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Question 1  (*%)

Evaluate each of the following integrals, giving the answers in exact form.

2
1
a) dx .
'[0 \/4x+1

%
b) I cos3x dx.
%

=]
|
W=

Question 2 (*%)

By using the substitution u =4+ 3x?, or otherwise, find

2x

—dx.
(4+3x2)2 ’
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Question 3  (*%)

Show clearly that

xe ¥ dx=

(e}
)‘._.
O | —

|:| , |proof

Question 4  (*%)

a) Determine the value of each of the constants A and B .

b) Hence find

j‘3x—5 g
x—1

lA=3

B=-2|, |3x—2In|x-1|+C

9

@
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Question 5 (*%)

Evaluate each of the following integrals, giving the answers in exact form.

4 1
a) '[ e dx.
0
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Question 6  (*%)

Sx+13 __A N B
(2x+1)(x+4) 2x+1 x+4°

a) Determine the value of each of the constants A and B .

b) Evaluate

J“‘ 5x+13
— dx,
o (2x+1)(x+4)

giving the answer as a single simplified natural logarithm.

,la=3|, [B=1], [In54]

b 9

Question 7  (*¥%)

By using the substitution u>=1-x> , or otherwise, show that

1 3
'[ 5x(1—x2)2 dx=1.

0

]:l , |proof
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Question 8  (*%)

Use integration by parts to find the value of

T

I4 dxcosdx dx.
0

Question 9  (*%)

By using the substitution u =1- x?, or otherwise, find
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Question 10  (*%)

Evaluate each of the following integrals, giving the answers in exact form.

3
a)j 4 dx.
0 2x+3

N

b) sin(4x+%j dx.
0

”E
O
-b|§|

Question 11 (*%)

Use a trigonometric identity to integrate

b
1+ cos2x

|:|, %tanx+C
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Question 12 (*%)

30 _A B
(x+3)(9-2x) x+3 9-2x

a) Determine the value of each of the constants A and B.

b) Evaluate

+ 30
,[1 +3)(0-20

giving the answer as a single simplified natural logarithm.

A=2|,[B=4], |41n(])=1n(21)

b b
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Question 13 (*%)

Evaluate each of the following integrals, giving the answers in exact form.
1
3 -3x
a) J‘ e dx .
0

b) sin(2x+%j dx.
0

&N

Question 14  (**+)

By using the substitution u? =16—"7x2, or otherwise, show that

1

J‘l;d’“‘
0V16—7x2 7

I:l , | proof
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Question 15 (**+)

Determine the value of the positive constant k given further that

54
j dx = 1.90038.

Give the value of k to an appropriate degree of accuracy.

| , [k =3.4]
[MleGeATE fFest
8
(7 das [ 18 ’ e
), mg e \;unuz.,qxﬁ_\v = [an@0]?

= Al - 1)
NOW Sonk Trte EpuATiond

¢

o8
= {
Y, =

da = tsomg

5 s tn (2e-0) = 19003
= OiS—lt3e = 2l(E-1)
= ) = omras

o TS

S 2~ = SBowi.

= K = 3doooos..

Question 16  (**+)

By using the substitution # =1+41n x, or otherwise, find

[
x(1+41Inx)

l:l’ 1

—t
1+41Inx
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Question 17  (**+)

a) Determine the value of each of the constants A and B .

b) Hence, or otherwise, evaluate

3
j 8x dx.

giving the answer in terms of natural logarithms.

lA=2|, |B=6|, [4+3In3]

b b

Question 18 (**+)

Use an appropriate integration method to find

J‘(x+1)ex+l dx.

Clxey
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Question 19  (**+)

f(x)= 4xe?*
a) Use integration by parts to find j f(x)dx.

In2

b) Find an exact vale for j f(x) dx.
0

[ ] [2xe**-e*+C|. [-3+8In2

Question 20  (**+)

Evaluate each of the following integrals, giving the answers in exact form.

Wiy

b) sin(4x+%j dx.

N
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Question 21  (**+)

By using the substitution u# =1In x, or otherwise, find an exact value for

3
J‘ ! dx .
. Xlnx

In(In3)
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Question 22 (**+)

(X)EZX;S_
x“+5x+4

a) Express f(x) in partial fractions.

b) Find the value of

J‘Zf(x) dx ,

0

giving the answer as a single simplified logarithm.

| =— =,

Question 23 (**+)

By using the substitution u® =4cosx—1, or otherwise, find

sin x

—dx.
V4cosx—1

—%\/4cosx—1 +C
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Question 24  (**+)
Use the substitution u =+/2x—7 to find

Question 25  (¥**+)

y=2xsin2x+cos2x, xe R

a) Find an expression for %
X

b) Hence show that

T

j4xcos2x dx:l(ﬂ'—2).
O 8

ﬂ =4xcos2x
dx
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Question 26  (**+)

Determine the value of the positive constant k given further that

26
S dx = 0.1998.
—3x
r €

Give the value of k to an appropriate degree of accuracy.

2

k = 0.44]

Chtey oot THe WTGzATION FlesT
rk

(*_s (5 e g" a2
\ =St - , 5
N = AN Exe d = . 6e &

r WY - 2
= [ae” ‘Jj <t a2
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Question 27  (¥%%)

3x
24+ x—x7

a) Calculate the three missing values of y in the following table.

x 0 0.25 0.5 0.75 1

b) Use the trapezium rule with all the values from the completed table of part (a)

to find an estimate for
g
X
—— dx .
0 24+ x—x

¢) Use a suitable method to find the exact value of

1
N
0 2+x—x

0.3429

0.6667

1.0286

, , , In2|

b

o x~ o | o

3 P =
— 2y A OEC D forey a4 20 peaT
J, e FIN B =

25 ot s 42 ostany vistrr osng])

N OWT- 068~

»
0 o
3 3w
9 4 ( !
Jo 2 Tt T ) Fam ~ 0693
(° mmy
J GHen
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Question 28  (**%)

Use a suitable substitution to find

J‘ 30x i
Ji-2x

5(1-2x)% —15(1-2x)2 +C
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Question 29  (**%)

EAx+B+L.
x—1 x—1

a) Determine the value of each of the constants A, B and C.

b) Hence, or otherwise, evaluate

4 2
j x“+3 dx|

giving the answer in terms of natural logarithms.

A=1|, |B=1], |[C=4]|, [8+4In3]

b 9 b b

— ATOATIOE BY (MOARING- (EAAUOSTS — 1
T = ARy

Q VUG PALT (o) W Heve
- L 3 i

* e o )
E R Ly \
J, = du = |52 +a r Ui \
3
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Question 30  (*¥%)

Use the substitution u =1+ 2cosx to find

T

jz (1+2(:osx)3sinx dx.
0

Question 31  (¥%%)

By using the substitution # =3x+1, or otherwise, find

5
j xv3x+1 dx.
0
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Question 32 (**%)

Use an appropriate integration method to find an exact value for

T

I36xsin3x dx .
0

Question 33  (¥%%)

By using the substitution u = sec x, or otherwise, find

jtan xsec* x dx.

lsec4x+C

4
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Question 34  (¥*%)

3 2
3x”+2x 3x+85Ax2+Bx+C+ D '

x+2 x+2

a) Find the value of each of the constants A, B, C and D.

b) Hence find

J‘3x3+2x2—3x+8
dx.
x+2
[A=3], [B=—4], [c=5], [D=-2|, |x’ -2x* +5x—2In|x+2|+C
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Question 35  (**%)

5
flx)= 3x%—=5x
a) Express f(x) in partial fractions.
b) Find the value of
5
J‘ f(x) dx,
3

giving the answer as a single simplified logarithm.

1.

In

\S1[9%}
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Question 36 (**%)

By using the substitution u =¢e”, or otherwise, show clearly that

R
I ©  dx=1.
-1 ex+1

Question 37  (¥%%)

Find an expression for the integral

j 3x—10
x“+5x—-6

41n|x+6|-In|x-1]+C
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Question 38  (**%)

By using the substitution u =1+ x?, or otherwise, find

3
al dx.
1+ x2

Question 39  (¥%%)

Use integration by parts to find the value of

c
J‘ Inx dx.
1
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Question 40  (**%)

Find the value of the constant k& given that

jlk(e2x+ 4x) dx=e2+3.
0

Question 41  (**%)

Evaluate each of the following integrals, giving the answers in exact form.

In2 2
a) '[ (eX+ 2e‘X) dx .
0

z
b) J‘4 1-sin4x dx.
0

3+4In2|,

I
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Question 42 (**%)

By using the substitution u =tanx and the trigonometric identity 1+ tan” x =sec’ x,

show clearly that

T
j3sec4x dx:2x/§.
0
Question 43 (**%)
8x—1 A B

= + :
(2x-1)* 2x=1 (2x-1)
a) Determine the value of each of the constants A and B.

b) Hence find the exact value of

1.5 g 1
Lz dx .
. (2x-1)

A=4], [B=3], |2 +2m2
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Question 44  (¥*%)

1
By using the substitution u = x2, or otherwise, find

ARING THE SURSTITUTION Gt
> u=ab
2
= W=
-5 a = 0u*

o dx
0y

=5 dy = 2udy

TRASEQMING THE  INIERAL e CRTIN
7
(

g o e Loy g
J A 2 J g Tam (Gty)
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Question 44  (**%)

a) Use integration by parts to find

jxcos (%x) dx.

b) Hence determine

sz sin(%x) dx .

I:I, 2xsin(

—2x? cos (%x) +8xsin (

x)+4cos(%x)+C ,

=

x)+16cos( x)+C

o=
=

Q) SETRO WP WtEeKTIon o Prer,
" =%
[asmbedh - @'__'
Aesmbal tosx
Rup|| s
= sl - v(‘ 28k &

= 2anba + dosbiy ¢ z

v

) UG OteRATIoN B #eTS g erer )

jmﬁmh e [\
\"\é‘éﬁf’ Snx

= —olaslz ~ Ejﬁrxwi;i&
= -ofaiy MS Thosta dy

= by + A2 b e Ll4c

= =23t Bysmbx A\ conda + c/
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Question 45 (**%)

By using the substitution u = x> +6x, or otherwise find

x+3 dr

W=

(x2+6x)‘

I

(x2+6x) +C

o=

Question 46  (¥*%)

Use the substitution u =10cosx—1 to find

T

3 1
J‘ 3 15(10cosx—1)2sinx dx.
0
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Question 47  (¥%%)

2x*-x+6 A B C
= =—+—+

x2(3—2x) x ? 3-2x

a) Determine the value of each of the constants A, B and C.

b) Evaluate

3 2
J‘ 2)2c x+6 dx.
» x°(3-2x)

giving the answer in the form p—Ing, where p and g are constants.

