FUNCTIONS

EXAM QUESTIONS
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Question 1  (*%)

The function f is given by

fix , xeR, x#-3.

x+3
a) Find an expression for ' (x).

The function g 1is defined as

2
g:x—>—,xeR, x#0.

b) Evaluate fg(
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Question 2 (*%)
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A(—l,—3)/

B(0,-2)

The figure above shows the graph of the function f (x), defined for —1< x<6.

Sketch the graph of f -l (x), marking clearly the end points of the graph and any points

where it crosses the coordinate axes.
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Question 3  (*%)

The function f is given by

f(x)=In(4x-2), xe R, x>%.

a) Find an expression for f~'(x), in its simplest form.

b) State the range of f~'(x).

¢) Solve the equation
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Question 4  (*%)

The function f is given by
f(x)=3-Inx, xe R, x>0.
a) Find an expression for f ! (x).
b) State the range of f~'(x).

¢) Solve the equation
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Question 5 (**+)

A function f is defined by
f(x)=x2+1, xeR, x>0.
a) Find an expression for f ! (x).

b) State the domain and range of f~'(x).
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Question 6  (**+)

The functions f and g are given by

a) State the range of f(x).

b) Solve the equation

fg(X)=%-

¢) Find, in its simplest form, an expression for g~ (x).

I:I, f(x)ZO, xz—%,—%, g
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Question 7  (**+)

The functions f and g satisfy

f(x)=In(4-2x), xe R, x<2.

a) Find an expression for f ' (x).

b) Solve the equation

Il
)

fg(x)
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Question 8  (**+)

The functions f and g satisfy

f(x)=1+LIn(x+3), xe R, x>3.

g(x) = ez(x_l)—3, xeR.
a) Find, in its simplest form, an expression for fg (x).

b) Hence, or otherwise, write down an expression for f -1 (x) .

fe(x)=x|, ! (x)= 2 _3
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Question 9 (**+)

YA

The diagram above shows the graph of the function f, defined as
1
f(x)sl—+4, xeR, x=>2.
- X

a) Evaluate f(2), £(101), £(1001).
b) State the range of f(x).
The inverse function is denoted by f~'(x).

¢) Determine an expression for ' (x), as a simplified fraction.

f(2)=3, £(101)=3.99, f(1001)=3.999|, |3< f(x)<4|, f_l(x)z
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Question 10  (**+)

The function f is given by

f(x)=4-In(2x-1), xe R, x>1.

a) Find an expression for f~'(x), in its simplest form.

b) Determine the exact value of ff(1).

¢) Hence, or otherwise, solve the equation

Question 11 (¥*+)

A function f is defined by

f(x)=vx+4, xeR, 0<x<5.
a) Find an expression for f ' (x).

b) Determine the domain and the range of f~'(x).

T (x)=x*-4|, [2<x<3], [0< 1 (x)<5
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Question 12 (**+)

The function f is defined

_3,xeR,x¢2.
x_

a) Find an expression for £~ (x) in its simplest form.

b) Hence, or otherwise, find in its simplest form ff (k+2).

s 223 k2

x—2
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Question 13 (**%)

The figure above shows the graph of

y=l+2, x#0.
X

a) State the equation of the horizontal asymptote to the curve, marked as a dotted

line in the figure.

The function f is defined
1
f(x)=—+2, xeR, x>1
x
b) State the range of f (x).

¢) Obtain an expression for ™' (x).

d) State the domain and range of f~'(x).

[ Ly=2] [2<f(x)<3], |F7 (%)=
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[2<x <3,

T (x)>1
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Question 14 (**%)

The functions f and g are given by

2x+3 3
= , R, x #—.
f(x) 5r—3 X€ X 5

g(x)=x*+2, xeR.
a) State the range of g(x).
b) Find an expression, as a simplified algebraic fraction, for fg(x).

¢) Determine an expression, as a simplified algebraic fraction, for f - (x).

d) Solve the equation

fHx) =1 (%)
2747 | - 3x+3 1
|:l’ g(X)ZZ, fg(x):2x2+1 s f l(x):m, X:—§,3
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Question 15 (**%)
f(x)=e*"-4, xeR.

1
x—1

g(x)z , xeR, x#11.

a) Determine the range of f(x).

b) Find an expression for the inverse function f - (x).

¢) Solve the equation

(>4 [ (x)=Lm(r+a).
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Question 16  (**%)
A function f is defined by

f(x)=%6x+1, xeR, x<0.

a) Find an expression for f ' (x).

b) State the domain and range of ™' (x).

T (x)=In(2x-2)|, [1<x
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Question 17  (**%)
The function f is given by

f(x)=(x=3)"+1, xe R, x>4.
a) Sketch the graph of f(x) and hence write down its range.

b) Solve the equation
f(x)=17.

¢) Find an expression for £~ (x) in its simplest form.

f(x)22, [x=7, x#-1], | (x)=3+x-1[,
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Question 18  (**%)

The functions f and g are given by
f(x)zx/;, xeR, x>0.
g(x)zx—Z, xe R.
a) Find an expression for the function composition fg(x).

The function %, whose graph is shown below, is defined by

h(x)=\/x—2, xeR, 3<x<11.

b) State the range of h(x).
¢) Determine an expression for the inverse function h! (x).

d) State the domain and range of 1~ (x).

[ lfe(x)=vx=2|, fl<h(x)<3
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Question 19 (**%)
The functions f and g are defined by

f(x)=¢", xeR, x20.
g(x)=x2+1, xeR.
a) Find an expression for gf (x), in its simplest form.

b) Determine the domain and range of gf (x) .

gf (x)=e*+1|, [x>0, gf(x)>2
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Question 20  (**%)

The functions f and g are defined by
f:xl—>x2—2x—3, xeR, 0<x<5.

gixH> ax’ +2, xe R, a isareal constant.

a) Find the range of f .

b) Determine the value of a, if gf (1)=6.

[ [ |4s<rx=<i2
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Question 21  (*¥%)

The function f is defined as

2 4
x=3 x*—4x+3

fixe , xeR, x>1.

a) Show clearly that

f:xHLl, xeR, x>1.

b) Find an expression for f 1 inits simplest form.
The function g is given by
g:xH2x2+4, xeR.

¢) Solve the equation

fe(x)
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Question 22 (**%)
The functions f and g are defined by

f:xHx2+3, xeR.
g:x—2x+2, xelR.

Solve the equation

fg(x) = 2gf(x)+15 .
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Question 23 (**%)

The functions f and g are defined as

x+6
f(x)_x+2

, xeR, x#-2

g(x)=7-2x* xeR.
a) State the range of g(x).
b) Find, as a simplified fraction, an expression for fg(x).
¢) Find, as a simplified fraction, an expression for f ' (x).

d) Solve the equation

FH(x)=£(x)
—_— 2 —
(1 07 [ s0=325] | (0=2 =52
—<zX X
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Question 24  (**%)

The function f is defined as

f:xl—)i, xeR, x#1
x—1

a) Find in its simplest form the composition ff (x).

b) Find an expression for f~'(x) in its simplest form.

M (x)=x|, f:xHLl, xeR, x#1
x—

Question 25  (¥%%)
The functions g and f are given by

g:x—>4-3x, xeR
fix>x*+ax+b, xeR,
where a and b are non zero constants.

Given that fg(2)=-5 and gf (2) =—-29, find the value a and the value of b.
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Question 26  (**%)

\ 4

The figure above shows the part of the curve with equation
y=f(x),for 0<x<2.
Given that the curve is odd and periodic with period 4, sketch the curve for -6 < x<6.

graph
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Question 27  (**%)
The function f is defined by

f(x)=In(2x-1)+4, xe R, x>1.
a) Find f7'(x) in its simplest form.

b) Determine the domain of f~'(x).

Question 28  (**%)
The function f is given by

1
fixbl+—, xeR, x#0.
X

a) Find the range of f .

b) Show clearly that

2x+1
x+1 -

f(x)eR, f(x)=1
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Question 29  (**%)

The functions f and g are defined as
f(x)=2x-1, xeR
g(x)ze%, xeR.

a) Find an expression for f - (x).

b) Find, as an exact surd, the value of fg(In2).

¢) Solve the equation

1 9
R
()=

|, |fe(in2)=242-1|,
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Question 30  (**%)

The functions f, g and h are defined as

a) State the range of g(x).
b) Find, in its simplest form, an expression for i(x).

