £0.

By considering the tangent half angle trigonometric identities, or otherwise, show that
C is a circle, stating the coordinates of its centre and the size of its radius.

[ 1.110)], [rR=1
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Question 154  (Gk##*¥)

The figure above shows a set of coordinate axes superimposed with a circular cotton
reel of radius @ and centre at C(0,a).

A piece of cotton thread, of length 7a , is fixed at one end at O and is being unwound
from around the circumference of the fixed circular reel. The free end of the cotton

thread is marked as the point B(x,y) which was originally at A(0,2a).

The unwound part of the cotton thread BD is kept straight and @ is the angle OCD as
shown in the figure above.

Find the parametric equations that satisfy the locus of B(x,y), as the cotton thread is

unwound in the fashion described, for which x>0, y>0 .

x=a[sin@+(7—6)cosf], y=a[l-cos6+(7—0)sin6|
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Question 155  (¥**&¥*)
The straight line L has equation

where p and ¢ are non zero parameters, constrained by the equation

A .1
o2
The point P is the foot of the perpendicular from the origin O to L.

Show that for all values of p and ¢, P lies on a circle C, stating its radius.

R=+2
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Question 156  (¥*¥%%¥)

A family of straight lines passes through the point with coordinates (4,2).

The variable point M denotes the midpoint of the x and y intercepts of this family
of straight lines.

Sketch a detailed graph of the curve that M traces, for this family of straight lines.

[ [graph
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Question 157  (G¥¥¥%%¥)

The point P lies on the curve given parametrically as

The tangent to the curve at P meets the y axis at the point A and the straight line
with equation y = x at the point B.

P 1s moving along the curve so that its x coordinate is increasing at the constant rate
of 15 units of distance per unit time.

Determine the rate at which the area of the triangle OAB is increasing at the instant
when the coordinates of P are (36,30).
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Question 158  (¥¥¥%%¥)

A curve has Cartesian equation
y= %xz , xeR.

The points P and Q both lie on the curve so that POQ is a right angle, where O is
the origin.

The point M represents the midpoint of PQ.

Show that as the position of P varies along the curve, M traces the curve with
equation

y=x2—2.
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Question 159  (¥¥%%¥)

A curve is given parametrically by the equations

x=2t>-3t+1, x=t>+t+1, te R.

The tangents to the curve, at two distinct points P and Q, intersect each other at the

point with coordinates (2,9) .

a) Determine the coordinates of P and Q.

b) Show that the Cartesian equation of the curve is

25(y-1)=(2y-x-1)(2y—x+4).

You may not use a verification method in this part.
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Question 160  (¥*¥%%¥)

The points P and Q are two distinct points which lie on the curve with equation

1
y=—,xeR, x#0.
X

P and Q are free to move on the curve so that the straight line segment PQ is a

normal to the curve at P.

The tangents to the curve at P and Q meet at the point R .

Show that R is moving on the curve with Cartesian equation

(yz—x2)2+4xy=0.
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Question 161  (¥**%¥)

A curve is given parametrically by

t, teR.
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Il
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W

The normal to the curve at the point P meets the curve again at the point Q.

Show that the minimum value of |PQ| is V12,
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Question 162  (Gk¥#*¥)

The function f maps points from a Cartesian x-y plane onto the same Cartesian x-y
plane by

l—xz—y2 —2x
)c2+(1—y)2 ’ x2+(1—y)2

fi(xy) = , xeR, yeR, (xy)=(01).

The set of points, S, which lie on the x axis are mapped by f onto a new set of
points S”, which in turn are mapped by f onto a new set of points S”.

Use algebra to determine the equation of S”.
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