1_
|3 In6

lA=1],|B=2], |Cc=4

9 9
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Question 48  (***+)

T T T T Sx
X 0 — — — — —
12 6 4 3 12
y 0 0.1309 | 0.4534 | 0.7854 0.6545

The table above shows tabulated values for the equation

y=xsin2x, OSxSS—E.
12

a) Complete the missing value in the table.

b) Use the trapezium rule with all the values from the table to find an approximate
value for

Sz

12
j xsin2x dx.
0

Sz
12

¢) Use integration by parts to find an exact value for j xsin2x dx.
0

575\/5 1

48 8

0.9069|, 0.682

9 9 9
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Question 49  (***4)

By using the substitution u =e*+1, or otherwise, find

2x _~ X
e -2
e +1

[ 1. |e*-3m(e"+1)+C

Question 50 (¥**4)

By using the substitution # =1-cos x, or otherwise, find

sin xcos x
—dx.
1—cosx

cosx+In(I—cosx)+C
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Question 51  (**%4)

2

By using the substitution u” =e*—1, or otherwise, find

In5
362X

m2 Ve'=1

dx .

ASING THE SURSTITUTION Gyt

We €0 (W For Bl STl & 4= &)

du L=
z“aifﬁ

udy =< h
& = ?3«

Sy

A=WS pu=JeMs | = 2
=2 bz J T oo

TOMSRAMING- THE INERAL

SMS s g, . [T (mw)

by V=

= [Pelie a4
‘

%
= [ 2va]
.

= (b+12)-(2+6)

Question 52 (¥**%4)

Use trigonometric identities to find

J‘secz x(1+cot2 x) dx .

tanx—cotx+C|
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Question 53  (**%4)

By using the substitution u =¢e*+1, or otherwise, find the exact value of

Question 54  (¥*%4)

By using the substitution u =sin x, or otherwise, find

jcos3 x dx.

l:l, sinx—%sin3x+C
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Question 55  (¥*%4)

1
I=J‘(x—l)(4—x)2 dx, xeR, x<4.

1
a) Use the substitution u =(4—x)2 to find an expression for I .

b) Show that the answer of part (a) can be written as
3
1= —%(x+1)(4—x)2 e

¢) Use integration by parts to verify the answer of part (b).

1.
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Question 56 (***+)

Find the value of the constant k given that

In4
j (4k—1)e* +ke ™™ dx=190.
0

Question 57 (***+)

By using the substitution u =2x—1, or otherwise, show that

2x 2
dx=—(x+1)v2x-1+C.
V2x-1 3( )

proof
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Question 58 (***+)

a) Express f(x) in partial fractions.

4
b) Show that J‘ f(x) dx can be written in the form pln3+g¢In2, where p and
3

q are integers to be found.

4
f(x)= + ——|, j f(x) dx=11In3-15In2
3

Question 59  (***4)

Use trigonometric identities to find

1
J‘ﬁ d.
cos  xtan~ x
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Question 60  (**%+)

2x+2
X)s——"7r——.
F) = i
a) Express f(x) in partial fractions.
2
b) Show that (x) dx can be written in the form pln2+gIn3, where p and
1.5
q are integers to be found.
2
6 4
f(x)= -, f(x) dx=7In2-3In3
1-2x 1-x L5

Question 61  (¥*%+)

Use a suitable method to find

Jin(3)as
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Question 62  (**%4)

32—17x
(x+1)(3x-4)"

X)=

a) Express f(x) in partial fractions.

b) Show that

_Llf(x) dx,

can be evaluated in the form p+Ing, where p and ¢ are integers to be found.

_ 4 3 1 ! A deeleln
f(x)=(3x—4)2 (3x—4)+(x+1)’ jf( ) dr=1+In8
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Question 63  (***+)

Use a trigonometric identity to find the exact value of

T

j4sin2 2x dx.
0

o | N

Question 64 (***+)

Use integration by parts twice to find an exact value for

T

2
j 4x%cosx dx.
0
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Question 65 (***+)

2 A B

(u—2)(u+2) u—2+u+2.

a) Find the value of A and B in the above identity.

b) By using the substitution u = \/; , or otherwise, find

dx .

[ s

=

Question 66 (***+)

By using the substitution u = cos x, or otherwise, find

1+cosx
- dx .
sin x

ln|cosx—1|+C
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Question 67  (***4)

Use integration by parts to show that

+C.

x =
X3 x2

J‘41nx Jpo L+20nx

sinx—%sin3x+C

Question 68 (¥**+)

By considering the differentiation of a product of two appropriate functions, find

J‘ex (tanx+sec2 x) dx .

etanx+C
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Question 69  (***+)

a) Determine the value of each of the constants A, B and C.

b) Evaluate

giving the answer in the form p+Ing, where p and g are constants.

[2+m16

,1A=2|, |B=4|, |C=-1

9 9
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Question 70  (***+)

By using the substitution u =2x—1, or otherwise, find

2
16x dx .
2x—1

(2x—1)* +4(2x—1)+2In[2x—1|+C

= 4x” +4x+2In|2x—1[+C

Question 71  (¥**+)

Use integration by parts to show that

T

Created by T. Madas

j4 dxsec’x dx=m—2In2.
0

proof
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Question 72 (***+)

18 __A B
(Bu—1)(3u+1) 3u-1 3u+1’

a) Find the value of A and B in the above identity.

b) By using the substitution x = u’ , or otherwise, find

dx .

[

3Jx -1
3Jx+1

B=-9 +C

[A=9 . |13In

b
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Question 73  (***+)
Use an appropriate integration method to find an exact value for each of the following

integrals

T
(4
a) cos? x—sin® x dx.

J0

@ C
b) dxInx dx.
J]

=, le“+1

Question 74  (***+)

Use the substitution u = x2, followed by integration by parts to find

2
jx%x dx.

e’“2 (x2 —1)+C

2=
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Question 75  (***+)

Use integration by parts to find the exact value of

[}
j 16x°Inx dx.
Je

Question 76  (***+)

By using the substitution u =+/2x—3, or otherwise, find an expression for

J‘(zx—l)m dx.

S]]

(2x-3)2 +2(2x=3)2 4 C

=
W
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Question 77  (***+)

3x>-2x+1 A B C
s=—+ + 5
2x(x—1) x x-1 (x-1)

a) Determine the value of each of the constants A, B and C.

b) Evaluate

9 2
J‘ 3x°—2x+1 ir.

4 2x(x—l)2

giving the answer in the form p+¢gln4, where p and ¢ are constants.

A=L1l [B=1].[c=1], |2 +m4

24

1
2
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Question 78  (***+)

It is given that
sin3x =3sinx—4sin® x.
a) Prove the above trigonometric identity, by writing sin3x as sin(2x+x).

b) Hence, or otherwise, find the exact value of

T

2 .
j sin’ x dx.
0
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Question 79  (***+)

Use integration by parts to find an exact value for

T

j3 2sinxIn(secx) dx.
1
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Question 80  (***+)

T /4 T

0 - -

* 18 9 6
y 0 |0.1632 0.2500

The table above shows tabulated values for the equation

3

y=sinxcos2x, 0<x<

6

a) Complete the missing value in the table. (1)

b) Use the trapezium rule with all the values from the table to find an approximate
value for

V4

j sin xcos2x dx.
0

(3)
¢) By using the substitution u = cos x, or otherwise, find an exact value for

(6)

j sin xcos2x dx.
0

0.2620

b

0.096

b

|5 (3v3-4)
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Question 81 (***+)

12x%> +x+3 A_, BxsC
(6x+1)(2x2+1) 6x+1 2x%+1

a) Determine the value of each of the constants A, B and C.

b) Evaluate

1232+ x+3
(6x+1)(2x7 +1)

dx,

giving the answer in the form plng, where p and ¢ are constants.

. 1Lm39

lA=3|, |B=1],|C=0

b b
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Question 82 (***+)
By using the trigonometric identity

cos20=2cos’ 61

and the fact that di(tan x) =sec” x, show clearly that
x

proof
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Question 83  (***+)

AY
y =(x—a)(x—b)4

The figure above shows the graph of the curve with equation

y= (x—a)(x—b)4 ,
where a and b are positive constants.
The shaded region R is bounded by the curve and the x axis.
By using integration by parts, or otherwise, show that the area of the shaded region is

1 6
—(a-b)".

proof
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Question 84 (***+)

By using the substitution u = Jx , or otherwise, show that

36 1
——— dx=Inl6.

o r(Jrr2)

proof

Question 85 (¥**+)

By using the substitution # =3x—1, or otherwise, find
2
ox dx.
3x—1

1
6

3x-1)2 +2(3x=1)+1m3x—1+C
3 3
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Question 86  (***+)

By using the substitution u =2x+ 3, or otherwise, show clearly that

0
J‘ 6In(2x+3) dx=9In3-6.
-1

proof

Question 87 (¥**+)

By using the substitution u = tan x, or otherwise, find

jsec4x dx .

tanx+ltan3x+C

3
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Question 88 (***+)

2 A B
PO )~ =) e

a) Find the value of each of the constants A and B in the above identity.

b) Use the substitution x = ) , t >0 to show that

9
1 3
—  dx=In=2.
J‘ (x+1)vx+2 2

4

lA=2|, |[B=2]

9

Q A= —— = A
4 e
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Question 89  (***+)

X 0 2_7[ 4_7[ 6_” 8_7[ 20
5 5 5 5
y 0 0.2031 ] 0.8602 0

The table above shows some tabulated values for the equation

a)

b)

c)

y:sin3(%x), 0<x<2rx.

Complete the missing values in the table.

Use the trapezium rule with all the values from the table to find an approximate
value for

2z
j sin’ (%x) dx.
0
By using the substitution u =cos (%x) , or otherwise, find the value of the

integral of part (b).

[, [0:8602, 0.2031], [2.672], |
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Question 90  (***4)

Use trigonometric identities to integrate

j coS2x
—zdx.
1—cos“2x

I:I , —%cosec 2x+C

Question 91  (¥*%%)

5
By using the substitution u =2x2 +1, or otherwise, find an exact simplified value for
1
10x*

3 dx.
2x2 +1

0

2—1In3

b
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Question 92  (G¥¥¥%¥)

2
2u EAu+B+L.
u—1 u-—1

a) Find the value of each of the constants A, B and C in the above identity.

b) Use the substitution u = \/; to show

9
\/; dx=7+2In2.
4 Ja-1

lA=2|, |B=2|, |c=2]

b b
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Question 93  (¥¥¥¥)

’ 1
_[ 2x(1++x) s

a) Show that the substitution u = Jx transforms the above integral to

X2 1
j du,
X u(u+1)

where x; and x, are constants to be found.

b) Hence find an exact value for the original integral.

In

\S1[9%}
N —
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Question 94  (¥*%%¥)

x3

x*—4

, X# 12,

f(x)=

a) Use a suitable substitution to show that
J8
j f(x) dx=1+In4.
J6

b) Express f(x) in the form

D
+

Ax+ B+ ,
x—=2 x+2

where A, B, C and D are constants to be found.

¢) Use the result part (b) to verify the result of part (a).

lA=1|,|B=0|,|Cc=2|, |D=2]

9 9
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Question 95  (¥¥¥¥)

By using the cosine double angle identities and the fact that di(tan x)= sec? x , show
X

clearly that

T

r ety Ly

z 14+cos2x

6

Question 96  (¥**%¥)

Use the substitution x =sin @ to find the exact value of

N =

u.)|$‘
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Question 97  (G¥¥¥%¥)

_ 1
f(x)=—x(x2+l), x#0.

a) Use the substitution x=tan@ to find

If(x) dx.

b) Find the value of each of the constants A, B and C, so that

f(x)E%+Bx+C

x> +1

¢) Use the result of part (b) to independently verify the answer of part (a).

