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Question 1 (*%)

. . ) 2. e .
The binomial expression (1+x) ~ is to be expanded as an infinite convergent series, in

ascending powers of x.

a) Determine the expansion of (1+ x)_z, up and including the term in x°.

b) Use part (a) to find the expansion of (1+2x)_2, up and including the term in

X, stating the range of values of x for which this expansion is valid.

[ 11204322 -4 +0(x*)], [1-4x+12¢" =322 +0(x*)|, |-L<x<
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Question 2 (**+)

) ) . -1 . P .
The binomial expression (1—x) ~ is to be expanded as an infinite convergent series, in

ascending powers of x.

a) Determine the expansion of (1— x)_l , up and including the term in X,

, up and including

b) Use the expansion of part (a) to find the expansion of -
—2x

the term in x°.

¢) State the values of x for which the expansion of - is valid.
—2x
2.3 4 1,2, .4 .2, 8 3 4 _3 3
I1+x+x"+x +0(x), 3+9x+27x +81x +O(x), 2<x<2
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Question 3  (**+)

1
The binomial expression (1+x)2 is to be expanded as an infinite convergent series, in

ascending powers of x.
1
a) Determine the expansion of (1+x)2, up and including the term in X

b) Use the expansion of part (a) to find the expansion of V4 +2x , up and

including the term in X

¢) State the range of values of x for which the expansion of v4+2x is valid.

I:l, 1+%x—%x2+%x3+0(x4) , 2+%x—%x2+6—14x3+0(x4) ,
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Question 4 (**+)

L e .
The binomial expression (1+x)3 is to be expanded as an infinite convergent series, in

ascending powers of x.

1
a) Determine the expansion of (1+x)3, up and including the term in X

1
b) Use the expansion of part (a) to find the expansion of (1—3x)3, up and

including the term in X

1
¢) Use the expansion of part (a) to find the expansion of (27 —-27x)3, up and

including the term in X

-

1+%x—6x2+%x3+0(x4) , l—x—xz—%x3+0(x4)
3—x—%x2—%x3+0(x4)
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Question 5 (**+)

5x+3
(1-x)(1+3x)”

_ 1
f(x)— x|<3.

a) Express f(x) into partial fractions.

b) Hence find the series expansion of f (x), up and including the term in X

] fx) === | (x)=3-x+116" =250+ 0 x*)

1-x 1+43x

Question 6 (**+)

2x 1
= x#E—=.
/) (+2:) 2

a) Find the first 4 terms in the series expansion of f(x).

b) State the range of values of x for which the expansion of f (x) is valid.

1| (x) = 20127 +48¢ —160x* +0(»°)|, |[-L <x <
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Question 7 (**+)

Show that if x is small, then

32

l:l , | proof

Question 8 (**+)

4
=2l+4x +——.
1) g I+x

=

a) By combining the first 4 terms in the expansions of (1+x)_1 and (1+4x)
show that

f(x)=6+4x.

b) State range of values of x for which the expansion of f(x) is valid.

] [Fi<xe

=
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Question 9 (**+)

(1+2x)? !
f0=A

a) Find the first 4 terms in the series expansion of f(x).

b) State the range of values of x for which the expansion of f (x) is valid.

[, f(x):1+6x+16x2+32x3+0(x4) -L<x<

Question 10 (*%*%)

-2
F(x)=(1+3x)(1-3x) "
a) Show that if x is numerically small

f(x)zl+£x+§x2+@x3.
3 3 27

b) State the range of values of x for which the expansion of f (x) is valid.
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Question 11 (**%)

y=+4-12x, —%<x<%.

a) Find the binomial expansion of y in ascending powers of x up and including

the term in x°, writing all coefficients in their simplest form.

b) Hence find the coefficient of x* in the expansion of

(12x—4)(4—12x)

L1

=

y=2-3x-

%xz —%)ﬁ +O(x4) , =27
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Question 12 (**%)

-1 e . .
The binomial (1+x) 2 is to be expanded as an infinite convergent series, in ascending

powers of x.

-1
a) Find the series expansion of (1+x) 2 up and including the term in X

b) Use the expansion of part (a) to find the expansion of , up and

1
VI+2x
including the term in X,

¢) State the range of values of x for which the expansion of is valid.