¢) Solve the equation /(x)=15, giving the answer in terms of In2.

d) Find an expression for h! (x), the inverse of A(x).

g(x)>0[, | fg(x)=e>"~1|, x=%1n2, h(x)=
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Question 31  (**%)
The functions f and g are defined by

= |

,xeR, x#0

£ (x)

g(x)=f(x-3)+3, xe R, x#k.

a) Find an expression for g(x), as a simplified fraction stating the value of the

constant k.

b) Find an expression for g~'(x).
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Question 32 (**%)
The functions f and g are defined by

f:xl—>4—x2, xeR

5x 1
X ,xeR, x#4.
8 2x—1 2
-1
a) Evaluate fg~ (3).
b) Solve the equation
g f(x)=1
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Question 33  (**%)

The function f is defined as

fixH ! + 22x+11 xeR, x>§.
xX+2 2x"+x-6 2
a) Show clear that
3
fix , xeR, x>—.
2x-3 2

b) Find an expression for f 1 inits simplest form.
¢) Find the domain of f'.
The function g is given by
g:x>In(x-1), xe R, x>1.
d) Show that x=1+ Je is the solution of the equation

fe(x)=-2.
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Question 34  (**%)
f(x)=4-x% xeR,2<x<4.
a) Determine the range of f(x).

b) Find an expression for the inverse function ' (x).

¢) State the domain and range of f™'(x).

~12< f(x)<0[, | f'(x) =v4-x]|, [-12<x <0,

2< N (x)<4

®)
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Question 35  (**%4)

A function is defined by

f(x)=+e"-1, x=>0.

a) Find the values of ...
i ... f(In5).
i. ... f/(In5).
The inverse function of f(x) is g(x).
b) Determine an expression for g (x).

¢) State the value of g’(2).

[ 1. |[7(ns)=2],|f(in5)=

%, g(x)zln(x2+1) , g'(2)=%
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Question 36  (**%4)

A function f is defined by

1
=2+—-, R, x=0.
f(x) — xeR, x

a) Find an expression for f -l (x), as a simplified fraction.

b) Find the domain and range of f~'(x).

[ 1. f_l(x)=3_x, 2<x<3, |7 (x)20
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Question 37  (**%4)

a) Show clearly that y=
2x-1

The figure below shows the graph of y = , X#a.

2x—1

y AN

b) State the equation of the vertical asymptote of the curve, shown dotted in the

figure above.

The function f is defined

¢) State the range of f(x).

Created by T. Madas
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[continued from overleaf]

d) Obtain an expression for the inverse of the function, f -l (x).

e) State the domain and range of f~'(x).

0< f(x)<4|, f_l(x):x+4 JJo<x<4],

2x

[ ] |a=

=
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Question 38  (***4)

The function f is defined by

a) Find the range of f(x).
b) Determine an expression for f - (x) in its simplest form.

¢) Find the domain and range of f~'(x).

0<r(0=<2, |r (0= Jo<x<2 ()20
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Question 39  (**%4)

The function f (x) is defined by

f(x)=\/x+1, xeR, x=>0.

a) Find the range of f(x).
b) Find an expression for f~'(x) in its simplest form.
¢) State the domain and range of f~'(x).

d) Sketch in the same diagram f(x) and f~'(x).

F(x) =1, | (x)=x*=1|, |[x=1, f(x)=0
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Question 40  (**%4)

The function f is given by

fix ,xeR, x>-1.

x+2

a) By sketching the graph of f, or otherwise, state its range.

b) Determine an expression for f~'(x), the inverse of f .

¢) Find the domain and range of f~'(x).

[ L f(x)eR, o<f(x)<3, [f 1 (x)=2-2= ,
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Question 41  (**%4)

The function f is satisfies

b)

d)

f(x)=vx-3, xeR, 0<x<9,

Sketch the graph of f (x).
The sketch must include the coordinates of any points where the graph of f (x)

meets the coordinate axes.

State the range of f(x).
Find an expression for f~'(x).

Sketch in the same set of axes as that of part (a) the graph of ™' (x).

The sketch must include the coordinates of the points where the graph of f - (x)

meets the coordinate axes, and how f~'(x) is related graphically to f (x).

[ 1 3<r)=0] |[F' () =(x+3)°
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Question 42 (**%4)

The function f satisfies

a) Find an expression for £~ (x) in its simplest form.

b) Determine the domain and the range of f~'(x).

The function g is given by

¢) Solve the equation

Created by T. Madas

3x+1
H
x+4

g:x—e =3, xeR.

fe(x)=% .

giving exact answers in terms of In2 .
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Question 43  (**%4)

The function f is defined as

fix - ! , xeR, x>4.
x“=x-2 x=2

a) Show clearly that

f:xHL, xeR, x>4.
x+1

b) Find the range of f .
¢) Determine an expression for the inverse function, f - (x).
d) State the domain and range of f~'(x).

The function g is given by

g:x|—>3x2—2, xeR.

e) Solve the equation

[ 1. ]o<f(x)<
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Question 44  (**%4)

A function f is defined by
—1, xeR, x>1.

a) Determine an expression for the inverse, f -l (x).

b) Find the domain and range of f~'(x).

1.
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Question 45 (*¥%4)
f(x)=4-x% xeR.
a) State the range of f(x).

b) Solve the equation

f(x)S4 , xzi'\/z,i\/g

.
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Question 46  (***4)
f(x) =4(x+1)2, xeR, x<-2.
a) State the range of f (x).
b) Find an expression for the inverse function ' (x).
¢) State the domain and range of f~'(x).

d) Evaluate f7'(49).

e) Verify that the answer to part (d) is correct by carrying an appropriate calculation
involving f(x).

SR

OO

F(x) 24, 7 () =—1-3x|, [x24, £ (0) <2, 7 (49)=-

[ { @)

k) 4 *’I» ‘

Created by T. Madas



Question 47  (¥*%4)
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The function f is given by

fix—> 3+

X —

a) Sketch the graph of f.

, xeR, x>2.

b) Find an expression for f - (x) as a single fraction, in its simplest form.

¢) Find the domain and range of f - (x).

d) Find the value of x that satisfy the equation f (x)=f""(x)

[ L f'()=

2x—4
x—3

,lxeR, x>3

f(x)eR, f(x)>2],
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Question 48  (***4)

The functions f and g are defined below
f(x)=x2+2, xeR, x>0
g(x)=3x—1, xeR, x>4.
a) Write down the range of f(x) and the range of g(x).

b) Explain why gf (1) cannot be evaluated.
¢) Solve the equation

fz(x)=8x*+10.

f(x)eR, f(x)>2],|g(x)eR, g(x)>11
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Question 49  (¥*%4)

The functions f and g are defined below
f(x)=x2—2,xe]R
g(x)=2x+3, xeR, x>0.

a) Write down the range of f(x).

b) Find, in its simplest form, an expression for fg(x).

¢) Solve the equation
fe(x)=14.

d) Show that there is no solution for the equation

@ | 4&;‘,),‘ ® Poe)= Yoo Graro

Q@) o))~y @) s3le))= g(ata)= 268213 =
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Question 50  (**%4)

The functions f and g are defined as

f(x)=4+Inx, xe R, x>0.
g(x)zexz, xe R.
a) Find an expression for £ (x).

b) State the range of ' (x).

¢) Show that x = Je is a solution of the equation

fg(x)=6.

9_ 1 4
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Question 51  (**%4)

The function f is given by
f(x)=3e*"-4, xeR.
a) State the range of f (x).
b) Find an expression for £~ (x).

¢) Find the value of the gradient on f~'(x) at the point where x=0.

>, [ ]
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Question 52 (**%4)

The functions f and g are defined
f(x) =x? —10x, xe R
g(x)=e"+5, xeR.
a) Find, showing all steps in the calculation, the value of g(3In2).

b) Find, in its simplest form, an expression for fg(x).
¢) Show clearly that
g(2x)—fg(x)=k,
stating the value of the constant & .

d) Solve the equation

¢(3In2)=13|, |fg(x)=e*-25|, [k=30], [x=0, x=10

O (3w
® e
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Question 53  (**%4)

f(x)=¢*, xeR, x>0.
g(x)=2x3+11, xeR.
a) Find and simplify an expression for the composite function gf (x).

b) State the domain and range of gf (x).
¢) Solve the equation
gf (x)=27.
The equation gf (x) =k , where k is a constant, has solutions.

d) State the range of the possible values of k.

x=1In2

9

k >13|

[ 1 lef (x) =211, [x>0, gf (x)>13],

& ol&)-z (8) o Gonest e
B a ) =
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Question 54  (**%4)

An even function f, of period 2 is defined by

4x?

IA
IA

1
2
1 1

IA

X
X

= o
IA

Sketch the graph of f(x) for -3<x<3.

, |graph
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Question 55  (¥*%4)

an

The figure above shows the graph of the curve C with equation

1
|

y= , x#=11.

a) State the equations of the vertical asymptotes of the curve, marked with dotted
lines in the diagram.

The function f is defined as

x)=——, xe R, x>1.
f() -1

b) Write down the range of f(x).

¢) Find an expression for f ' (x).

[continues overleaf]
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[continued from overleaf]

The function g is defined as

4
=% xeR, x%-1.
g(x) — 7 <R x

d) Show no value of x satisfies the equation

gf (x)=-12.

x=], |f(x)eR, f(x)>0], [f7(x)=[1+==|—|, |r=21
X X
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Question 56  (**%4)

The functions f and g are defined by

f(x)zx—l, xeR, x2>1
X

g(x)=3x2+2, xeR, x>0.
a) By showing that f (x) is an increasing function, find its range.

b) Solve the equation

gf (x)=—5+23.
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Question 57  (**%4)

The functions f and g are given by

f(x)=3x+In2, xe R

a) Show clearly that
gf (x)=4e".

b) Show further that x =1n(2e¢) is the solution of the equation

%[%gf(x—l)}z%&

proof

Created by T. Madas



Created by T. Madas

Question 58  (***+)

The piecewise continuous function f is odd with domain all real numbers.