A=1|, |[B=-1

2 b

C =0

o)
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Question 98  (¥*¥%¥)

3.2 _
4x x2+20x 4EAx+B+C§+D.
x“+4 x“+4

a) Determine the value of each of the constants A, B, C and D.

b) Hence show that

2 3 2
dx —x2+20x—4 dx=64+2In2.
0 x“+4

lA=4], |B=-1],|Cc=4], |D=0|

b b

Question 99  (F*%%¥)

Use a cosine double identity and integration by parts to find

j4xcos2 x dx.

x% + xsin 2x+%cos 2x+C
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Question 100  (¥*%%¥)

By using the substitution u = 2x% —8x+ 3, or otherwise, find the exact value

6
4 2x°—8x+3

Question 101  (+*%%¥)

6u _ A N B
(u—2)(u+1)_u—2 u+l

a) Find the value of each of the constants A and B in the above identity.

b) By using the substitution u = \/; , or otherwise, show that

1 3 .
L (Ve2)[e) 7

lA=4], |B=2]

9
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Question 102  (¥*%%¥)

Created by T. Madas

2
VI LS
r—1 r—1

1
b) Use the substitution # = x4 to show

81 1

—— dx=14+4In2.

1 1

a) Determine the value of each of the constants A, B and C.

C =4

[a=4], [B=4],
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Question 103  (¥*%%¥)
It is given that

Created by T. Madas

2k 3x=5

dx = In72,
k x(x—l) ) !

determine the value of £k, O0<k<1.
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Question 104  (¥*%%)

3
By using the substitution u =2x2% —1, or otherwise, find an expression for the integral

20 THY SulsTTion Gty

s PEERRAR 00000
27}_\&1:&\—? 312) 16:11; g
f X 3

- (e 2 ¢
T j% du = j% dy =E£:’LA‘ { du= 3xEd :
g s b ¢
4 Su%dq = ur Wlulac SRNRCERAE

- Gt W
- abublatie A

ATRONAIE B MANPOUATON /DIVNIO) ¢ PecomaiTion)

j o g . S 31*(25;\4)? XN

23

23=0
TS 1 OF THE R0

i %“} = bl v

< oty \n[l}—tl +C
/Ax%\)&—
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Question 105  (¥*%%¥)

Use the substitution # =v1—x" to show that

YO8

jxs 1-x° dx=—4—25(3x3+2)(1—x3)‘ +C.

V] d 4= T
’ NN
ey b
<k %(t‘a@} & 2tde- W

It e 2t
s A G e

a2

=2 e de

3

L lse-3e]4c
s~z (se-a]+c

= & bE(s-3) +C

= -& Q\—)‘J}[S-s(\ﬂ‘)]-f C
i *é(x-f)% GAa) e

Y
= -2 @0 -
[ hwiih e 2SR

=

TR o
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Question 106  (**%%¥)

Use an appropriate substitution, followed by partial fractions, to show that

5
5 2x[(ln x)2 +1nx—6}

€

You may assume that the integral converges.

dx = ln(%).

Created by T. Madas

B _SsnTUnOR

= lno. =& MT‘MQY =5
.t s 0 s ualwetag
da= xdg
’ s
(* 5 ! : (z(rh
= /
Jé [ Ons - 6] G )
s (X 1
= \} 2(@ru-ey o= i\3 (us3)Cu-2)
3

Y brnae Fdenons
A

1 8
= b
U U

Tl
U= Al R R(usy

W=z \= s

[Fu=3 = -3
Bkt ok HAE
s
~ 1 N o
| 5 L=l L 4
sk addmen -
. s -
- 4 Dbl Wl ] - L= ve)-(or " ks )]
LT e
L [ba-te el | Shle = Lhd = L3
= Wi =
//




Created by T. Madas

Question 107 (*¥%%¥)

3
2u EAu2+Bu+C+L.
u+l u+1

a) Find the value of each of the constants A, B and C in the above identity.

b) Use the substitution u = \/; to show

1
X 5
dx=—-2In2.
j 1++/x 3

0

A=2

B=—2

, c=2|, |D=-2]

b b
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Question 109  (¥*%%¥)

CcoS X
—dx.
1—cosx

a) Show by multiplying the numerator and denominator of the integrand by
(1+cosx), that the above integral can eventually be written as

jcot xcosecx+cot” x dx .

b) Hence show further that

Created by T. Madas
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Question 109  (¥%%¥)

By using the substitution x = 9sin” 6 , or otherwise, find the exact value of

f T

Question 110  (¥*%%¥)
It is given that

cos* @ E§+lcos 20+lc0s46’.
8 2 8

a) Prove the validity of the above trigonometric identity.

b) Use the substitution # =sin@ to show
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Question 111  (¥*%%¥)

y_x2+2x—2
X2 —2x+2

a) Find the value of each of the constants A, B and C, so that

Bx+C

yEA+——.
X2 —2x+2

b) Hence, or otherwise, show that

j y dx=1.

1
2

[S][3%)

A=1

b

B=4

2

C =4

@
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Question 112  (¥*%%¥)

2

() x+~+2x-1"

X2

=

a) Use the substitution u =+/2x—1 transforms to show

5 MZ 4
f(x) dx= T du,

(u+1)2

1 u
where u; and u, are constants to be found.

b) By using another suitable substitution, or otherwise, show that

5
j f(x) dx==1+1Inl6.
1

a)
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Question 113  (¥*%%¥)

Use integration by parts find an exact value in terms of e, for the integral

jle(lnx)z dx.

Question 114  (¥*%%¥)

Use the fact that di(sec x)=secxtanx, to find
X

sinx(1+sec? x) dx.
[sins(isects)

secx—cosx+C|
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Question 115 (*¥%%)

1 A B
=—+—.
u(u+l) u wu+l

a) Find the value of A and B in the above identity.

b) By using the substitution u =e*, or otherwise, show that

In2 1 A
L) 1+exca=h¢§)

B=—1

9

Question 116 (¥¥%%)

By completing the square in the expression 4x? +4x, or otherwise, show that

4x% +4x

—dx
V2x+1

5 1
=A(2x+1)2+B(2x+1)2+C,

where A and B are constants to be found and C is the arbitrary constant of the
integration.
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Question 117  (¥*%%¥)
u+1= (u+1)(u2+Au +1) .
a) Determine the value of A in the above identity.

b) Use the substitution u# =¢e* to show

1n2 3x
I e+l e tima.
0 ex+l 2

=

Question 118  (¥*%%¥)

1
Use the substitution u# = x4 to find
6
2x4 +1

5
| 4x4 +4x

dx,

giving the final answer as an exact simplified natural logarithm.
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Question 119  (¥¥%%)

3

Cx+D
; =Ax+B+ ); .
x~+1 x“+1

a) Determine the value of each of the constants A, B, C and D.

b) Use integration by parts to show that

j‘xln(x2 +1) dx =

(x2 +l)ln(x2 +1)—%x2 +C.

=

lA=1], |B=0|, |[c=-1], [D=0]

9 9

Question 120  (¥*%%¥)

iy . secx
By writing secx as the fraction

Isecx dx .

and multiplying the numerator and the

denominator by (secx+ tan x), find

In|secx+tan x|+ C
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Question 121  (¥¥%%)

4 A B C
= + +

(1=u)*(1+u) (1-u)® 1-u l+u

a) Find the value of A, B and C in the above identity.

b) Hence by using a suitable substitution find the exact value of

T

6 4
S SN
J‘O cosx(1—sinx)

A=2|,|B=1], |c=1], [2+ 3]

2 b 9 b
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Question 122 (*¥%%)

Use the substitution # =In x, followed by integration by parts to find

J‘l_glx dx .
X

Question 123  (¥¥%%)

y=arctanx, x€ R.
a) By writing the above equation as x = tan y, show clearly that

ﬂ_ 1
dx  1+x*

b) Use integration by parts and the result of part (a) to find

j 2arctan x dx .

2xarctanx—ln(1+x2)+ C
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Question 124  (¥¥%%)

4x> -23x+21
x2—4x+3

f(x)

, x#1, x#3.

a) Express f(x) in partial fractions.

b) Hence find an exact value for
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Question 125  (¥¥%%)

1
By using the substitution u =(2x+1)2, or otherwise, show that

4
j V2t gy =2e3.
0

proof

Question 126  (**%%¥)

Use the substitution u = x> +2, followed by integration by parts to show that

I2x3ln(x2+2) dx=1+2In2.

proof
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Question 127  (¥¥%%)

By considering the trigonometric expansions of sin(5x+3x) and sin(5x—3x), show

clearly that
z

j4 cos3xsinSx dle.
0 4

proof

Question 128  (¥*%%¥)

By using the substitution x =2+ (u— 1)2 , or otherwise, find

1
——dx.
,.‘1+\/x—2

2 x—2+2ln(1+\/x—2)+C

Created by T. Madas



Created by T. Madas
Question 129  (¥*%%¥)

3
O Al B+ 2
t+1 t+1

a) Determine the value of each of the constants A, B, C and D.

1
b) Use the substitution # = x® to show

64

1
1 \/;‘i‘%/;

dx=1L+6m(

W

).

lA=6|, |[B=-6|, |C=6|, |D=—6]

9 9
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Question 130  (¥*%%¥)
f(x)=8xIn(2x+1), x>-1.

a) Use the substitution u =2x+1 to show that

If(x) dxz'.‘(Zu—Z)lnu du .

b) Use integration by parts to show that

jf(x) dx=(4x2—1)ln(2x+1)—2x2+2x+C.

proof
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Question 131 (¥¥%%)

(1+sin x)2

y="—">5
COSZ)C

a) Calculate the two missing values of the following table.

X z z L z
6 4 24 3
y 3 5.8284 | 8.6784 |13.9282

b) Use the trapezium rule with all the values from the completed table of part (a)

to find an estimate for

1y )
" (1+sinx)

COS2 X

X .

e
N

¢) Use trigonometric identities to find the exact value of

1, 2
* (1+sinx)
—2 dx.
1 COS X
=T
6
5w
1. =24 4.112], 4—%75
Q) B e e NOw e WoTE THAT
ERH B 38 BCV) I 3n hevem A FRORAS Lok
4|3 Jam]saleq [nee fithal-sd g gll-soba
BY_THe TRAMCRIM Dyt o we Py HdE
A AR
5 \:i:;_}] d = T“if:ﬁ \»ﬁgr T 2x (om vczarﬂ = {:;JYMI & 2%ecr 71];5 =
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~ %‘[mamu z(&nmwwaamqﬂ T @W{: 2T 71¥\/> (M’»ﬂ{wm% /g)
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Question 132 (*¥%%)

y=In(secx+tanx).

d . . . .
a) Express d_y as a single trigonometric function.
x

b) Hence find

jxsecxtanx dx.

xsecx—In|secx+tanx|+C

Question 133 (¥¥%%)

Use the substitution x =2sin @ to find the exact value of

Created by T. Madas



Created by T. Madas
Question 134  (¥*%%¥)

2
2” =A+ B + ¢ .
u- -9 u-3 u+3

a) Find the value of A, B and C in the above identity.

b) By using the substitution u = \/x2 +9, or otherwise, find

o

+9 dx .
X

2
A=1], B:%, CZ—%, \/X2+9+glnL93+C
2 \/x2+9+3

Created by T. Madas



Created by T. Madas

Question 135  (¥*%%¥)

By using the substitution u = 2", or otherwise, find an exact value for

3 5
J. dx.
o N2'+1

2(3-+2)

In2

Question 136 (**%%)

Use the substitution x =tan@ to show that

where m and n are integers.
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Question 137  (G¥*%%¥)

Use trigonometric identities to find

j32sin2 xcos® x dx.

|[4x—sin4x+C|

Question 138  (+*%%)

By using the substitution u?=1+tanx , or otherwise, find

jsecz xtan xv1+tanx dx.