1
V1+2x

with x=-0.1 to show that +/5 = 2.235.

d) Use the expansion of

1
V1+2x

1—lx+§x2 —ix3 +0(x4)

2 ] 16 1—x+3 2 ix3+0(x4) -

7)( —2 <x<

=
=

-

Created by T. Madas



Created by T. Madas

Question 13 (**%)

f(x)=\/1—2x , |x|<%.

a) Expand f(x) as an infinite series, up and including the term in X

b) By substituting x =0.01 in the expansion, show that V2 ~1.414214.

f(x) =1—x—%x2 —%x3+0(x4)

@ A== ()™ o
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Question 14 (**%)

18—19x
(1-x)(2-3x)’

£ (x)

xeR,

x|<%.

a) Express f(x) in partial fractions.
b) Hence, or otherwise, show that if x is numerically small

f(x)=9+13x+19x% +28x°.
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Question 15 (**%)

2—x

f(x)zm,

x|<1.

a) Show that the first four terms in the binomial expansion of f(x) are

2—2x+§x2—x3.
4

b) Use the answer of part (a) to find the first four terms in the expansion of

_2-2x

x)=——=.
g( ) VI+2x
[ 1 g(x)=2—-4x+5x-8x°

(o, 2-%

e :

q {»- 22X .G
=

» BV
=Gl e ) L
L

= () Cr-bx+
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Question 16 (**%)

Pl ik,

a) Expand f(x) as an infinite series, up and including the term in x”.

x|<8.

b) By substituting x =1 in the expansion, show that

\/— - 256 or \/5 - 181
181 128

16~ 512

|:|, f(x)=1+Lx 1 x2+0(x3)

d)  EXPAND GRING THE SADACD RRUUA
(. L
Y@= E =G

Loy = 1+ §

) v £ G o)

[
46) =1+

by L2 ot
a - dst e o) A

a7
Ne =

Now) We HAVE To POSSIBLE APPRXINATIONS
3. sw

L o s RATRAUSE (IS
‘e =L
-
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Question 17 (**%)

27342 _ P Q
(2-x)(1+3x) 2-x 1+3x’

a) Find the value of each of the constants P and Q.

b) Hence show that if x is sufficiently small

27x+2
(2—x)(1+3x)

z1+11x—26x2+%x3.
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Question 18 (**%)

16 A B C
= - -

(1-x)(2=x)° 1-x (2-x)° 2-x

a) Find the value of each of the constants A, B and C.

b) Hence show that if x is sufficiently small

16

W’*“L‘i‘g){fﬁ‘llxz .
I-x)(2—x

. |[A=16], |B=-16/, |[C=-16]

9 b
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Question 19 (**%)

15

f(x)=ﬁ»

x|<l.

a) Expand f(x) as an infinite series, up and including the term in X

b) By substituting x=0.1 in the expansion of f(x), show that

J10 =3.162

f(x)=15+%x+%x2+%x3+0(x4)
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Question 20 (**%)

In the convergent binomial expansion of
(1+bx)", |px| <1
the coefficient of x is —6 and the coefficient of x* is 27.
a) Show that b =3 and find the value of n.
b) Find the coefficient of X,

¢) State the range of values of x for which the above expansion is valid.

, n=-2

, [x3}:—108 , —%<x<

W=

Q) @D Ciaba)' I Gaweal foou b T 2
e |
Qb= v 81 B (o 2D
G Ar\nj = 1k b+ PnE)Bal + InGeior ST

-< a1 Depiee w ()

SUONG SIMITANEIS,

Wb =-€ _ {V\‘o;—é
LoGr-)S=27 3 = oG- Ff'ﬁ

e 2l
-0k = St

= 36 = S

= 3:-36=5y

= X = By

D (2]: Laajaa)b - L’

— o8
A v B loa| < 1
3| < |
\1\<§ <§<1<§/%
7
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Question 21 (**%)

20

f(x):m’

x| <2.
a) Expand f(x) as an infinite series, up and including the term in X

1
b) By substituting x = o in the above expansion, show that

J6 =245,

[ 1 [r(x)=10-3:+152 250 0(+*)
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Question 22 (**%)

f(x)=~225+15x,

x| <15.

a) Expand f(x) as an infinite series, up and including the term in x2.

b) By substituting x =1 in the expansion of f(x), show that

\/1—;3 1859

480

[ 1. f(x):15+lx_¢x2+0(x3)

27 120
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Question 23 (**%)

4x+1

_axrl <]
(1-2x)(1+x)

f(x)= <§.

a) Find the first four terms in the series expansion of (1+ x)_l .
b) Hence, find the first four terms in the series expansion of (1 - 2x)_1 .
¢) Hence show that

f(x)= 14+5x+7x2 +17x°,

stating the range of values of x for which the above approximation is valid.