It is defined by

f(x)E{—x 0<x<1

x=2 x>1
a) Sketch the graph of f for all values of x.

b) Solve the equation

&)
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Question 59  (**%4)

The functions f and g are given by
f(x)=x*+2kx+4, xe R
g(x)=3-kx, xeR.

where k is a non zero constant.

a) Find, in terms of k, the range of f .

b) Given further that fg(2)=4, determine the value of k.

oW

[ 1 f()z4- |

o) OMPLETNG THE Spuage
H@) = Protrsd , xeR
0= (aeef-En
46 At 4 wnson omae op 4

@y v 7
Q L4@) = 4

= {(a-be2) =4

= f(aa) =4

= (3-20% 2k(3-2) L=k
— -k W — o

- 9= &k

(- u-u)

& e

:zk:7
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Question 60  (¥¥¥¥)

The function f is defined by
f(x)=2+\/;, xeR, x>0.
a) Evaluate ff(49).

b) Find an expression for the inverse function, £~ (x).

¢) Sketch in the same set of axes the graph of f(x) and the graph of f™'(x),

clearly marking the line of reflection between the two graphs.

d) Show that x=4 is the only solution of the equation f (x)= f""(x).

[ L{#49)=3] |/ (x)=(x-2)

o) ) () <L) = Lo

ENPXT EMENN

d] s £G) =1 5 wemp o F=£00)

Created by T. Madas



Created by T. Madas

Question 61  (¥¥%%)

The functions f and g are defined by
f(x)zxz, xeR, x>1
g(x)zx—6, xeR, x<10.
a) Find the domain and range of fg(x).

b) Show the following equation has no solutions

s
a) =
T LT (x 3
N ouT 0 I .
5l |25 By =%
<o L 2-6 apr bk
THE DOMAW Mk SATSFY
A< 10 o B >
Ay 7
ONY Sowiol 1§ 2= (€ 7 2 €l
N ook AT 8()  § 1S v
lt)] SOWING- THE _6puition SN0 Souflon
S
)= Lo - L
= Q) = ¢
X
= N~ 1n330= 356
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Question 62  (¥¥¥¥)

F(x)=41-(2x-1)

The figure above shows the graph of the function
f(x)= 1—(2x—1)2 ,xeR,0<x<a.

a) Find the value of the constant a.

b) State the range of f(x).

The function g is suitably defined by
g(x)=2f(%x)—2.
¢) Sketch the graph of g(x).

d) State the domain and range of g(x).

. : e
() o<log) Q(‘

Created by T. Madas



Created by T. Madas

Question 63  (¥*¥¥)

The function f is defined by

d)

f(x)=1+\/;, xeR, x>0.
Evaluate ff(9).
Find an expression for the inverse function, f ' (x).

Sketch in the same diagram the graph of f (x) and the graph of f~'(x), clearly

marking the line of reflection between the two graphs.

Show that x =Y i the only solution of the equation f (x)= f""(x).

[ 1{#)=3|r " (x)=(x-1)°
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Question 64  (¥*¥¥F)

The functions f and g are defined by

f(x)=x2—4, xeR, x>8

g(x)=2x-2, xe R, x>3.

a) State the range of f(x) and the range of g(x).
b) Find a simplified expression for fg (x).

¢) Determine the domain and range of fg(x).

[ ] 7 (x)>60[. [g(x)>4],

fg(x)=4x=8x|, [x>3], | fg (x) > 60

0)  BY SteTinio 0B UISUAURING THE GAPHS
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7 i
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tle | »[ €],
. w2 8
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¢ ho \L’/
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Question 65  (¥¥¥¥)

The functions f and g are defined by

f(x)=3In2x, xe R, x>0
g(x)=2x+1, xeR.

Show that the value of the gradient on the curve y = gf (x) at the point where x=e is

31 41m2).

(&

, |proof

And A exerestiop 50 ™HE GURSTIo

{4&:): () q 4= 204 3

= a° §fa) = g(3n) = 2(3nz) +

DIFFRAA® W2 T o

{
= B s o
3
= ?ﬁ" T
SANTE AT Tde G\ X
- %Wk
= \ e

S

= Z{m +1mﬂ

n

2henl 7

/R Uil
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Question 66  (**¥¥)

f(x)=3x*-18x+21, xe R, x>4.

a) Express f(x) in the form A(x+B)2+C, where A, B and C are integers ans
hence find the range of f (x).

b) Find a simplified expression for f~'(x), the inverse of f(x).

¢) Determine the domain and range of ™' (x).

x+6

Af(x)>=3, | (x) =3+ ,

:

A=3, B=-3, C=—6

x>-3, f_l(x)>4

Q) o B oA
= L6) = 3t al
- é—b\/ = P-eay 7
- o) = C-2)-a47
= o). G-3'-2

! P y
- Ho). G- A
> 10)= 3Gy //

Loz 2%
R {3 ¢
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Question 67  (¥¥¥¥)

The piecewise continuous function f is even with domain xe R.

It is defined by

fhﬂz{#_zx 0<x<3

6—x x>3
a) Sketch the graph of f for all values of x.

b) Solve the equation

=

1]

I+
|

I+
NS
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Question 68  (**¥¥)
f(x)=x2—4x—5, xeR, x=>2.
a) Find the range of f(x).

b) State the domain and range of f~'(x).

¢) Sketch the graph of f -l (x), marking clearly the coordinates of any points where

the graph meets the coordinate axes.

The function g is given

g(x)=|x—2, xeR.

d) Find, in exact form where appropriate, the solutions of the equation

f(x)2-9[, [x=-9, f'(x)22], [x=2+6, x=6
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Question 68  (**¥¥)

The function f is given by
f(X)Z%\/X—4, xeR, x=5.

a) Determine an expression for f~'(x), in its simplest form.
b) Find the domain and range of f~'(x).

¢) Sketch in the same diagram the graph of f (x) and the graph of f~'(x).

f_l(x)=4(x2+1) ,lxeR, x2

=
=
—
po
N—
m
=~
=
Py
=
N—
v
(9,
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Question 70  (¥¥¥¥)

The functions f and g are defined by
f(x)zx/m, xeR, x>-3
g(x)=2x2—3, xeR, x<47 .
a) Find a simplified expression for gf (x).

b) Determine the domain and range of gf (x) .

¢) Solve the equation

I:I’ gf(x)=2x+5 , |=3<x<5],

—1<gf (x)<15], [x=-12

A) SO NTbDoRs]

o) Bewne {(30) & or of Te epuero Guamon

()= o(mv): 2(rmT s = 23 - 217
) B o ‘/ =>4 = v
b)

(o AT A D

- 4@~

= JEFane= T
— [~ —[a]— = J2 =7
273 A< = aTvie 7
T

>
¥ = 2e8

© =

> BRE T oo i g — Gontimi

) < 47 >
zisjs@ s Y=
ESEE) — X e e 8@
A< = = o
~s<a<s V%
— 7
OMBNG THE IMEWAUTHE XX -3 T 6o malg iy

o) A Bre
ST T ® oo o g W vies s=aes
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Question 71  (¥¥%%¥)

The function f(x) is given by
f(x)=2x"+3, xe R, x<0.
a) Sketch the graph of f(x).
b) Find f7'(x) in its simplest form.
¢) Find the domain and range of f~'(x).

d) Solve the equation

l:l’ f_l(X)=— x_—3 , |[xe R, x=3|, f(x)ER,f(x)SO, x=21
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Question 72 (¥¥¥¥)

The function f is defined by

4—x, xeR, x<L2
f(x)=

2(x—1)2, xeR, x>2
a) Sketch the graph of f(x).

b) State the range of f (x).

¢) Solve the equation

f(x)=18.

© Aoz,
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Question 73 (¥¥¥¥)

f A (43 (o
(0.4)
(_2’0) / g(x)
> X
0 (5.1)
(-4,%4) of (1,0) .
figure 1 figure 2

Figure 1 and figure 2 above, show the graphs of two piecewise continuous functions
f(x) and g(x), respectively.

Each graph consists of two straight line segments joining the points with the coordinates
shown in each figure.

a) Sketch on the same set of axes the graphs of f(x) and its inverse f~'(x),

stating the domain and range of £~ (x).

b) Evaluate ...

i ... ofg (1),

|
o
A
™
—
=
N—
IA
N
&
—_—
=
N —
Il
[\®)
z
L
—~
(S
N—
[l
(O8]

b <a<s
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Question 74  (¥¥¥¥)

f(x)=2—l, xeR, x#0.
X

a) Sketch the graph of f(x).
b) State the range of f(x).