NS08}

%(3tanx—2)(1+tanx)
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Question 139  (¥*%%¥)

2u’ B C

= _+_

(u—1)(u+1) u+l wu-1"
a) Find the value of A, B and C in the above identity.

b) By using the substitution u?=x+ 1, or otherwise, find an exact value for

8
J. Vx+1
dx .
X
3
The table below shows some tabulated values for the equation y = x4l ,3<x<8
x

X 3 4 5 6 7 8
y 0.6667 | 0.5590 | 0.4899 0.4041 | 0.3750

¢) Complete the missing value in the table.

[continues overleaf]
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[continued from overleaf]

d) Use the trapezium rule with all the values from the table to find an approximate
value for

[ =

*l dx .
X

e) Calculate the difference between the exact value, found in part (b), and the
trapezium rule estimate, found in part (d), and hence state whether the
trapezium rule produces an overestimate or an underestimate.

A=2|,|B=-1],|C=-1 0.4410|, [2.4148|, [0.0093)|

9 9 9 9 9 9

, 2+ln(%

S~—

b)
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Question 140  (¥¥%%)

Use the substitution x =sec@ to show that

2
22X Vx2—1

where m and n are integers.

dx=~m—~/n,

NN

Question 141  (¥¥%%)

Use the substitution x = tan> & to find an exact value for

j — dx.
x+1
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Question 142  (¥¥%%)

2x
€
, xeR

e’ +1

a) Calculate the missing values of x and y in the following table.

X In2 X, X3 X4 In8

y 1.333 b)) V3 Y4 7.111

b) Use the trapezium rule with all the values from the completed table of part (a)

to find an estimate for
In8
er
- dx.
m2 © +1

¢) Use the substitution u =e”+1 to find an exact simplified value for

In8 ezx
< dx.
m2 © +1

[ [ |3m2 2m2, 21n2, 2.090, 3.2, 4.807|,

~4.96|[6—1n3]

Q) D wie e
MW 3o b2 | ama
F (N e
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seehfl) = -l
S
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Question 143  (¥¥%%)

It is given that the value of

iz

3 2 2\

J. (kcos X—Sec x)smx dx,
0

18 2, where k is a non zero constant.

Determine the value of k.

DERONINE dy apisson o THe hnicoe M Tiaus o k

¥ ¥
7 e sonn . - e
T,
= j fodam - secow Lo xom
) =
T
= f bedony. — socku &
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= »%m:ﬁ—Sﬁ;x]j s [%axﬂ)«m}r
k3
s (ke )o(kea)= kb
< #mekem) < Ky
Ty vt
(o) = <

M- <18
Te= b

k=5~
—
A
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Question 144  (#*%%)

f(x)z\/;, xeR, x>0.

Find the value of

given further that the integral exists.

u= ' = oF q

3=0 >0
W=J3 = at A=t b |
o x
S 42
A

TAnSFo 2unG. THE INHGRA We HvE-
A b p!
< /
jﬂ e j @) - (e d

INHGOATIoN B PAOTS Rououds (Jewoehio M

i‘% 5 Jhda- e fiew
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= F - duet-det
= 4 (u-) +C
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Jiada o el - 20 46

o
-
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Question 145  (¥*%%¥)

2

C
Z EA+£+ :
u-—1 u—1 wu+l

a) Find the value of A, B and C in the above identity.

b) Use the substitution u = 1—e%* to show

ln%
]—e2¥ dx=§+ln(2—\/§).

0

A=l1|, |B

=

Created by T. Madas



Created by T. Madas

Question 146  (*¥%%)

By using the substitution u = Vx® +1, or otherwise, find an expression for

5
J‘ Ox dx.
\]x3+1

(N1
(S

2(x3+1) —6(x3+1) +C
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Question 147  (¥*%%¥)
It is given that

sin(A+ B)=sin Acos B+cos Asin B.

a) Use the above trigonometric identity to show that
sin3x =3sinx—4sin® x.

b) Hence find

W

cos x(6sin x—2sin3x)3 dx.

I:l, %sin3x+C

) o 4 Ruo
A= sm(zen) = SN0 4 R sm
= Gavuos)on + O-2d)anx
= 20meb g am - 20t
= 29 -svfa ) +on. - 230
= 20 - 2+ — 20
= s - dade Y
7 aoienn
B oo Te B of erer ()
J o (o2l &
= [ esaloam —2(aem —dei)]F 4
- 5 s %%4 Bad |5 &
= \{ ot (Eimfx)!L &
= \S @ (daf) d
- f4wu§\\%& &

B INSHClion ) 0L WING Tis SUBSTTTUTION) =S

- Lo
= IO
e
/,
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Question 148  (¥*%%¥)

Use the substitution ¢ =3+~/x to find the value of the following integral

36
1

3
1 Vx2+3x

dx.

@ ST By The SURSTITUTION Gwitn)
= t= 33
— t- atia

N S
- = T

= dx= 20T 4
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= k-8 =& g

Question 149  (¥*%%¥)

By using the substitution u = %, or otherwise, show that

proof
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Question 150  (¥¥%%)

By using the substitution u = cos x, or otherwise, show clearly that

T

jz 15c08° x dx=8.
0

proof

Question 151  (¥¥%%)

Use the substitution x =2cos@ to show that

w2 4
——— dx=m-n,
J.l N4 —x?

where m and n are integers.

proof
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Question 152  (¥¥%%¥)

_4x+3
T

xi—%.

a) Calculate the five missing values of x and y in the following table.

32

67

29 5

Aw| ©
o8}
n

b) Use the trapezium rule with all the values from the completed table of part (a)

to find an estimate for
2 4x43
Al dx.
3x+4

0

¢) Use the substitution u =3x+4 to find the exact value of

2 4x+3
Ak dx.
3x+4

0

8,16, 24

1, 2_9 13

128 14 -1 _
,[38.6], 188 -Ltins = [384-141n5]
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Question 153  (¥¥%%)
Determine, in terms of a, the value of the following integral.

dx, a#0.

17
J‘ a  Qax
2 Aax-1

You may find the substitution u? = ax—1 useful in this question.

12

PROCED B SRSTOTOY U= oox - |

=
\_0:+(ua—x‘.tj l A=2 } pu=y
du -
g = . a=1L ps any
2du = a dx
dr = Wdy
a

TRAKRANING THE NHCOAL
S it
2ax. 24 [y
hoo ) (T

Jp T

"

il

sf Sl sle s

=3
\NEREIRLN
W\ E
\ &
\ |
Vom |
o
o

H
(o
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Question 154  (¥*%%¥)

Use the substitution x =tan@ to show that

\/5 2
J’ 1= e L(z-24).

1 1+x2

)

proof

Question 155  (¥¥%%)

By using the substitution u =+/x+2 , or otherwise, find an expression for

1
——dx.
J‘(x+l)\/x+2
Vx+2-1
Inf—/—|+C
Nx+2+1
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Question 156  (¥*%%¥)

Use appropriate integration techniques to show that

1

I sin\/; dx=N,

0

o~

where N is a positive integer.

[ ] [v=2
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Question 157  (¥¥%%)

By using the substitution x = tan @, or otherwise, find the value of

1

1-x?

—— dx.
o (-2
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Question 158  (*¥¥%%)

2x, O<x<l75.

y=(1+cot2 x)sec 2

a) Calculate the three missing values of x in the following table.

1 1
X 87[ 375
y 16 -6 4 [32-163] 18

b) Use the trapezium rule with all the values from the completed table of part (a)

to find an estimate for

1
372'

_.‘1
671'

(1 +cot? x)sec2 x dx.

¢) Use an appropriate integration method to find an exact simplified value for

(1+cot2 x)sec2 x dx.

Sg m Iz 4\/—
L L5 7 o] 23433
24 4 24
o) fu W e Tle (8- 40 )-(47-3)
AfE e (& T " af
o[ & [mwa] v Jued] & ATEQUATIOE hGEQ/on) QR e
74 - ]; »g_.
175 T / &‘% CE L) b - | s b - \&? T

by BL Tt Torerenul Rue

§ te 4 39
g sela(1hay) A s NLL’;‘“\WW H.wrzxwf]

LI f ¥
= = (osel &y = | =202
% & T{“L%»\jﬁ &Z(&L\;@xlpy 1(,}?)_\ 3 j’: ¢ LE Y
iy b= & Foeto. O E 2 F
,j:;a& 54y %(wh):umf‘a z V[‘h’"l% T [771 T
2.3
Mk - 37-(40) - 46
P

i 3
SRUASE RS (vl e A - ( —
:gx Commy L] S¥ (Ssuny & ek

3

—

Created by T. Madas



Created by T. Madas

Question 159  (****4)

Use appropriate integration techniques to evaluate

J60
j /1+i2 dx.
\/g X

Give the answer in the form a+b1In3, where a and b are positive integers.

5+In3

Question 160  (***%4)

Use a suitable substitution to show that

T

J‘z sin Xcos x (9)
3 dx=1In| —|.
o €Os“x+3cosx+2 8

proof
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Question 161 (¥¥%%)

Use partial fractions to determine, in exact simplified form, the value of the following
integral.

1
2
3 2
2x" =5x"+5
5 5 dx .
(x —3x+ 2)(x —2x+1)
3
— N
2o s@es " *‘nx, aive @ BOOLNG D THe DIERAL WY THE FRATION SPUT
L (Fao)Gan) - ) G-oanGGE) e i 5
= \g 2mstes g o t,\m e x‘—x &
@) Gy

~ . r £y
= Lm',_;\ +and - 26 el ]
@ Proceen B Pem RATINS [‘

\ | L S
o Jsa o] et &7

=

RENN
IV -S0%S B Al
= A B + \ i 10 0 \
@Gy 2 R @) e = (l‘fv% wlndox 5 7—;)*&\\/\},1&\% +\+L\/
oo S AR * RE) ¢ c()a)  Daae) = b3abb-be a2
e A=l 3=k o if 3e0 -;S*l\“%%
=2 5= —A-28 +20-2 .
eifa=y 1= A S= -t+diaco2o = 5*\‘“?/,//
= 2=2c-2D _—
=1
c-D=l A
o F Q=3

W4=BA+B+20 +4D
=8 -2 4% bp
8= 2c x40
Cranz¢

SORDASTING Vi
PBeI
D=1

§C=2
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Question 162  (¥¥%%)

Use the substitution # =sinx to find an expression for

Jcosx+tanx
—dx.