[ 1|+ =1=xea? = +0 (o)), [(1-20) 7 =1+ 20+ 427 +82° + 0«
<X<%

=

Q) BPAWNNG. BiNOMIAW/
(s e TG0l R ) 2EAENGY ol
= 1o Xt =% o)
Ykt stw=(ny”
R (-2) = g6
B JCnY = (1-20"'= 1= C2)+ -y - Gz:)ﬁ oY
— 1y 2+ 2% 820+ oY)
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{ay=(da) (1425 (i)
L0)= Qrw) Qeaea™ = ) (e 2ty )
£S) =00 42 £ 1 e 4+ o)
S o S LT )
a 42+ o(aY)
—a* +o(av
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Question 24 (**%)

f(X)=(6_xj2»

1+2x

1
A<=,
2

Determine the value of the coefficient of x? in the binomial expansion of f (x).

[ ], [481
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Question 25 (**%)

[N

, —l<x<l.

F(x)=(1-%)

a) Find the binomial expansion of f(x) in ascending powers of x up and

including the term in X2,

8 8
=(8-3x)3, ——<x<—.
g(x)=(3-30)}, S <t

b) Use the result of part (a) to find the binomial expansion of g(x) in ascending

powers of x up and including the term in X2

¢) Hence, show that

37 . 55!

288

[ 1 f@=1-de-ga2+0(x)). [s(x) =2~ fx—55x* +0(x’)

q) f(;j:(;1>‘¥

== 1 20 v 3D o)

= foy=1- ka2 - oy o@)//;

b ane por

- - @0 - - 20w

- g8 =2 (3

= 90 = 2[ - 5@y~ FBY o]

B A R N
1

= 2- Zlfgr‘ﬁuo@x)//

) UT a=L W Rom 9068 oF T expmaon O 4G)

(8- 2%« 2- a4

-

= @-wx 2-4y- SO

- T~ e Lok
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Question 26 (**%)

In the series expansion of

ax|<1,

(1+ ax)n ,
the coefficient of x is —10 and the coefficient of x° is 75.
a) Show that n =-2 and find the value of a.

b) Find the coefficient of X,

¢) State the range of values of x for which the above expansion is valid.

n|—

a=>5

b

[xﬂ:—soo, ~L<xc

9

o) oD Doy P To

5 e
(rend'= 1+ B+ 20 g MDD o1

(iray= 1 (M 4@@1‘ + EnG-)2alt o)
-b s

SOWING_SIMUTINESVSLY
va=-lo _, (na=-io Sway
Lnfm)al=78 n(n-)a?= 150 0

g iz 100

= (G- @\j
o (n-1) = lson
loov -100 = 1Som

-
-
— -lm=Son
= Wuz/ g SNee ma=-lp
s
b)  soRctme =g jn=-2 nes

nGm)u) ot = L)) Fexst = —:oo/

Q) T emon & omup ke |oa) <l
= lu| <«
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/
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Question 27 (*%%)
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f(x)=\/1—x,—l<x<1,

b) Use the expansion of part (a) to show that if y

a) Expand f(x) inascending powers of x, up and including the term in X2,

is numerically small

\/1—4y+y2 z1—2y—%y2.

1. f(x):l—lx_lx2+0(x3)

Created by T. Madas
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Question 28 (**%)

_ 4+x
f(x)= (1+3x)2 ’

1
A<=,
3

a) Find the series expansion of (1+3x)_l , up and including the term in X,
b) By differentiating both sides of the expansion found in part (a), show that
-2 2
(1+3x) " =1-6x+27x" +...

¢) Hence find the first three terms in the series expansion of f (x).