¢) Find as a simplified fraction, an expression for ff (x) .

d) Hence, show that

4x-3

1 (D=3
TR (2] | (x) =222
x—1
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Question 75  (¥¥¥¥)

The functions f and g satisfy

L

f(x)=2e

, xeR

g(x)=In4x xeR, x

a) Find fg(x) in its simplest form.
b) Find the domain and range of fg (x) .

¢) Solve the equation

fe(x)=3x+1.

[T | fe(x) =4, [xe R, x> ],

1

71

fe(x)eR, f(x)>2|,
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Question 76  (*¥¥¥)

The function f(x) is given by

a) Find an expression for f~'(x), in its simplest form.

b) State the domain of f~'(x).

The function g is defined as
g(x)=x2—8x+10, xeR, x>k.

¢) Given that g™'(x) exists, find the least value of k.

f_l(x)=2x+4 ,lxeR, x#0|, k=4

X
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Question 77  (¥¥¥¥)

The functions f and g are given below

1

= ,xeR, x#0,x#L x#1
2—-2x

£ (x)

a) Find a simplified expression for g(x).
b) Hence show clearly that
yiiid (x) =X.

¢) Find an expression for the inverse function g~' (x).
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Question 78  (¥¥¥¥)
f(x)=x2—6x, xeR, x<3.
a) Find the range of f(x).
b) Solve the equation
f(x)=16.

¢) Find an expression for the inverse function ' (x).

f(x)=-9, [x==2], | f(x)=3-x+9
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Question 79  (¥¥¥¥)

The following functions are defined as follows

a) Find the range of f(x).
b) Find g~'(x) in its simplest form, further stating its range.
¢) Determine the composite function gf (x).

d) Find the domain of gf (x).

e) Solve the equation

F@=3] s () =2-1=20 | s (@) =], o (1) =] e Rz 2],
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Question 80  (¥¥¥¥)

The function f is given by

X
, xeR, x<-2.
1+ x

fix

a) Show that for some constants a and b

3—x b

1+ x 1+x

b) Sketch the graph of f and hence state its range.

¢) Show that ff(x)=x, forall x<-2.

d) Without finding ™' (x) explain how part (c) can be used to deduce f~'(x).

la=—1], [b=4|, |-5< f(x)<~1

2

o+(-2)= -5
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Question 81  (¥¥%%)

The function f (x) is defined by
f(x)=(x=2)"-1, xe R, x<2.
a) Find the range of f(x).
b) Find f~'(x) in its simplest form.
¢) Determine the domain and range of f -1 (x).

d) Sketch in the same diagram f (x) and f~'(x).

F(x)==1], [ (x)=2-Vx+1], |x>-1, f'(x)<2
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Question 82  (¥¥¥¥)

The functions f and g are defined by
f(x)=¢", xeR
g(x)zln(x2—4), xeR, x>2 .
a) Find the domain and range of gf (x).

b) Find the domain of fg(x).

¢) Solve the equation

I
W

fg(x)

x>In2, gf (x)eR|, [x>2], [x=3
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Question 83  (¥¥¥¥)

The functions f and g are defined by
f(x)=¢e"-3, xeR
g(x)=x+1, xeR.
a) Find an expression for f~'(x), the inverse of f (x).

b) State the domain and range of f~'(x).
¢) Solve the equation
gfg(x)=2(e-1),
giving the final answer in terms of logarithms in its simplest form.

d) Find an exact solution of the equation

fef(x)=e.

FH(x)=In(x+3

~—

xeR, x>-3

f N (x)e R, [x=In2|, [x=In[2+In(3+e) ]

9
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Question 84  (¥¥¥¥)

The functions f and g are defined by
f(x)=x2+3x—7, xeR
g(x)zax+b, xeR,

where a and b are positive constants.

When the composition fg(x) is divided by (x+2) the remainder is 21, while (x—1) is

a factor of the composition gf (x).

Determine the value of a and the value of b .

,la=4], [p=12]
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Question 85  (¥¥¥¥)

The function f is defined as

f(x)=—!

T
= ,0<x<—.
I+tanx 2
a) Use differentiation to show that f is a one to one function.

b) Find a simplified expression for the inverse of f .

¢) Determine the range of f .

@ Ay = - (b

(&) y=
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Question 86  (**¥¥)

The function f is defined by

x+1, xeR, x<2
f(x)=

(x—2)2+3, xeR, x>2
a) Sketch the graph of f(x).

b) Find an expression for f - (x), fully specifying its domain.

x—1, xeR, x<3

2++x-3, xe R, x>3

[ 1, f(X)={

0 SEMHNG SAG) Stelio) SIoAGKTEY WG THAT

Borht SEETON |, AGRE AT g=2

b e el souon sty

® ‘ﬂ(l) = o n a1 343
K P s
£l -an /
0 (0= aafs o
Y=y
Y3 @

a-2= £ y-3
G2 = icgrany | 7

2-2 = V=3
2= 2t Ny

) = 23 NmT
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Question 87  (¥¥¥¥)

The function f (x) is defined by
f(x)=In(3x-2)+3, xe R, x21.
a) Find the range of f(x).
b) Find f7'(x) in its simplest form.
¢) Find the domain and range of f~'(x).

d) Sketch in the same diagram f(x) and f7'(x).

f(x)23], | (x)=4(2+e7). |x23, £ (x) 21
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Question 88  (*¥¥¥¥)

The functions f(x) and g(x) are defined by

f(x)=Inx, xe R, x>0
g(x)=e", xeR,x>1.
a) Find, in its simplest form, the function compositions
i fe(x).
ii. gf(x).

b) Find the domain and range of fg (x) .

¢) Find the domain and range of gf (x).

fo(x)=3x|, |gf(x)=x|, |x>1, fg(x)>3|, |x>e, gf (x)>¢€’
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Question 89  (¥¥¥¥)

2x+3
x=2

The figure below shows the graph of the curve with equation y =

YN

a) Write down the equation of the horizontal asymptote to the curve.

The function f is defined as

f(x)=2x+3, xeR, x20,x#2.
X—

b) Find the range of f(x).
¢) Find f7'(x) in its simplest form.

d) State the range of f~'(x).

y=2|, f(x)S—% or f(x)>2|, f“(x)z%, FH(x)=0, f(x)=2
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Question 90  (¥¥¥¥)

The function f (x) is defined by

a) Find the range of f(x).

b) Determine a simplified expression for f -l (x) , further stating the domain and

range of f7'(x).

¢) Show that the equation f~'(x)= ~3 has no real solutions.
X

[ L ]f(x)>0], f_l(X)=L+2 x>0, f1(x)>2

2 b
X
0 AT . St o G 5 Xi 4+l =0
o 4 - i
JQ J_/ :l# i
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a T I * = \1><>§
Yo S oo i o
=
; As Dommn
The ames ot fon DU, it e s i =
o P EORS 7,></
) //
bl ler y=feo @ supay
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=Y 5=
2
- g fo | L& |
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R ] 60> 07" {2
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A 3
=2 —rr2=-3
oA x

= (+23% = -2
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Question 91  (¥¥%%¥)

The functions f(x) and g(x) are defined by
f(x)=2¢", xeR
g(x)=3Inx, xe R, x22.
a) Find, in its simplest form, the function composition fg (x).
b) Find the domain and range of fg(x).

¢) Show that gf (—2) does not exist.
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Question 92 (¥¥¥¥)

b)

c)

d)

f(x)=2cos2x, xeR, Ostg

Sketch the graph of f(x).

The sketch must include the coordinates of any points where the curve crosses
the coordinate axes.

State the range of f(x).
Find an expression for f~' (x).

Solve the equation

(%,0),(0,2) |2 f(x)<2], f—l(x):%arccos(%) , x:%,%
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Question 93 (¥¥¥¥)

The functions f and g are defined as
£(x)=3(27")-1. xeR, x20

g(x)=log,x, xe R, x21.

a) Sketch the graph of f .

e Mark clearly the exact coordinates of any points where the curve meets
the coordinate axes. Give the answers, where appropriate, in exact form
in terms of logarithms base 2.

e Mark and label the equation of the asymptote to the curve.

b) State the range of f .

¢) Find f(g(x)) in its simplest form.

[ 1.{(0.2)], [(1og3,0)]. [y=—1], [-1< £ (x) 2|, | £(g(x))==-1

Y
{8=361
2)
(bg;3.0)

b W AT THe ek cenes

Ll 4{&){2/

8 {00+ £ L]+ 3(5)-
7 3(1“’515‘)»\
= 3(;1“’%1(9)_1
2344y

2

=2

il
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Question 94  (¥¥¥¥)

f(x)ze_2x+y, xeR, x>In4.
x

a) Show that f(x) in a decreasing function.

b) Find the range of f(x) in its simplest form.

f(x)eR, f(x)<

o
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Question 95  (¥¥¥¥)

The function f (x) satisfies

flx

( ):2x+1, xeR, x=>2.

x—1

a) Show that

where A and B are positive constants to be found.

b) Show that f(x) is s decreasing function.
¢) Sketch the graph of f(x) and hence find its range.

d) Find f7'(x), in its simplest form.