1+tan2x

sinx—%sin3x+%sin2x+c

Question 163  (**%%*4)

Use the substitution u =1+ \/; to evaluate

9
3x
dx .
jo 1+\/;

45—-12In2
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Question 164  (¥*%*4)
y = x—z X i _l
2x+1° 2

a) Calculate the two missing values of y in the following table.

0 0.1 0.2 03 0.4 05
1 1 1
0 120 35 3

b) Use the trapezium rule with all the values from the completed table of part (a)
to find an estimate, correct to 4 significant figures, for the following integral.

1
2 2
J‘ a dx .
0 2x+1

d) Use the substitution # =2x+1 to find an exact simplified value for

1
2 2

j a dx.
0 2x+1

e) Hence deduce, by referring to parts (b) and (c), the approximate value of In2
correct to 2 significant figures.

] 9 4 1 _
’ E’ E ) , E[—1+21n2] ., [In2=0.70
i A ]

q g W e e

du= 29
Ix|olawa»zjojla.\n‘ns 4 g = L (|-
u!D]A|¢‘i 13 _ e Bswz L)
jsin| %o | 3¢ | ke | & 3/ o L asd [t | 4d] = [QK‘[*Z\ML) 7

Ay TH U=z

) RIS BT AR RUE )
&) qo mr () j L& o oous
Lo
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5 2y s NS (e g vantr| ——=he s
o 2L 2L = ﬁ_lz [ihg(vL\ e gLl
. A -y :—5 (T -l Flxrl = =02
= o orpaalior ki ] , me ) Te B2 Foubwr @ |3 el
23 | \Sé [ )
» 4l
2o\60, g 8 - “T(—ulmj& o.0ulds
~ oowa//‘Ax(: -Jrrﬁf%#&m = —la2m2 2 0
=5 %
’:) BY THE SORSTTUTION ©ved e Hhve i | = 2wz e LM
Ous 2wl = 2w = G-y :‘s’\ji“‘z*u"‘4 s Wy~ 070/
Z 2 s

= [l E-s

- [mtn T
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Question 165  (***%*4)

f(x)z—x2+4x—3, 1<x<L3.

a) Show clearly that f(2+sin@)=cos* 6.

b) Hence find the exact value of

Jj J7(x) dx.

&N
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Question 166  (***%*4)

x|<1.

f(x)zln(t—xj,

a) Show that f(x) is an odd function.

b) Find an expression for f '(x) as a single simplified fraction, showing further

that f”(x) is an even function.

¢) Determine an expression for f~'(x).

[continues overleaf]
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[continued from overleaf]

The figure below shows part of the graph of f (x).

YA f(x)

0 [—

d) Use the substitution # =e*+1 to find the exact value of

In3

f_l(x) dx.

0

e) Hence find an exact value for the area of the shaded region, bounded by f (x),

the coordinate axes and the line x =% .

2 , e’ -1 ln(

) . |area =%1n3—21n2 ~0.262

W
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Question 167  (***%*4)

By using the substitution u = Jx find

Jﬁ .

giving the answer as an exact single natural logarithm.

In

(\S](O%}
N —

Question 168  (***%*4)

Use the substitution x = \/5 sin @ to show that

5

V2
j V2 -2 dxzZ
0
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Question 169 (¥**%4)

1 A Bx+C
—=_+

x(x2+1) x o oxP4l

a) Find the value of each of the constants A, B and C.

b) Use the substitution x =cosé to show

T

3 2sin@ 5

——— df=In(3).

J‘” cos @ +cos> @ (3)
4

lA=1], |B=-1], [c=0|

b b
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Question 170  (*¥%*4)

By using the substitution u =1- tan” x , or otherwise, find the exact value of

z

6
j tan xsec2x dx.
0

AAAAA
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Question 171  (**%%4)

a) Show clearly that di(cotx) = —cosec’x.
x

b) Use trigonometric identities to find

1
J‘ﬁ dx .
sin“ xcos” x

Question 172 (¥***4)

Use the substitution x =cosec@ to find the exact value of

J-z \/x2—1
— dx.
s Y
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Question 173  (***%*4)

. . d
a) Write down an expression for —(ecosx) .

dx

b) By using integration by parts, or otherwise, show that

jecosx cos xsin xdx =" (1—cos x) + constant .
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Question 174  (**%*4)

By using trigonometric identities, show that

z
‘ 37
16

sin® x +cos* x dx =

proof

,,,,,,,
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Question 175  (***%*4)

By using the substitution u =sin2x, or otherwise, find an exact simplified value for
the following trigonometric integral.

1z 5
l—tan” x

2— dx.
sec” x+2tan x

VSING THE SURSTTTOTON. @i

Question 176  (***%*4)

By using a suitable substitution, or otherwise, find the value of

1
xarcsin x

— dx.
0 \jl—xz ’
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Question 177  (***%*4)

a) Use the substitution u =2x—1 to show that

x+1

(2x—1)

dx=2.

N1V}

1

b) By using integration by parts and the result of part (a), find the value of

i (x+1)2

(2x—1)

dx .

N

1
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Question 178  (***%*4)

Use the substitution u =In x to show that

x(3lnx)

J. 3Y gy = i3 + constant .
+In

STAUT W AN oBuis SUBSTIOTION
u

A= lwx celan
e _&
Sl Ldxo= ddy
vdy=ady
[ (. Cru N
[ 37 s Jadd < @Y & = fa'du

|
J

e a= ze

Now W ko T
$(@) = Tha o o fa e
o o

.
F g e e
lna 7

BTG TO 0ve INIGRAL Nt

bl O wl (3
[ b e 216 W &0 ©
\
- - . A% e o
Al S e
e V)
R i S T 2k
VTS e \i%31(
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Question 179  (***%*4)

1
1
JZJ‘ — dx.
-1 I+e*

a) Show that the substitution u =1+¢e”" transforms J into

l+e™!
J‘ ! du .
1+e u(l_u)

into partial fractions show clearly that J =1.

b) By expressing

1
u(l—u)
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Question 180  (***%*4)

Use the substitution x =tan @ to find the exact value of

Question 181  (***%*4)

Use the substitution u =400 — 20\/; to show that

100
1

— dx=—142In2.
400—20+/x

proof
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Question 182  (***%*4)

It is given that

2x2 —10x+7)(x*=3x-3
( )(2 )EAx2+Bx+C+ b, £E =
(x—4) x=4  (x—4)

a) Find the value of A, B, C, D and E in the above identity.

b) Hence find the exact value of

jjf(x) dx.

57 _
17 In4

laA=2|,|B=0|, |c=-1], |D=1], |[E=—1

b 9
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Question 183  (***%*4)

(-1+4twnd), —fzr<o<iz.

=

X

a) Use trigonometric identities to show that

4x? +4x+17=16sec’ 8.

b) Hence find the exact value of

2 1
——— dx.
-1 dx“+4x+17
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Question 184  (¥***4)

It is given that

sin(A+ B)=sin Acos B+cos Asin B.
Use the above trigonometric identity to show that

sin3xESSinx—4sin3x,

and hence find

I§/3sin 2x—2sin3xcos x dx .

4
—%sin3x+C
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Question 185  (***%*4)

. . T
Use the substitution u = x +Z to show that

r

12 ,
Sin x

LCH
x sin| x+-—
4 4

dx:%(fanS).

proof
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Question 186  (****4)

By using the substitution u = Ix , or otherwise, show that

V27
dx = 6In2.

2
x+3x
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Question 187  (****4)

1
a) Use the substitution x = ﬁtan 6 to show that

1 :isin(arctan\/g) .

V8

b) Show, presenting detailed calculations, that 7 =1.
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Question 188  (***%*4)

2
1
I= ——— dx.
,“1 X2 —xVx? -1

a) Show that the substitution x =sec@ transforms I to

T
I = _ tanf 4.

secl—tan @

b) Hence use trigonometric identities to show that

r=1443-1z.
, |proof
a) AW§ THE -SORTITOTON Giverd - Eﬁ&, % s jgi
2= secb W1 s B-0 =
& edHhub as2 b 8T = (B -T42)-(o-04)
d= edbap
= N3 - T+l 3
TRANSEQUIY: THE WOHEIAL : 7//
(A Rgﬁ sc@bus g 7 A upoesy
j‘ B Aoy J o eh- v S

ﬁf whbd g (st
i \ja 2B - s bou|

bty L

b oSG (el - bu)(56eD Fhaub) = 560 - 25 =1

I3
,,:\‘5 BBt w®) gy
o (S0~ bud) (e )

[T Bheeme
o [

= j B - hdsd &

- j &P L hPuch 4D
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Question 189  (***%*4)

Use integration by parts to find the value of

T

2 )
j e“**sin2x dx.
0

= \2ue 4
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Question 190  (*¥%*4)

. 2tan x
sin2x = >
1+tan” x

a) Prove the validity of the above trigonometric identity.

8
b) Express ————— into partial fractions.
) BRI ) MOP

¢) Hence use the substitution ¢ = tan x to show that

VA
4 8
———  dx = In3.
o 3+35sin2x
(3r+1)(t+3) 3r+1 t+3
a) ST fou T R4S - b
da - _dt
Ry 2 | 2o obugpa et u
U+ tadx sea m -
= zx%\éxwﬁ = 2SmeotL = A& %‘ T e
= s ~ o WO\ 1-0 k=0
A apos o Giny 3T Bl
‘c) THE PANAC AR NeXT w
E T .
8 = —a—h < =
_ 8 - A, B \Sh“h» = 2 <R PAT(a
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© ot () v e
= rryatad Gary SUESTTOTON
o ta3 o -y , 3 SW)
" _ t g | g
2:[83 i‘ ? =i 30+ ot % = i Frotr3 d
_ - . . . )
B g \ / j (o i) & = j T C W B O
T EnED T &Y / .
< [t o] = (i) O™ W)
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= g3
— = bz %
gt %ty
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Question 191  (*¥%*4)

It is given that for some constants A and B

6sinx = A(cosx+sinx)+ B(cosx—sinx).

a) Find the value of A and the value of B.

b) Hence find
"' 6sin x I
cosx+sinx

A=3

3x—3In|cosx+sinx|+C

B=-3

2

9 2

o e ¢ ueng
= Gang = Ao rsm) + Bl ~sm)
=7 b= (ArB)msy 1+ CA-R)sny

. +8 =
- 3 g :2 g ADDING & SORSTRGING. Ges

A=3
e
'
k) ssup e G)
G afoiam) - 30on-gm)
Rt N —-y gw\m'd"

o [ dmam | s
~. G+ S WIS SR

—9VTL 4 SLY
= jg"' 3(<om.+smx) &

! P e (oM

= % »3‘\»\\[»&1%\“'&1 +C /

Va

Question 192 (¥***4)

Use the substitution x =2sin & to show that

2
J‘ \/4—)62 dx=71.
0

proof
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Question 193  (***%*4)

Use the substitution u =1+ x> ™ to find an expression for

x(2—3x)

e 4 x?