[ . (1+3x)_l =1—3x+9x2—27x3+0(x4)

£ (x)=4-23x+1027 +0(x’)

o PRocess A& Ruows
= Coale e+ 2205 0] )
i N
=C(+2) =1 -~ 3 +3® -2 +o@‘%
Y DIFFRATATNS A siceetts
- %[ ngj‘] = l;{[l—zxﬂf—ﬁxﬂ D(i‘)j

= -3 = 6 -3 vlg -8l wo®)
2l B2 _ en? g

=  Cwa) = =l et lof)
-2

= (=3 = | -6+ W+ OG) /

Q  oweer &)

- = = @EOGray?
=@mli-q +21e o) |

S & - 2ux + o8y +0o0Y
X - ex2 +0okd)

= 4 -21+ 02f + 0@9)///
7
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Question 29 (**%)

£ (x)=(1-20)2.

a) Expand f(x) up and including the term in x*.

b) State the values of x for which the expansion is valid.

1
¢) By substituting x = 3 in the expansion of part (a) show that

NeEa

147 °

[ 1. 1+x+%x2+0(x3), —§<x<%

4) QAN Binpunduy R To a?
<4 5
£0= (207 1+ Ely + %)(»mﬂo@’b

= 12+ 32 40() ~
s ) S

b) viud g |2l <!

- <k

= -bex<y o
A~

Q9 er a=k
(pa)‘z\ ~ 42 43
(o) Ee e b 30T

3

"
£ L
C-3)" = 1+ &+ 5

B

P oom
@~ &
la
w8
Ly

—Tﬂ
2

~ 1w

18
a7

%,

) e J
R

&
3
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Question 30 (**%4)
f(x)=(1+ax)", ae R, neR.

It is given that the series expansion of f(x) is

l+2x+%x2+bx3+0(x4).

a) Show that a :% and find the value of n.

b) Find the value of b.

¢) State the range of values of x for which the above expansion is valid.

_4 1 1.2 2
l:l, n=3l, b= 6l 3<x<3

@) i \ Ml W) ) )
C (roa) = 1o o) + 05 (ot s MMM (9, ()
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Question 31 (¥*%4)

In the series expansion of

(1+ ax)n ,

ax|<1, a,ne R,

the coefficient of x is 15 and the coefficients of x> and x° are equal.
a) Given that n is not a positive integer, show that a =6.

b) Find the value of n.

¢) Find the coefficient of fas

S

Il
|
1

=
N
L 1

Il

|
N
0|
Ch
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Question 32 (**%4)

8x% +17x
(1-x)(3+2x)>

x|<1.

f(x)=

a) Express f(x) into partial fractions.

b) Hence show that
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Question 33 (¥*%4)

ascending powers of x.

The algebraic expression J1-3x is to be expanded as an infinite convergent series, in

a) Find the first 4 terms in the series expansion of J1-3x.

b) State the range of values of x for which the expansion is valid.

¢) By substituting a suitable value for x in the expansion, show that

3997 ~9.989989983 .

[ ]f-a-a®-3

3x3+0(x4) -

1
o |m3<x<

W)=

3

——
SNBL
T
1

g [

= Yo7

e Gy 1+ 3

= Y-

=T 007" ~

-V ~

A oo % o 3

ol 400 0

. Loty v
= l-a-a*- £ %o@)/

b) ORuDT & R |z:a)<)

bl<i

jla<ct 2
Yz

Q) Lr x= oool

[

= Y12hond = 1~ (00~ (on}~ 5 (o0’

0-9989969983.
09989993983 . .

©:9989959983 _ .

©9985989983... .

9-969989962 . - /
H tpuisn
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Question 34 (**%4)

3
The binomial expression (1+12x)4 is to be expanded as an infinite convergent series,

in ascending powers of x.

FNoN)

a) Find the first 4 terms in the expansion of (1+12x)4.

b) State the range of values of x for which the expansion is valid.

¢) By substituting a suitable value for x in the expansion show that

3
(22)* =1.04467 .
l:l, 1+9x—2—27x2+%x3+0(x4) , —ﬁ<x<%
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Question 35 (***+)

f(x)=+1+8x,

1
x<=
8

a) Expand f(x) up and including the term in x°.

b) By considering +/1.08 and the series obtained in part (a), show that

J3 =1.73205.

f(x)=1+4x-8x" +32:° +0(x*)

Created by T. Madas



Created by T. Madas

Question 36 (*¥*%+)

1

— 1 1
x)= , — < X<,
f(x) Ji+4x™ 4 4
a) Find the binomial series expansion of f(x) up and including the term in x’.

b) Hence determine the coefficient of x> in the binomial expansion of f (x + x2) .