A=28-3[f(x)eR, 2</(x)=3], |f(x) ="
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Question 96  (**¥¥)

The figure below shows the graph of the curve C with equation y =

25
3x-2

a) State the equation of the vertical asymptote of the curve, marked with a dotted

line in the diagram.

The function f is defined as

b) Write down the range of f(x).
¢) Find an expression for f~' (x).
d) State the domain and range of f~'(x).

e) Solve the equation f (xz) = Ll
x —

_ 2x+25
3x

, 1< x<25],

ng, 1< f(x)<23. |/ (x)

1<f_1(x)S9
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Question 97  (¥*¥%¥)

The functions f(x) and g(x) are defined as

_2x%-50
x+5

f(x)

, xeR, x#-6.

g(x)=x*+1, xeR.
Show that ...
a) ... fo(x)=k(x+k)(x—k),
stating the value of the constant k .

b) ...gf (x)=4x-40x+101.
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Question 98  (¥¥¥¥)

The functions f and g are defined as

f(x)=x2—16, xeR, x<0
1
g(x)le—Ex, xeR, x>8.
a) Find, in any order, ...
i. ... therange of f(x) and the range of g(x).

ii. ... the domain and range of fg(x).

b) Solve the equation

fg(x)=g(2x-22).

[ L If(x)>-16]. [g(x)<8], |x>24, fg(x)>-16[, [x=30
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Question 99  (¥¥¥¥)

The functions f and g are defined by

f(x)=2x+3, xe R, x<8
g(x)zxz—l, xeR, x=20.

Find the domain and range of fg(x).

0<x<3

1< fg(x) <19

£®= 2ux, 2e® , <8
&O=2a"-1, xe R, 2o

0 _finid THE Domhn), tock AT THe Dice/in Beow

o 36 <8
L[] —  —y

= £g)

THe Do oF {(46) b Y 5y0 a0 gwce
= ¢ <8
= -1 <8
= asa
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Question 100

The functions f and g are given by

(****)

f:xl—)xz, xeR.
g:xH2x+1, xe R.

a) Solve the equation

b) Find the inverse function of g .

The function /4 is defined on a suitable domain such so that
ghf (x)=3-2x%, xeR.

¢) Determine an equation of 4.

x==2 U x=0

:

C) PROCEED A fRBuons

A = 2o
zﬁ% {0 = 9 (3-28)
Aovgron iy oy
W ({e) = 2620
L o) < £ Gy
Vo -

[

cohny=n

E\;
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Question 101 (¥¥%%¥)
The piecewise continuous function f is even with domain xe R, -6<x<6.

It is defined by

X 0<x<?2
fx)= 3-1x 2<xs6

a) Sketch the graph of f for —-6<x<6.

b) Hence, solve the equation

x=4+5f(x).

—_2 - ~22
1 f=3 U102

oh M((I\u&w.sc&@kw 04 6 § Befucl

THE Qut0s Ao THe 4 AXIS
4
N yr
2 w‘v_.[L.--——“ ;‘\% wb
I S l L S WP
- /

) 2OUANGE THE GUATION TO BE TUXD

= 2= 4+ L
= s = 4+%
= foy = 4x

SKETUING = 2L i Te e ser of Axis (oged)

@ Wx._ a2 R [E° S|
L= o Lo LI _371;)“)
= S =Sy 842 = 3% -5
fo=4 G= 4

1%/ 11\/ Tf:;/

NOTE T 8 = 24y e
2x+8= 3045
-2 =3
R R R

Created by T. Madas



Created by T. Madas

Question 102  (¥¥%%¥)

The graph below shows the graph of a function f (x).

YN

The function f is defined by

ax2+x, xe R, x<1
fx)=

bx3+2, xeR, x>1

The function is continuous and smooth.

Find the value of a and the value of b .
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Question 103 (¥¥%%¥)

YA
f(x)
> X
0

The figure above shows the graph of a function f(x), defined by

ax3+2, xeR, x<2
=1
bx“ -2, xeR, x>2

The function is continuous and smooth.

Find the value of a and the value of b .

a=1|, [b=3|

AS THE SEIONS qee Iont PO ROMIALS TRE oNwY
PG pHeee DISCORINUMY AW (ACC of SMOSTHILS
O ool 8 4 2=2

GNTRUY AT x=2,
2= bR
Ba+2= 4b-2
Ba—Uh = o1
2a 2k = -\

SMOUTHhYSS, #T a=2
$latea) = £(biy)

;= 2o
2a = 4b
b = 3a
RN CRY

20 (3) = -1
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Question 104  (¥¥%%¥)

The function f (x) is defined by

f(x)E3—2x2, xeR, x<0.

a) State the range of f (x).

b) Show that ff(x)

—8x* +24x? —15 and hence solve the equation ff (x)=—47.

¢) Find an expression for the inverse function, f -1 (x) .

d) Solve the equation

b faone e ougeamod Lo
£{{w) = ‘((3.1;9) = 3-2(3-z) = 3-2 (3o e
=l < —etealis S
T

= - aois = 47

= -ttt o

= d-¥-y=o

= @+ - 40"

=  @)&E-2)En)=0
1

gepose M X+ £0

—— TN THE Dowmy)
-2

= A= <

a) s s fudiod Q) R SImAeS MenpDowsy
» x
ot . —~ s
- N .&%“S — =3y
B RN ISEZ o i
3 =
\ 7 — 2. LT

"
) s xso
— == 38

- ~z
- -3~

J) SONG- ‘(:(ﬂvf 3-21" = - JEEXT 1 onpusas?

5

we S WeED e, o =x
on {hy=x (ometan)
= 3-a"=a
= 0= u*+3-3

= 0= @+)bh- 1)

¢ NN TS g
= as \6 Y

5
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Question 105  (¥¥%%)

........................... \ f(x):a+COSbX

The figure above shows the graph of the function

f(x)=a+cosbx, 0<x<2r,

where a and b are non zero constants.

The stationary points (0,4) and (27,2) are the endpoints of the graph.
a) State the range of f (x) and hence find the value of a and the value of b.
b) Find an expression for f~'(x), the inverse function of f(x).
¢) State the domain and range of f~'(x).

d) Find the gradient at the point on f(x) with coordinates (T

e) State the gradient at the point on f ' (x) with coordinates (%,4%) )

[ 1 2sf(x)<4], |[a=3.0=14). | r " (x) = 2arccos(x-3)|, [2< x<4],

0< f(x) <27, —g -4

B 9= 3semba 1)

@ L- 3o ©® % qon
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Question 106  (**%%¥)
The function f is defined in a suitable domain of real numbers and satisfies

f(x):ln(e_xj.

e+x
a) Show that f is odd.
b) Determine the largest possible domain of f .

¢) Solve the equation

f(x)+f(x+1)=0.

xeR, —-e<x<el,|x=—

b

=

[ TR (Z:i AU Souos THe Goation)
-
o= hge)- ey - blay ey sty
= h(ex) - -t = hlgz) W] -
2 e s mee oo = b S%%C) H”(%ﬁ) il
7 = bgrosmd .
ot
b)) B fud Te oter SosIE DowAd - (e-X)ea)) _
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@ e+ fo @ THE (0G5 AQGUMHST MOST BE Rsimue
24-e o = (-0 en-10= (et ]
e = @0 Cex) = &vf vCew)
(e—x)Cetx) y 4 / %
@ﬁw AN /g/»mw{_a%/: ,é(mt&{m%
(e=)Cer ) $ = -2¢ = 4o
Gar 7° L
- x=-L

AR THE DENOUINATOR 1 AuwAk fommot

(-0 Yo

4 AQOKT REAL Dotk

x€® | < a <e/
/
/
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(****)

Question 107
The functions f and g are defined by

f(x)=2x+3, xe R, x<4

g(x)=x2—4, xeR, x>1.

Find the domain and range of gf (x).

3<gf(x)<117

b

—1<x<4

9

f@=oey 26 R 2gs

g =at-y , xel x>/

OOUNG- AT THE Diktesw Reow)

243

) ox w oul
e o el s
ey
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Doubn Ao

5 < do) <7
7
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Question 108  (*¥¥%%¥)

The function f satisfies
f(x)Ex2—4x+1, xeR, x>4.
a) Find an expression for ™' (x).

b) Determine the domain and range of f~'(x).

¢) Solve the equation

f(x)=r17"(x).

[ 1 FH(x)=2+Vx+3], [xeR, x>1], | f'(x)eR, f7(x)>4

2

o ot x>q ) sermpuc o0 |
Y= A i
H=G@a-3 o)
Yai= @2 @
a2 = 2{gea o
o TR S C il
T [ENES
d [+ Je
£y ar \l??/

B
o Doudw o {002 abi
e e fR): s

Qe G T 00=40) om e souko #e {Q)x e

T0)e (1F T gacie) e 4ae !