Created by T. Madas

dx.

I:I, ln(1+x2e_3x)+C

0SWG THe SURSTTTUTioNY Gragn)

= W= 4de®

= e 2T

= d o™ ape™

ax = e
ﬁ% T )
o

)™

TRANSFOeMING THE ‘N')ECZAL

E@&:S}/@w@<3u ,J

[SarTe SFrad \aG-we

\ |
= \ge“ﬂfxﬁ au
|
= S 1+ e &
\
- §

= Wl ¢

= h(uie™) +c/




Created by T. Madas

Question 194  (¥***4)

o 1 . .
Use the substitution u =—+ xe” to find an expression for
X

P xi—e "
ﬁdx.
x +xe

1w}

—+xef|+C

LRIND THE SURSTTTUTO) Gt
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Question 195  (**%%4)

Created by T. Madas

dx, nz2, x20.

1
j\/x2+x"

a) Show that the substitution u? =1+x""? transforms above integral into

b) Use partial fractions to find, in terms of x and n, an

the original integral.

2
(u—1)(u+1)

1
n-2

du .

integrated expression for

1. 1 ln‘\/1+x"‘2—1‘+c
n—2 ‘\/1+x"‘2+1‘

s
@) OUNG THE SBSTIDTON Gudd U= (14 x*2)%
== \

b) Poteen By PAOTIRC TeACToNg

5
w+l

2z A
(ST reny

A(u) + B(u-1)

ol y=l ¥ oG-l
2= 2A 2=-%
A2 B=-|
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Question 196  (**%*4)
f(x)EZ— x—1, x2>1.
a) Find a simplified expression for g(x) so that f(x)g(x)=1.

b) Hence, or otherwise, find
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Question 197  (***%4)

2

By using the substitution # =1+sin” x, or otherwise, show clearly that

T

j“ L“; dx=1n3.
0

1+sin” x
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Question 198  (***%*4)

COS X
SCCX=—"7—

1-sin®x
a) Prove the validity of the above trigonometric identity.

b) Use the substitution u# =sin x to show that

secx dx :lln[
2

3

D —
TP

7+4\/§]'

[=))

¢) Show clearly that

lln(7+4*/§j:1n(1+§\/§j

2 3

proof
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Question 199  (**¥*4)

Use the substitution x =2sec@, to find the exact value of

3-4/3
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Question 200  (****4)

Use the substitution u =1+ xe*"*

definite integral.

to find an exact simplified value for the following

T
1+ xcosx
—sinx

0 xX+e

[ 1 [m(1+7)

RING THE SuesTion Gued

= U= 1+ae™

du

i R )

RS
= %“;: €+ ae s

= % o <o atem)
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w
e C 1 gwa)
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1=0 +— u=l
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93 wr
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romy

= = du
ARy

= [l ] ‘w
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= W(wT)

¥
T
:
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Question 201  (***%*4)

1
/- j LI
x2\4—x?
a) Use the substitution x =2sin@ to show clearly that

4—x*
4x

I=- +C.

. . o 2
b) Verify the answer to part (a) by using the substitution u =—.
x

proof
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Question 202  (*¥***4)

By using the substitution x = —% +Lsing , or otherwise, find the exact value of

0 3
—— dx.
1y J—x(x+1)
I:I s
@ QNG HE SUSSTITUION Gy
ge—L+dsup ° e
ds Lo do {SEREInaS enan (haan (e do)
D= S <6 1, e )1; S N
z
B
A
%
S
= 1 g
=T AT
N=x@a) = - Lapon) (s fowb ) S ——
= A(F-£500) (£ + £mp) ///
x \} #744»&26
BN
ENETY
£ ﬁ‘[ﬁe
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Question 203  (***%4)
By using multiplying the numerator and denominator of the integrand by (sec x+1),

and manipulating it further by various trigonometric identities, show clearly that

J

L dx=12-r.
secx—1
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Question 204  (¥***4)

By changing the base of the logarithmic integrand into base e and further using
integration by parts, show that
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Question 205  (****4)

Use trigonometric identities to find

1
dx,
j cosec2x —cot 2x

giving the answer in the form ln‘ f (x)‘

1n|sinx|+C
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Question 206  (****4)

By using the substitution u = tan x, or otherwise, find the exact value of

&1

1

(cosx+2sin x)2
0

dx.
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Question 207
Use trigonometric identities and integration by parts to find an exact value for
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Question 208  (*¥**4)

r=|—1 .
1+sin2x

a) Integrate / by multiplying the numerator and denominator of the integrand by
(1—sin2x).

b) Hence evaluate

z
8

_ 1
0 1+sin2x

¢) Use the substitution ¢ = tan x to integrate [ .

z
4

_ 1
0 1+sin2x

1 _1
2tan2x 2se(:2x+C ,

d) Hence evaluate

(2-v2)|. |- Lo [

1+tan x 2

O ™= @
i

[
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Question 209  (*¥**4)
Show clearly that

! 1
j \/xz—x4 dx = -—.
0 3

, |proof
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Question 210  (**¥%4)

Use the substitution u =1+ x> cosec x to find an expression for
2

2x—x"cotx

dx.

x +sinx

I:I, ln‘1+xzcosecx‘+C

ASING THe Sopmiion Gved
= A= |+l

= gﬁf: W exeer - ooy,

— 4 v (a-auk)
—du = du

(G-xeh) xwea)
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Question 211 (*¥%*4)

Use a suitable trigonometric substitution to find an exact simplified value for
R
J x2<a-x dx,
0

where a is a positive constant.
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Question 212 (*¥¥*4)

1
-
u - +5u+6

f(u)

a) Express f(u) into partial fractions.

3

dx.

arc

I MCCOSg 1
_.[ sin (sinx+2cosx)(sinx+3cos x)

b) Express I in the form

where g is a function to be found.

¢) Hence show that

I:I’ f(M)E 1 B 1 ’ g(tanx)5(2+tanx)(3+tanx), IZIH(%j
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Question 213

(g

Created by T. Madas

Find in exact simplified form an expression for

[S][98)

+C
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Question 214 (¥***4)

Use the substitution # =sinx+ xtanx to find an expression for

2x+sin2x+2cos° x

- dx
(x+cosx)sin2x

|:|, ln|sinx+xtanx +C
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Question 215 (¥¥%*4)

Find, in exact simplified form, the value of

In[ 21In(e+1) |

X

e
e dx.

In(In2)

, e’+2e—1
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R s b o
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Question 216  (Gk¥¥*¥)

4

By using the substitution u =1+4cos” x, or otherwise, find the exact value of

2 dcot’ x

3 7 dx .
7 1+2cot“x+2cot” x

1. [
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Question 217  (G¥¥¥%¥)

2 A B

u(u=2) wu-2 u’

a) Find the value of each of the constants A and B.

b) By using the substitution u =1+ cos? x , or otherwise, show clearly that

4cot x
,[—2 dx=-In (coseczx +cot? x) +C.

1+cos” x
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Question 218 (k)

By using the substitution tan0=\/x3—l , or otherwise, find an exact value for the

following integral.

dx.
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Question 219  (F¥¥*¥)

Use appropriate integration methods to find an exact simplified value for

1
2
cos(5arcsinx) dx.

—_
[©) N V)

v ik

Poeen By A susmonod

©=ortsng_
b = & Ao > B=p
d = D dy A=k — 6

TohopH e IQIGPAL

e (E *
®3(Saran) oy = ) (=) (@8ds) < | wbeash o

0BT Sons TG IDHSITIES (08 G N0E 1D Douus n0rano By 7y

Jeosi48) = (o - SmSBemd 3
3®-0)= 0xSOw® ¥ B | Ao

= sy + o= 2u0sSo0es)
— P = Lo+ Jirn;@

DTRING T INTHERAL

L P I &
ie j Sosp v Foslo dp < | fondd Hsuts |

= f0+\fi_']u (oro)

Created by T. Madas



Created by T. Madas

Question 220  (GF¥¥*F)

. o 1 .
By using the substitution e* =—, or otherwise, show clearly that
u

proof

Question 221  (F*¥**)

By using a reciprocal substitution, or otherwise, find the value of the following integral.

x> -1

dx .
1 x3\/2x4 —2x% 41

DEWOTR AS

Now) NOTICE THAT

dr

¢ 2\ 3 '
W20 +2) = - by =t lu-d)
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Question 222  (***%*) non calculator

Show clearly that
’2[ —arctan%
j S5cosx—12sinx dx = 1.
0

proof

Question 223  (GF¥¥EF)

Use trigonometric identities to find

1
cosxsin” x

In|{sec x + tan x| —cosec x + C
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Question 224  (Gk¥EEk)

I = Ed cot3x dx.
1, COsecx
6

Use appropriate integration techniques to show that

I=%[a+b\/§],

where a and b are integers to be found.

1 |r=1[15-743]

@ FRSTY werk e Ltca ) TEUIS oF SN AD COUNES

(E ¥ T 3
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Question 225  (Gk¥ExX)

Given that I =9, determine the value a.
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Question 226  (Gk¥¥*¥)

By using a suitable trigonometric substitution, show clearly that

1
2
j ‘/16—’6 dx=1-2.

proof
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Question 227  (GF¥¥EF)

Find an exact simplified value for

z

3 1
—— - dx.

7 sin xsin2x

6

3

1. [2+43 J3
Eln{ 7 }+1——
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Question 228  (G¥¥¥*F)

Evaluate the following definite integral.

1
'[ garecosx g,
0

Give the answer in exact simplified form.
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Question 229  (GF¥¥EF)

Use a suitable trigonometric substitution to find the exact value of

js (1+x)(5-x) dx.

-1
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(*****)

Question 230

By using trigonometric identities, show that

PR

sin® x+cos® x
——— dx =

o0|—

T sin” x cos? x
8

(16-37).

, |proof
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Question 231  (F¥*%%%*)
Find, in exact simplified form, the value of the following integral.

1z
2

j \/1+4cos2 2x—4cos2x dx.
0

PG
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(® S S CF |t
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Question 232  (GF¥¥*F)
By using a suitable cosine double angle trigonometric identity find

J‘% dx .
(1+cos x)

3tan%+tan3%+c
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Question 233 (GkEEEX)
By expressing the integrand in the form sec” x f(tan x) , or otherwise, find a

simplified expression for the following integral.

3sin’ xcos x
dx .

2
3 x—sin’ x)

(COS

[ ——-+c
1—tan” x

2800680 A% Goupag
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Question 234  (k*EE*)

1+tan2(

)
|

a) Prove the validity of the above trigonometric identity.

SECX =

(STSHINI

1—tan2(

b) Express

5 into partial fractions.
1-t

¢) Hence use the substitution ¢ = tan(%) to show that

X
tan| —+—
(2 4)

jsecx dx=In +C.
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Question 235  (GF¥¥EF)

. o 1 .
By using the substitution e =-, or otherwise, show clearly that
t

4 e?*+4
ﬁdx:——x+c.
e Ve +4 €

proof

Question 236 (ki)

. V4 . . ...
Use the fact that sin A = COS(E - Aj and other trigonometric identities to show that

oz

t4 dx=21n3
sy V1—sin2x '
12
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Question 237  (G¥¥¥EF)

. 1 .
Use the substitution x =— to find the value of
u

Inx

Question 238  (¥¥¥*F)

Use the substitution x = 5 to show that

u-+1

15

0.5
J‘ Vx—x? 256
VL =22
02 X
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Question 239  (Gk¥EEX)

The figure above shows the graph of the curve with equation

2
y=(x-g)(x-p)",
where p and g are positive constants.

The curve meets the x axis at the points A and B . The region R, shown shaded in
the figure, is bounded by the curve and the x axis.

a) Show that the area of the shaded region is

1 4
12(p q) -

The point C is the local maximum of the curve. The rectangle AMCNB is such so that
MCN is parallel to the x axis and both AM and BN are parallel to the y axis.

b) Show that the area of the rectangle AMCNB is % times as large as the area of

R , regardless of the values of p and g¢.

proof
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Question 240  (*EE*x)

sin 3x

f(x)= , xeR.
(cos7x+cosx)” +(sin7x+sinx)’

iz
9
Use trigonometric identities to find the exact value of j f(x) dx.
Lz
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Question 241  (¥*%*%)

Use a suitable trigonometric manipulation to find an exact simplified answer for the
following integral.

3
! dx .

2
0 (cosx+ 3sin x)

1.
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Question 242  (k*EE¥)

f(x)=3sinx—cosx+3, xe R.

g(x)=sinx+cosx, xe R.

a) Express f(x) in the form
Axg(x)+Bxg'(x)+3,
where A and B are constants.
b) Express g(x) in the form

Rcos(x—9),

where R and ¢ are positive constants.

¢) Hence find a simplified expression for

dx .
g(x)
| cla=1], [B=—2], [R=+2], (pz%zz,
x—21n|sinx+cosx|+%\/§ln sec(x—%fr)+tan(x—%7r)‘+c

!L\f(x] = Ssm}v(nvnvﬁ )= S tes I[
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Question 243 (Gk#EEX)

Use the substitution x =2sec@, to find a simplified expression for
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Question 244 (FkrRE)

Find an exact simplified value for

3la—4]

Question 245 (F*k*E)

Given that a and b are integers, evaluate

T
J (cosax—sin bx)2 dx.

-
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Question 246  (¥***¥)

Use appropriate integrations techniques to show that

1=§—mk,
4

where k is a positive integer.
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Question 247  (¥*kE*)

Use appropriate integration techniques to show that

1=8[¥5 - /2]

I_l , |proof
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Question 248  (¥**E*)

1 .
I:j 5 5— dx.
o 9cos”x—sin"x

By using a tangent substitution, or otherwise, show that

-1
I—6ln2.
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Question 249 (F¥#**)
Find an exact simplified value for the following definite integral.

eSx_GZx 0
(egx+3)(ezx+3) .

0

You may assume without proof that the integral converges.
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Question 250  (Gk¥¥EF)

[ 1N}

= 4x+1 di.

s \35+dx—4x’

n

By writing 35+4x—4x° in completed the square form, followed by a suitable
trigonometric substitution, show that

~

1]
[\S][9V)

S

, |proof

B ST B GNAETING THE SUACE W THE DoHINATDL
asvta-dp = - -t -as | = - (Gf-a ]
=% = - (m)

£ -
s (or 4ead)

@ 06 THE ST 2 23 -1 = Gsmg
23 L G
35 = fe®

da= 3e® 4o

(T
3( U femd) wel
R o
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v : f%
I+ UG dg = 2x 3 VT dy
Jg J.
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Question 251  (G¥¥¥*%F)

1
I = (x+3) 7—6x—x> dx
-1

a) Use a suitable trigonometric substitution to show that / = 8/3.

b) Verify the answer of part (a) by an alternative method.
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Question 252  (Gk#EEX)

Use trigonometric identities to find the value of

32sin xsin2xsin3x dx.
0

oM AT T CounATion Sy e WeBE AL Buowg

G (3 = edimn — swdsin
g(m-a) = Coduoo s Sy
sewond Urodeos’
—
o8 (3-3) — o) = 2sdan
Gos2x - ol = Zayawy
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Question 253 (FF*E*)

Use suitable integration techniques to show that

SOTDY W SINES 4 GRINES AND ATTEMPT SINFLRCATIONS
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Question 254  (Gk¥Ewk)

Use suitable integration techniques to show that

1
6ln3

6e_3xarctan(e3x) dx = 1n3+ﬂT3.

1
6 In3
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Question 255  (k¥¥EF)

Use suitable integration techniques to show that

1+cosx+sinx—tanx
1+tan x

dx

You may assume that the above integral converges.
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Question 256  (G¥¥¥*¥)

Use a suitable trigonometric substitution to find a simplified expression for

j J(1+x)(5—x) dx.
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Question 257  (GF¥¥EF)

YA

ol A/ p B

The figure above shows a cubic curve that crosses the x axis at A(a,0) and touches

the x axis at B(b,0), where a and b are positive constants. The point C is a local

maximum of the curve.
a) Find the x coordinate of C, in terms of a and b .

The point D lies on the x axis so that CD is parallel to the y axis.
b) Show that |AB|=3|AD|.

The region R is bounded by the curve, the line segment CD and the x axis.

¢) Use integration by parts to show that the area of R is i(b - a)4.

81
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Question 258  (G¥¥¥*F)

By considering the derivatives of e*sinx and e”* cos x, find

e*(2cosx—3sinx) dx.

e* (Scosx—sinx)+C

=

(*****)

Question 259
Use integration by parts and suitable trigonometric identities to find

sec> x dx .

l:l, %seoxtanx+%ln secx+tan x|+ C

( 2
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Question 260  (k¥***)

By using the substitution Jx =tan @, or otherwise, find a simplified expression for the

following integral.
I \/_ (x +1

2
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Question 261  (***%¥)

Find the value of the following definite integral.

2
j 14dx.
1 X+x

Give the answer in the form Ink, where k is a positive integer.

L R e o W Ny

s flhaehe] o Sh(ng) = fus

Created by T. Madas



Created by T. Madas

Question 262  (¥***¥)

1

I= — dx,a>0, a#0.
o \ll—ax+a2

Find the two possible values of I, giving the answer in terms of a where appropriate.
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Question 263  (Gk¥E*X)

COS3 X

= (1+sin2x)sinx a

By using the substitution u =sin x+ cosec x, or otherwise, show that

sin x
I=In — |t constant
1+sin“ x
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Question 264
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(*****)

1
27Z'

~N
Il

xcotx dx.

Use appropriate integration techniques to show that
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Question 265  (F¥¥*F)

. 1 .
Use the substitution x =— to find the value of
u

2
x4—1

—— dx.
% x2\/x4+1

Question 266  (¥¥*¥*¥)

Use a suitable substitution to find the value of

@ MG TE STARACD 2600

\\(b {6 b - f ’ Llacb) s
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Question 267

(*****)

Created by T. Madas

Use an appropriate substitution followed by integration by parts to find a simplified

expression for

[1n(x2+1)—21nx}/ﬁ

4
X

dx .
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3 2
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(*****)
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Use appropriate integration techniques to show that

0

sin x +cos x

sin’ x 1
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Question 269  (Gk¥E**)

Use appropriate integration techniques to show that

T

b
j —dx = —.
1z 1++/cotx 12

proof
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Question 270  (Gk¥EEX)

Use appropriate integration techniques to find an exact answer for the following
definite integral.

27Z'—arccosé

%/3 sin2x—2sin3xcosx dx
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Question 271  (G¥¥¥%¥)

a) Use the compound angle identity cos(A+ B) to show that

12 4

b) Use a suitable trigonometric substitution to find the exact value of

b (e [7EY SoRSTwioN
P
AR @ 2= sech
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Question 272  (GF¥¥EF)

It is given that the functions of x, u (x) and v(x) satisfy

ju(x)v(x)dx:Hu(x)dx}xuv(x) dx]forxe R, x#0, x#1.

a) Show clearly that

b) Given further that

show that

1,2
u(x)= AxeZ" , where A is an arbitrary constant.

¢) Determine a similar expression for v(x).

v(x)=Bxe*
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Question 273  (GF¥¥EF)

Use the substitution tan x = %(—l + \/5 tan 0) to find the exact value of

z
i B3

0 2+sin2x

dx
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Question 274  (Gk¥EwX)

3
arccosy 1

dx.

3 (sinx+2cosx)(sinx+3cos x)

arcsmg

Use appropriate integration techniques to show that

I=In a ,
b

where a and b are positive integers to be found.
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Question 275

Use appropriate integration techniques to show that

(*****)
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Question 276  (¥*%%%)

Use polynomial division to find the exact value of

: x4 (l—x)4

dx .
x2+1

0

You may assume that

2

1
j dx = arctan x + constant .

1+x
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Question 277  (Gk¥EEX)

Use integration by parts to find a simplified exact value for

You may assume that

1
272’

Zﬂ'

Created by T. Madas

(cos2x+sin2x)(Incosx+Insinx) dx.

cosecx dx=In

tan (4 x)

+ constant .
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Question 278  (F¥¥¥*F)
It is given that

x2+x+2=(u—x)2.
a) Show clearly that ...

_u2—2
2u+1’

. dx 2(u2+u+2)
11. B —=—
du  (2u+1)

b) Find a simplified expression for

1
——dx
ijx2+x+2

=

‘x+\/x +x+2 \/_‘

V2 ‘x+\/x +x+2+\/_‘
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Question 279  (Gk¥ExX)

It is given that a and b are distinct real constants and A is a real parameter.

a) Starting by the relationship between two functions of x, f(x) and g(x)

[Af(x)+g(x)] 20,

show clearly that

zZLb[f(x)f dx+uff(x)g(x) dx+Lb[g(x)]2 dx>0.

b) Deduce the Cauchy Schwarz inequality for integrals

[ [RCIE dH [ Treor d]{ [ Tetar dx]-

[continues overleaf]
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[continued from overleaf]

¢) By letting f(x)=+/sinx and g(x)=1, show that

T
IZ\/sinx dxs\/g.
0

d) By letting f(x)=+/+/sinx and g(x)=cosx, show that

T
IZ\/sinx d)czﬁ

0 257

proof
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Question 280  (F****)

By using the substitution Jx =tan8 , or otherwise, find

(x+3)\/;

dx
(x+1)°
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Question 281

(*****)
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By using the substitution u =sec x ++/tan x , or otherwise, find

1+ 2sin x+/tan x

2[1 + cos xv/tan x} cos xvtan x

1.

dx.

1n‘secx+\/tanx‘+C
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Question 282  (¥##E*)
It is given that

cotxcosecx+2cotx sln‘[l+f(x)]f(x)‘ + constant .

14+ cosec x

Using integration techniques, determine an expression for f(x).

|:|, f(x)=sinx
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Question 283  (Gk#E*X)

Eﬂ'
1. sSinx+sin2x

57[
Use appropriate integration techniques to show that

I=AInN+BInM ,

where A, B, N and M are integers to be found.
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Question 284  (Gk¥ExX)

Use the substitution x = tan (%9) , to find a simplified expression for

2

X arccos dx.