= b =3 «f {6
= Y-z p

= (-5 Zaiso

= -8

— (-5 =

Created by T. Madas

-



Created by T. Madas

Question 109  (¥¥%%¥)

The functions f(x) and g(x) are given by
f(x)=3x—k, xe R, x21, ke R
g(x)=2x"+4, xeR, x>0
a) State the range of f (x).
b) Find an expression for gf (x) in terms of k.
¢) Find the range of values of k which allows gf (x) to be formed.

d) Find the value of k, given that gf (3)=102.

f(x)eR, f(x)23—k|,|f(x)e R, 2(3x—k) +4|, [k<3].[k=2, k=16
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Question 110 (¥*%%¥)

The function f(x) has domain xe R, -1<x<35.
It is further given that f’(x)>0 and f”(x)<0

Find a possible equation of f (x), which does not contain exponentials.

1l (w)=—
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Question 111
The function f is defined by

(****+)

—x2+8x—5, xeR, x<2
f(x)=

x2—2x+8, xeR, x>2

a) Show that f ...

i. ... is not continuous.
il. ... is an increasing function.

Let the set A be defined

A={xeR:1<x<3}.
b) Determine the range of f(A).

¢) Find an expression for f - (x), indicating clearly its domain.

4—-~J11—-x x<7

L1

f(A)e[2,7]u(8.11]

M (x
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Question 112 (¥*%%4)

The function f (x) is defined

f(x)zxz(x+2), xeR, x>0.

a) Show that f(x) is invertible.

b) Solve the equation

Fx)=f"(x).

I:l, x=—1+2

Created by T. Madas

q} SAS\EST IS o Sipu) THAT —Cm AN INGARING
PNLTION) 1N TS Dowfon

= {&)= 11[1&) I>o

ERCOEREE= S

{ = a2
o, 4@y o

204 1S m IR TN, & fouce woomece
d

“
b e souton s o £0)- {0 & onem
T of @ =x @ mxeo {w-2

= {eo=2
T(ER)=x

() =1 (o)

v = |
2
@i i=

(r= 2

IR RN AR )

T = kD

- a=

[y
)—,\Q




Created by T. Madas

Question 113 (**¥%4)

The function f is defined as
fix>6—In(x+3), xe R, x2>-2.

Consider the following sequence of transformations 7}, 7, and 7.
5 T, 15
Inx—1>In(x+3)—2>-In(x+3)—32>-In(x+3)+6.

a) Describe geometrically 7;, 7, and Ty, and hence sketch the graph of f(x).

Indicate clearly any intersections with the axes and the graph's starting point.

b) Find, in its simplest form, an expression for f - (x), stating further the domain

and range of £~ (x).

The function g satisfies

2
g:x%ex -3, xeR.

¢) Find, in its simplest form, an expression for the composition fg(x).

, |T; = translation, "left", 3 units|, |7, = reflection about x-axis

-

T; = translation, "up”, 6 units], [(0,6-1n3)|, |(-3+¢°,0)|, |(-2.6)|.

Fhixs 3+e, [x<6, T (x)2-2, |feix> 647

Q) KETHOG ¢ DESCRIBING |, STHGE By STHEE.

Q W = 6-lwbuz) | foo Smeucny

1\ 4y
i b xeta? PRNC] i\ 4 !
T b U xs ! a - = Y= 6~ £ 1
1T T N i A I D |2>=2|ass
| iy 4=lnlxsd) 293 | Y= s = W) = 6-9 IT? e -
wos =3 5=y
T sl 3 s e OReo MaT T2 Ang  Tat ToWSATILGR) 6 o = A3 = e
- - = 23 P =, DoAY <€
g Fapigx A g {2 A
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< Ruruy e Gopposmond
L) = L0&4)
= e-hl(Eaw]
= 6-ln(e)

R KA
=

Kl

eL=2 y=C-t e (26) i
@y=o o=g-lGxa i
n(xsd) =6 |
A s |
asets e (days)

40 6-Wa) | 2y

(06-43)

=
Eory
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Question 114  (¥***4)

The functions f(x) and g(x) are defined by

4
= , xeR, x>0
(%) x+3 * g

g(x)=9-2x, xeR, x>2.
a) Find, in its simplest form, the function fg (x) .
b) Find the domain of fg(x).

¢) Find in exact form where appropriate the solutions of the equation

‘fg(x)‘zl.
d) Solve the equation
f(x)=17"(x)
fg(x)=6_2)C2 : 2<x<¥, x=2,x# 222, x £ -2, [x=1, x# 4]
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Question 115 (***%*4)

The functions f and g are defined by

f(x)=2x+1, xe R, x<5

g(x)z x—1, xeR, x=>10.

a) Find an expression for the composite function fg (x) , further stating its domain

and range.
The domain of g(x) is next changed to x>a.

b) Given that now gf (x) cannot be formed, determine the smallest possible value

of the constant a .

[ 1 fe(x)=1+2x—1],

xeR, 10<x<26|, [fg(x)eR, 7<fg(x)<11],
a=26
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Question 116  (***%*4)

The function f satisfies

F(0)=4-

3 , xeR, x=>1.
x“+2

a) By considering the horizontal asymptote of f (x) and showing further it is an

increasing function, find its range.

b) Find f~'(x), in its simplest form.

¢) Find the domain and range of f~'(x).

FeR, 3<f(x) <4, | (x)= /ix_‘j ,

xeR, 3<x<4

Af(x)eR, f(x)21
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Question 117  (**%%4)

The function f is given by
f(x)=1+vx+1, xeR, x20.
a) Find an expression for the inverse function f -l (x).

b) Determine the domain and range of f ™' (x).

¢) Solve the equation

T (x)=x*-2x, [xe R, x20], |/ (x)eR, f'(x)>0],[x=3

Created by T. Madas
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Question 118  (**%*4)

e

The above figure shows the graph of the function f (x), consisting of two straight line

segments starting at A(—4,—4) and B(6,8) meeting at the point C(4,0).
a) State the range of f (x).
b) Evaluate ff(4).

¢) Hence find fif (5).

[continues overleaf]
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[continued from overleaf]

The inverse of f(x) is f~'(x).
d) Sketch the graph of f7'(x).
e) State the value of f~'(x).

f) Solve the equation f(x)=f""(x).

—4< f(x)<6], [ (4)==2|, | (5)==2[, | (0)=4], x:_4,%
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Question 119  (**¥%*4)

The functions f and g are given by
f(x)=5e""+1, xe R, x>0

g(x)=2x+1, xe R,
a) Find ...

i. ... anexpression for gf (x).
ii. ... the range of gf (x).

iii. ... the domain of fg(x).
b) Show that the only solution of the equation fg(x)= 5¢2*_9 can be written as

X =

=

[—1+ln(1+\/§)]

gf (x)=10e"+3|, [3< gf (x)<13[, [x>—

=
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Question 120  (***%*4)

> <

f(x)=e"+ke™

The figure above shows the graph of the function with equation

f(x)=e"+ke™, xeR , k>1,n>0.

Find the range of f(x) in exact form.

[ L |r(x)=2vk

(OUATE B (0-0ROINGTES OF THe MINKIM Y _DiFfentiamon]
Loy M ke
L) = e _nke™
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- ¢
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= Y- < v R
=4 Re 35
=4= oS
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Question 121  (**¥%*4)

y=x/§cosx—sinx

The graph of y = J3cosx—sinx for 0<x <27 is shown in the figure above.
. /4
a) Express 3 cos x —sin x in the form Rcos(x+a), R>0, 0< 0{<5 .

The function f is defined as
f(x) —J3cosx—sinx, xe R, 0<x<2r.
b) State the range of f (x).

¢) Explain why f(x) does not have an inverse.

[continues overleaf]
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[continued from overleaf]

The function g(x) is defined as

g(x):x/gcosx—sinx, xeR,0<x<x<x,<2r7.

The ranges of f (x) and g(x) are the same and the inverse function g~ (x) exists.

d) Find ...
i. ...the value of x; and the value of x,.
ii. ... an expression for g (x).

Sx 117z

|:|, ﬁcosx—sinszcos(;H%j L2 f(x)<2f, xlz? , xzz? ,

-1 V4 1
—__+ p—
g (%) p arccos(

M e o<y <o~

G dome Ae) § w1 A o0 o | cq KE) =0
g

@)@ e 2

Created by T. Madas



Created by T. Madas

Question 122  (**¥%4)

The function f is defined as

f(x)= n(H—xj, x|<1.
1-x
a) Show that f(x) is an odd function.

b) Find an expression for f’(x) as a single simplified fraction, showing further that

f’(x) is an even function.
¢) Determine an expression for ™' (x).

d) Use the substitution # =e*+1 to find the exact value of

In3
j 7 (x) dx.
0

The figure below shows part of the graph of f (x).

T A £(x)

0=

e) Find an exact value for the area of the shaded region, bounded by f (x), the

coordinate axes and the straight line with equation x = % .

, 2 , e*—1 4 3
, x)= , x)= , | Inl=x]|, |larea==In3-21n2 = 0.262
[ rw=—s F@=or| () 3

[solution overleaf]
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Question 123  (**¥%4)

The piecewise continuous function f is defined by

%—x, xeR, —10<x<2

xeR, 2<x<4

Determine an expression, similar to the one above, for the inverse of f .