1+ x?

|:| , [—x+ (1 +x° )arctan X + constant
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Question 285

By using a suitable trigonometric substitution, or otherwise, find
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(*****)

(3x2 + 5x)\/;

dx.
(x+1)°

G

x+1
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e T
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Question 286  (¥¥¥*¥)

The function f is defined as
f(x)=2"", xe[l,eo).
Show, with details workings, that
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jl fx) de = 72
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Question 287  (¥¥*%*)
A function F is defined by the integral

Find a simplified expression, in terms of F, for

X t
e
dt,
| t+a

where a is a positive constant.
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Question 288  (¥¥¥*¥)

It is given that

M2 _ 1—)62
(1-x)"
a) Show clearly that ...
i xX= w1
. . u>+1
2
T T .
) 2
(u +1)
dx 4u
iii. =

—.
du (u2 + 1)
b) Hence show further that

3

(4x+5)V1-x2 =3(1-27)

dx

) I) WSk A Rt

x#*1.

2V1—x
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Question 289

(*****)

Created by T. Madas

By using the substitution x = 2tan’ @, or otherwise, find

J‘x/_x+2

2/x

x+2
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Question 290
It is given that

(*****)
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\/5—4)c—x2 :(l—x)u, x#1, x#-5.

a) Show clearly that ...

; u>-5
. e X=E—.
u>+1

R

du.

b) Hence show further that

X u> -5

(5—4)c—x2)g

¢) Find a simplified expression for
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Question 291  (Gk¥**¥)

By using an appropriate trigonometric substitution, or otherwise, find an exact value
for the following integral.

i
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Question 292

(*****)

Created by T. Madas

1

]

dx .

a) Use the substitution u = x++v %% +1 to find the value of I .

b) Verify the answer to part (a) by a trigonometric substitution.
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Question 293 (Gk¥EEX)

Find an exact value for the following integral.

T
j xsin® x dx.
0

]z

®Lr 1- Jr gt oh
Ve
O UT w-T-X
du~ —dx

A=0 b3 X =T
LT > X=0

@4fince we dove
. s
—1- \g @-X) {sne-x) CdX)
T
= 1= d(“(mx)[}mwxmi w4 ) o
N ot T =~
T %
5 I= ]1@X) six d
. .
. w‘J X dX [ WaiX X
v
S1- ] =XsiXdo- T
T -
=9I -« W\J s (i) olX
-1 - ‘VJ X — smXeY X
=1 = T ‘L- R 4 %\USXT‘?

=1~ [Q-9-Cp]
.
\

(-
] T v e S
2| asdx b= TrT T —;//

Created by T. Madas



Created by T. Madas

Question 294 (¥**%*)
Determine, as an exact simplified fraction, the value of the following integral.

5

’ (4x2—16x+15)4 dx .
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Question 295  (GF¥¥EF)

Find an exact value for

xsin x

0 4—cos’x

dx.

You my assume without proof that

1
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. (x
dx = arcsin| — |+ constant .
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Question 296  (¥***¥)

A family of functions, known as the Chebyshev polynomials of the first kind 7,,(x), is

defined as

T

n

Evaluate the following integral

(x)=cos(n arccosx), -1<x<1, ne N.

[1.[o]
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Question 297  (¥##E*)

The function y = f (x) is defined in the largest possible real domain by
f(x)= ln[x2 —2x+2} .

Sketch the graph of f(x) and determine an exact simplified value for the area of the

finite region bounded by the graph of f(x) and the coordinate axes.
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Question 298

Show that
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Question 299  (Gk¥ExX)

Use integration by parts to find a simplified expression for

1 1
l+x—— e * dx.
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Question 300  (GF¥¥*F)

Use trigonometric identities to find a simplified expression for

sin® x —cos® x
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Question 301

By using an appropriate substitution followed by trigonometric identities, show that

(*****)
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Question 302  (k*EE*x)

Show that if n is an integer, then

2" 2(-1)"
J cos(2n8)cos@ dO = (—)2

o b o = 260"
5
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Question 303  (k**k¥*)

S
j ——— dx ,neQ.

o l+tan" x

Find the value of the above integral, for all values of n

&N
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Question 304  (k*EE*)

By suitably rewriting the numerator of the integrand, find a simplified expression for

the following integral.

dx

12sinx—5cos x
2sinx—3cosx

L.

3x+2In{2sinx—3cosx|+C
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Question 305  (G¥¥¥*F)

Find an exact value for the following integral
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Question 306  (***%¥*)

Itis given that [ = 2.

Use this fact to estimate the value of In2 correct to 1 significant figure.
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Question 307  (Gk¥ExX)

The definite integral [ is defined in terms of the constant k, where k #0, k #%1.
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Use appropriate integration techniques to show that
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Question 308

()
the following integral.

By suitably rewriting the numerator of the integrand, find a simplified expression for

3cosx+2sinx

— dx.
2cosx+3sin x

12
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Question 309  (Gk¥ExX)

Find the value of the following definite integral.
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Question 310

(*****)

Created by T. Madas

Find in exact simplified form the value of

j‘ x/ﬁ

You may assume that the integral converges.
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Question 311

(*****)
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Find an exact simplified value for

In(lnx)+—— dx.
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Question 312
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By using appropriate substitutions, or otherwise, show that

1
> In(1+2x)

2
o l+4x 16
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Question 313  (¥¥¥*¥)

Use appropriate integration techniques to show that

dxarctanx dx = mw-2.
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Question 314  (Gk¥¥*¥)

0=

I In(1+2x)

x.
2
o t+4x

a) Use an appropriate trigonometric substitution to show that

4 cos 0—l7£
I = %ln\/i+lln —( 4 )

ae .
2 cos @
0

b) Show further that
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(@]
]
2]

—_—

¢) Deduce that
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Question 315

a) Show that
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(*****)

= | 2=t

x—1

b) Determine the value of a, given that

2x+1

— dx =
Vx—1

102.
2

= %(x—l)% + 6(x—1)% + constant .

You may not use any substitution or integration by parts.
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Question 316  (¥**%¥)

(2 +)er

dx.
()c+1)2

Show that J =1

, |proof

ot
R .
J=\ = ) L€ dx FIOSTY PABTAL TRACTONS o Thyé
Vo (T INTHRAMD 1Gwoone €5

B,
IR

= AGeny +8Ge)+ C
= Adohxt A+RL 4B+ C

A A4R)x + CAYRYC)

o[E=T 243 =0 o Atgrc=l
240 Vezrc |

(z=2) 2]

5T = (e-0) —(e-2)

=J-

Created by T. Madas



Question 317

(*****)
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By using an appropriate substitution or substitutions, show that

vIn3

VIn2

4xsin(x2)

sin(x2)+sin(ln6—x2) o

STAT By A SWRSITTUTION — ,k‘

Y= a2

du _
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=2 =

A= > u= o
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U= gy
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Question 318

(*****)

f(x)=

—x+[x]+1
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x—[x]

xeR [x]=2k,

where [x] is defined as the greatest integer less or equal to x.

Find the value of

%2 j 88 £(x) cos(x) dr.

xe R, [x]=2k+1, ke Z
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Question 319

(*****)
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By using symmetry arguments, find the exact value of the following integral

[

leos [ sin(cos x)+cos(cosx) [sinx dx .

1.

e(cosl+sinl)—1

[T el 1
( Ir. . L
J\ e [v\“‘\“’m) £ os () | s dy
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o1 )
2 (7 el . Clesal
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(*****)

Question 320

Show by a detailed method that

I =axb!,

where a and b are positive integers to be found.

2= [ (He][$ %] &

@ lr o= (Ve = ). o)
- - Ge)
=l = h[eaace e ]
|
W=l () + ) + Infes) + -4 Iobetio)
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Question 321  (G¥¥¥%¥)

Vi =J-\/tanx dx.

a) Use a suitable substitution to show that

1 1
I+— 1-—

2
=] — % ael= | —
1 1
(u—j +2 (u+j -2
u u

b) By using a further substitution in each of the integrals of part (a) find a
simplified expression for 7, in terms of x.

You may assume without proof that

1 1 X
- dx =—arctan| — |+ constant .
a

x> +a a

\/5 x/2tanx \/5 tanx+x/2tanx+1

1 tanx—1 1 tanx—+/2tanx +1
l:l, —=arctan +2 In

L (et " g - 0
= Coonfa, | 2! I e A e
@ L Voo 1 MR R wpv=——nl L&

b
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Question 322  (GF¥¥EF)
By using an appropriate substitution or substitutions, show that

In(sinx) dx =-7In2.
0

——e_e
ﬂ (o (sma) dy = -l
Jo

o7

@ ler T=| Mo o

0

2 N “m[sm(%—x{_’l(_sx];x

- 1. T (el 1
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Question 323  (GF¥¥*F)
It is given that

J= 3+cosx de  and J= 2+sin x dr.

13+3cosx+2sinx 13+3cosx+2sinx

1 1
Xd Xl

By considering two linear combinations in / and J , show that

I =2L6[37z—1n(%)]

and find a similar expression for J .

p—
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o ® e bk Uk
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Question 324

(*****)
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By using an appropriate substitution or substitutions, show that

" n(x+1)

_7in2
0 1+X2 8 .

, |proof
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Question 325  (G¥¥¥EF)
It is given that

W =

32x°
(x2 —1)(x+1)3

&mwﬂmt[z%—ZmZ.

4
Y 2 |
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Question 326

(*****)
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1z
2

Vi :j 4sin xN/cos2x dx.
0

By using an appropriate substitution or substitutions, show that

1=2-2In(1+2).

¥
T= | dem oo -
I= f damcfomn’ ¢ = 2-42h(w3)
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Question 327

Find as an exact fraction the value of I,

(*****)

1

|

50

(1—x20) dx

1021
1020

[ (e
= JL\";

2

) o e

P e 1'a L
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Question 328  (k*ExE)
The integral I is defined as

)
I= Sm—; dx .
o l4+cos”x
a) Show by a detailed method that
iz
2
rer=|" —2 .

2
o l4+cosx

b) Hence, find the value of [ in exact simplified form.

¢) Verify the answer obtained in part (b) by an alternative method by first writing
the integrand of / as a function of cot? x.
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Question 329 (k)

By using an appropriate substitution or substitutions, followed by partial fractions
show that

T

4 sinx+cosx I _In3
o 9+16sin2x 20

7 U= Shmx ~wsx

Tp = OsLrsnx

P = s
Gosx v omx = Sics - 02
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2suc)
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Question 330  (GF¥¥EF)
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2
Sec x
I =

—_— dx.
\secx+tan x

Without using a verification approach, show that

1= (secx+tanx)% —

8

(secx+tanx) 2 + constant.

(OSTE

You may consider the substitution u =secx+tanx useful at some stages in the

manipulation of the integrand.
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Question 331  (G¥¥¥*¥)

Use an appropriate integration method to determine an antiderivative for the following
indefinite integral.

, D, %(xg+2x4)é +C
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Question 332  (GF¥¥*F)
Use partial fractions followed by integration by parts to show that
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