You must also give the range of the inverse of f .

2 1 1
—, xeR, S<x<5

[ L ()= Vx 87772 -10< £ (x) < 4
57X xeR,%<x<2—25
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(T 5x e, oexes
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Question 124  (¥***4)

f(x) =ln(4x—8), xeR, x>2.
a) Find an expression for the inverse function, f ' (x).

b) Find the domain and range of f - (x).

The function g is defined as

g(x)=|x , xeR.

¢) Sketch the graph of fg(x), indicating clearly the equations of any asymptotes

and the coordinates of the points where the graph meets the coordinate axes.

d) Hence solve the equation

fg(x)zl.

i (x)=2+de", [xe R 7 (%)>2, [(2.0), (-5.0), x=22|, [x=1

Q) 9=hb-g) ¢ ML Wha-8) iy In(t-a)
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Question 125  (**¥%4)

Information about the functions f, g and & are given by

7(x)=1-=.
g(x)=fr (x).

x=3
fhlx)= x—4

All the above functions are defined for all real numbers except for values of x for which
the functions are undefined.

Find simplified expressions for ...

a) ... g(x).
b) ... f2(x)
o ... f(x)
d) ... h(x)
g0 =—|. [ =], | " (x) = |, [ =4
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Question 126  (****4)

The functions f and g are defined by
f(x)=sinx, xe R, T <<l
2 2
g(x)Ex—%, xeR, x>0.

Determine, showing a clear method, the domain and range of the compositions

a) fg(x).

b) gf (x).
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Question 127  (***%*4)

A function f is defined by
f(x)=x*—12x+27, xe R, x<4.
a) Find an expression for f ! (x).

b) State the domain and range of f~'(x).

f_l(X):6_\/m , [x=-5], f_l(x)<4
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Question 128  (***%*4)

The functions f and g are defined by
f(x) =3x>+6x, xe R,
g(x) =ax+b, xe R.
a) Given that g(x) is a self inverse function show that a =—1.
b) Given that gf (x) <10 for all values of x, determine the range of values of b .

b>-7

Created by T. Madas



Created by T. Madas

Question 129  (**¥%*4)

A function f is defined in a restricted real domain and has equation
f(x)=x*—6x+13.

It is further given that the equations f(x)=8, f(x)=13 and f(x)=20 have 2

distinct solutions, 1 solution and no solutions, respectively.

Determine the possible domain of f .

0<x<7 or —1<x<6|

b

4@)= X-a@4r 5 Douald o R Derianied

-L\w’aj,:\f ) 2 Souiong
e f@=n 1 sumod

e &) =20 ) NO Solymon)

WOMURETE THE SPUAlE TO LOCATE THE MINIMUW

e PR
= (32-3)-3+3
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Question 130  (**¥*4)

y
A

(0,10)

y=r(x)
(12.4)

\ 4

0 (4.0)
The graph of the function f(x) consists of two straight line segments joining the point
(0,10) to (4,0) and the point (12,4) to (4,0), as shown in the figure above.
a) Find the value of ff(2).

The function g is defined as

4 OSALING WD} 4 Goon DR 4 (ONRIOAL.SIK TS @GR ool AT k- (oo DA, W] SINIAL TRMAL & Yeuow
4y

(o)

, ; \ / :
ST ;
b ,
\\ L I
- 2
1 (40
x
® 0Nt sowlion 8 3=12 (B ispection)
® THe OWEL ST SHISAES Eraih
T ia
= L=%-6
= lo=24
- Sx=12
= a=2
i
= /4
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Question 131  (**¥%4)

The function f is defined as

f(x)=3-Indx, xe R, x>0

a) Determine, in exact form, the coordinates of the point where the graph of f

crosses the x axis.

Consider the following sequence of transformations 7}, 7, and T5.

T b

Indx CIndx—D 53 indx

Inx

b) Describe geometrically each of the transformations 7}, 7, and 73, and hence

sketch the graph of f(x).
Indicate clearly any intersections with the coordinate axes.

The function g is defined by

¢) Show that

fe(x)=x—k—-klnk ,

where k is a positive integer.

I:I, (%e3,0) , |T; = stretch in x, scale factor % , |T, =reflection in the x-axis|,

T; = translation, "up", 4 units|, |k =2

Q Souns M=o viess b) oo o sewing ot smoe 3
=50 3 Wiy M N . {3t
= b= 3 I T T i T\Mh ]
4o ‘, TEOIR } i p
- x= g | 7
P S L S e U

( o
+e) TR, POEATAY Lo teoll TeaATia), 'uhooanst

‘)_F“W THe (OUPERITION
o) = 4(")
= 3o (4
= 3o fegene™]
= 3- Dw\y « (s=xd]
=3- -5+

= a—2—lub
2

= x—2-2w, X3 ‘c:z//
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Question 132 (**¥%4)

The function f is defined as
f(x)=In(4-2x), xe R, x<2.

a) Find in exact form the coordinates of the points where the graph of f(x) crosses

the coordinate axes.
Consider the following sequence of transformations 7}, 7, and 7.
T 5 (&
Inx—1>In(x+4)—2>In(2x+4)—2>In(-2x+4)

b) Describe geometrically the transformations 7}, 7, and 73, and hence sketch the
graph of f(x).

Indicate clearly any asymptotes and coordinates of intersections with the axes.

¢) Find, an expression for f ' (x), the inverse function of f(x).

d) State the domain and range of f~'(x).

]:l, (%,0), (0,In4)|, |T; = translation, "left", 4 units|,

T, = stretch in x, scale factor 1 , | T3 = reflection in the y-axis|,

2
7 (x)=2-1e*|, [xeR], |/ (x) <2

asymptote x =2

b

q T S
® €T 1=0O ® £T Y=o
4=l = 2l o= lw(4-21)

Q) ARG THe STMOARD MiTER B AnD THE MOWSE

(&)= Wd-2)
o = -2

e €= 421
(l\n&)/ [Z::,h aﬂf 4:&3
BE A ERghet
) DESEIBNG T ToANSREMATON T AOD smu;// 3 {@- 2- 53/
7
! <o) S

ToMN x<2 ) 3R
e | {eR ] 4du<e

-
2 dowmwor $6 - 36Q
WTE oF Eu) P L(‘x)e?? wr¥y< l/ﬂ/;’"/’

/

Tz\ymm,ﬂxwlmmmg
[ Nt
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Question 133 (**¥%4)

The function f is defined by

f(x)= /l—xiz, xeR, x>2.

a) Find an expression for f~'(x), in its simplest form.

b) Determine the domain and range of f -l (x).

xeR, 0<x<1

AN ()eR, T (x)22

7 (x)= :

—_ = -t
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Question 134 (¥***4)

The function f is defined on a suitable domain, so that the functions g and / satisfy
the following relationships.

a) Show clearly that g is an even function and % is an odd function.

It is now given that

f(x)zx—ﬂ, xeR, x#=*1.
x—

b) Express f(x) as the sum of an even and an odd function.
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Question 135  (*¥¥%%*4)

The functions f and g are defined by

7 7
=3sinx, R, —<x<—
f(x)=3sinx, xe S Sx<

g(x)E6—3x2, xeR.
a) Find an expression for f~'g(x).

b) Determine the domain of f -l g (x) .

|:|, f_lg(x)=arcsin(2—x2), ~J3<x<—1 or 1<x<43
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Question 136  (**%*4)

A function f is defined as

y=3x4—8x3—6x2+24x—8, xeR, 2<x<3.

Sketch the graph of f, and hence state its range.

The sketch must include the coordinates of any stationary points and any intersections

with the coordinate axes.

[ ] l27<7(x)<37

““““ SETIG THe Frad of e GUBIATC

S = —4d20m L
L= 3t-eer -8 PR L R Rt AN
)= o2t -a vak

S0 ol oo Y
= -t -asral <o (a0
= Ll x42=0 C29) ) /m
(G

= @) - G-2)=0 (EXTNY Gl
(G5 = a
ore) /
&= |

= G&-2)E==0
= @-2)@-Na) =0

HONCE e oBTAN 4 Aua Setd o THe GUARTC FncTion

pr 0 ‘Tz?)
- Q t B al Sl Cts) A0 Fvfuy e 2A0E Woentr AT Te Ak _aed IS
-t T2 {Su-n}
T -7< Ha) <37 /
7

R 2% T ATl (S SATIONARY oh THE 2 ANS IT MOXT -tink: 4 RepedTio
Qut AT a2 (W Whigrion K THRE: A% Too WORE STHTIn®Y VALKY).

e b b @2

32yt -2
B A )
;2
QY-87 +os -8
~4e - (e
]
28 +§

W) < el i -2)
=2

Btacs lo-hdx(2)= 4o
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Question 137  (*¥¥*%%*4)

The function f is defined as

f(x)E , xeR, x#

[\]

po
|

(SN
=

The function g is suitably defined so that

3x+2
f(g(x))E%, xeR, x#

a) Determine an expression for g(x).

The function £ is suitably defined so that

h(f(x))zﬂ, xeR, x=#2.

x—2

b) Determine an expression for i(x) .

Wl

[ ] |e(x)

i 27 3
Lr\fmj:}; 3

2R, a2 4

Ol 3man
30~ -5
>(3-5)g + A< = Z(&rz\g—ﬁl—z

S
-3 = Q;uux%xus\,g

Next we proceed as L lawg
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Question 138  (¥*%%%)

D=

+x]xeR.

f(x)= h{(x2 +1)

Show clearly that ...

b) ... f(x) is an odd function.

proof
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Question 139  (Gk¥¥*¥)

4x? —10x+7

2 ,xeR, x#1, x#2.
x°=3x+2

f(x)=

Determine the range of f (x).

[ L f(x)s=2V3U f(x)2243

: B2 ox s 1 RN R |
fa- ilii\j&i XER ) adi,ad23

0

@ LT 3= 13 & V% A Diceunnd MTeD

© HENE THE PANGE (S

fa<-2 o {023 7
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Question 140  (F¥¥%%¥)

The function f satisfies

2x+3

x=2

2f(x)+3f( j:3x+l,xeR.

Find the value of f(9).
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Question 141

(*****)

YA

V=

The figure above shows the graph of

f(x)— 5-3x

= R, x#1,3.
(x-1)(x-3) "

a) State the equations of the vertical asymptotes of f (x), which are shown as
dotted lines in the figure.

[continues overleaf]
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[continued from overleaf]

The function g is defined by as

5-3x

e [E)

xeR, 0<5x<1.

b) Find an expression for g! (x).

¢) State the domain and range of g™ (x).

2
g—l(x):4x 3 ;lx 4x+9 rer
X
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Question 142  (F¥¥%%¥)
The function f is defined below.

f(x)sln[sinx+\/2—cos2x}, xeR.

Prove that f is odd.

, |proof

T 0 Nore THAT | sin(y) = S
os(=1) = (osx

TS We Now e
_{(,Q = [sw,(»Ly 2= iRy ]
=l L‘S\vu ) 2= oy j

iy lw[\)z.fm& —S\m]

SS RE R T e HW)J
Varwdd s

=[Gt i ]
V2ot T4 s

=H P

= [ e sy

P 8 B PSR T |

=—f6

As {0 =4 | £ s onp /
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Question 143 (Gk¥¥*¥)

The function f is defined below.

sin xcos x
€

+1

Sin xcos x
€ -1

f(x)

, xeR.

Prove that f is odd.

= -{w
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Question 144  (Gk¥¥x¥)

a) Show clearly that ...

i f(=x)==f(x)
, 2e”

i .. f(x)= .
=) (e"+1)

b) Explain how the results of part (a) show that £~ (x) exists.
¢) Find an expression for f ! (x).
The function g(x) is defined in a suitable domain, so that

2
x“+6x+8
fe(x)=

- x> +6x+10

d) Determine the equation of g(x), in its simplest form.

Rt =ln(1+—xj g (x)=2In(x+3)

oy
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Question 145 (Gk#¥*¥)

The function f satisfies the following three relationships
i. f(3n—-2)=f(3n)-2, neN.
ii. f(3n)Ef(n),neN.
iii.  f(1)=25.

Determine the value of f(25).
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Question 146  (¥*¥%%¥)

The function f is defined as

f(x)=—4+Vmx+12, xe R, x>

b
12
where m is a positive constant.

It is given that the graph of f(x) and the graph of f~'(x) touch each other.

Solve the equation

x=12|

b
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Question 147  (Gk¥¥x¥)

The functions f and g are defined by

f(x)=cosx, xe R, 0<x<7x

a) Solve the equation

fo(x)=4%.

b) Determine the values of x for which f -l g(x) is not defined.

l:l, x:i\/l—% lx<—/2 or x>2
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Question 148  (¥*%%%)
The function f is defined

f(x)zx/m, xeR, x<4.

It is further given that
fg(x)zm, xeR, x>-2,
hf(x)zx—4, xeR, x<4.

for some functions g(x), xe R and h(x), xe R.

Find simplified expressions for ...
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Question 149  (Gk#¥*¥)
The functions f and g are defined by

f(x)=

x2, xeR, 0<x<1
2—x, xeR, 1<x<L2

g(x)zl, xeR, x#0.
X

a) Find expressions for the function compositions fg(x) and gf (x), giving full

descriptions of their domains.

b) Sketch the graphs of the function compositions fg(x) and gf (x), and hence
state the ranges of fg(x) and gf (x).

iz’ xeR,ESx<1 iz’ xeR, 0<x<1
[ 1 |fe(x)= xl | &f (%)= xl
— xe R, x=>1 , xeR, I<x<?2
X 2—x
fe(x)eR, 0< fg(x)<1
gf(x)eR, gf(x)Zl
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Question 150  (¥*%%%)

N—

f(x) =xln[(x2+l)

1
+x}—(x2+1)2, xeR.
Show clearly that ...

1
a) ... f’(x)zln{(x2+l)2+x}.

b) ... f’(x) is an odd function.
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Question 151

The piecewise continuous function f is given below.

function, f~'(x).

Created by T. Madas

x<5

x>5

2x-2
x+3

()=

b) Sketch a detailed graph for the composition ff (x).

a) Determine an expression, in similar form to that of f (x) above, for the inverse

x<8

x>8

lx+1

f(x)=42
x=3
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Question 152  (¥¥¥%%¥)

The function f is defined as
f(x)E4x3—12x2+8x, xeR, 0<x<3.

Find the range of f, and hence sketch its graph, showing clearly the coordinates of any
relevant points.

[ 1 [-53=r ()=

\
v
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Question 153  (¥**&¥*)

f(x)sz;k, xeR, x*—-4x—k=#0,
x —4x-k

where k is a constant.

Given that the range of the function is all the real numbers determine the range of
possible values of k.
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Question 154  (*%%%)

100

1 100

* E—E x+r) ", xeR, x20.

f( ) x100+100100 - ( )
r=

Use a formal method to find the equations of any asymptotes of f(x).

I_l, y=100
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Question 155  (¥¥¥%%¥)

The functions f and g are defined in the largest possible real domain and their
equations are given in terms of a constant k by

(367 +1)x—k+1 Tt dk
f(x) x—k+3 . g(x) 4x+10

Given that f and g are identical, determine the possible value or values of k .
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Question 156  (¥*¥%%¥)

The function f is defined by

f(x):2—l, xeR, x#0.
X

a) Prove that

B (n+1)x—n

= ,n>1,
nx—(n—l) "

(%)

h

where f"(x) denotes the n" composition of f(x) by itself.

b) State an expression for the domain of /" (x).
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Question 157  (G¥¥¥%%¥)

The real functions f and g have a common domain 0 < x <4, and defined as

f(x)=(x-1)(x-2)(x-3) and g(x)sjoxf(t) dr .

Use a detailed algebraic method to determine the range of g .

[ ]|

ENNe

IA
o9

—~
-

N—
IA
o

® NOXT (Dok O SHIONAY Poiag

, ( .
Q&) = {w) - Samonay At =L 2
=

Created by T. Madas



Created by T. Madas

Question 158  (***%¥*)

The functions f and g are each defined in the largest possible real number domain
and given by

o ]
3 4w a2
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Question 159  (¥¥%%¥)

The function f, defined for all real numbers, satisfies the following relationship

f(x)+4f(—x)El+x2j f(u) du.

Determine as an exact fraction the value of

j_llf(x) d.
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Question 160  (¥*%%%)

The function y = f(¢) is defined by the integral

I
f(t)zj (x=t)°+1% dx, teR, t20.

Determine the range of y .
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Question 161 (¥¥¥%%¥)

The function y= f(x), xe R satisfies

f(x)+2f(2-x)=x*, teR, 1>0.

Determine a simplified expression for y = f(x).

Ty + 2 dy ~ Gw?
® DOOUTE Raw )N A (oMo wArE Y u

o P
W@ ¢ 2dGw) = w o P T
3 g (= Len=ew -2{w

Leq + 2@ = @ J

N

- 2+8 = 340

[
= 0= Lozl

oIS LB o
e xu\,zgqf%, ‘E
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Question 162  (¥¥¥%%¥)

The figure above shows the graph of the function f(x), consisting entirely of straight

line sections. The coordinates of the joints of these straight line sections which make up
the graph of f(x) are also marked in the figure.

Given further that

J2k+f(x2—4) dx = 0,

-2

determine as an exact fraction the value of the constant k% .

@ fove G y)
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Question 163 (¥¥¥%%¥)

f(x)E%(xz—l)(x2—9), xeR, keN.

Determine the solution interval (n,k), ne N, so that the equation

|/ (x)]=n.

has exactly n distinct real roots.

|| |(nk)=(81)=(6.2) = (4.4) =(5.2) = (6.2) = (7.2)
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