[ 1 |f(x)=1-20+6x" 202>+ O(x*) . [ﬁ]:_g

NI —
{0 = (- 24 G- 2ol 4 o(:ﬂ)/

b o G

lare)= - z(rﬁ % @ff- (s AP‘ 0@
- tefe el 2 [t - cad)

= 4223 - 200 + o)

L] -8~
__’[7//
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Question 37 (¥*%4)

f(x _ 1+x A +Bx+C
(1-2x)(1+24%) 1-2x 142

1
A<=
2

a) Find the value of each of the constants A, B and C.

b) Find the binomial expansion of f(x), up and including the term in X

A=1, B=1, C=0|, f(x):1+3x+4x2+6x3+0(x4)

Question 38 (**%4)

3x-1 1
(x)= > <=
(1-2x) 2
Show that if x is small, then
f(x)==1—x+4x.
, |proof

=10 75, = GGy’
= 40)= Grin) [ 1+ 2y - 0G0 2D (af 4]

=y~ Gy [\ +da b 4 3u3+<>(1“ﬂ

Sy b o9
+32 4 /A% L 32 +oQY
=4 - ﬂ*.w.»fulﬂo[ﬂ)/
A preogty
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Question 39 (**%4)

1
(125-27x)3, o] < 12

x| <
a) Find the first three terms in the series expansion of f(x).

b) Use first three terms in the series expansion of f (x)to show that

3120 z@_
1125

|:|, f()c)=5—ix—i 2+O(x3)

X
25 3125
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Question 40 (**%4)

(1-x)* 1
X)=——r—, |x|<—
Show that if x is small, then

f(x)z1—3x+%x2 —§x3.

, |proof

Pioceeo AL Cuowt
P 2 . s
P/ (- W s e
5 oy (-2y (o
=4 (hzn:&)[} + ;,é‘{ﬁ)y* ut(%(z’f* ;ﬁ—%g(”)}“{ﬂ
= fa)y=(1-mnd [1-x + 22 - 52+ o)

ROTPUNG. ROy

U —a o+ 59 - a0y o)
2 4 222 - 353 + O(Y)

@ - 2 4o

I NP FCRFICY +o@y/
A Bpotro

- fo=
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Question 41 (*¥*%4)

The algebraic expression

3 is to be expanded as an infinite convergent series, in
I+x

ascending powers of x.

1 . . .3
a) Expand — up and including the term in x
T T £

3
b) Use the expansion of part (a) to find the expansion of (1 +%xj up and

including the term in X,

¢) Hence find the expansion of 3 / 4255 up and including the term in X
+3X

I:I, 1—%x+%x2—%x3+0(x4) , 1—%x+% 2—97—6x3+0(x4) ,
4—x+%x2—%x3+0(x4)

d) S9N INOMAW] WP To 2
f%' —aeite e %@)‘r TRD ) o6y
£

\\\\\
= 1-L 22 3 «
) 4 - g Fo@‘/

oo eaar @)

. o
F o s Const e {3 - Qe
"
fo G ts L)+ 33 Gy oy
Crig¥e 1o bv fp - Fw mm////
7
) MARATE s fouss
26 s _ Ve -k
Vim = g g s O

Dot top 4 Ered ¥ 4

= 4[% dxt B &f + o()\)]
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Question 42 (*¥*%4)

1 2

f(x)Em’ 3

a) Find the series expansion of f(x), up and including the term in X2

It is given that

where p and ¢ are non zero constants.

b) Determine the value of p and the value of ¢.

Ok ol frse—

fore] N}
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Question 43 (*¥*%4)

1
4

a) Find the series expansion of f(x), up and including the term in X
b) Use the result of part (a) to obtain the series expansion of

it

up and including the term in X

x|<%,

No credit will be given for obtaining a direct expansion in this part.

[ 1 |£(x)=8+48x+240x" +1120x° +0(x*) ,

%_x:%_x—xz—tho(x“)

a)  cosre A One” M "D

3

-3 =" . 3
G-ai®s @ C-ui?~ dowt
= BEA—&T%
< e[ Fog D @iiﬁpuﬁ, g
= 8@+&+3m‘+ubf¢ =
= stigutlol s oty .. A
e ——
B)  Pren Ax Ruons
i + 2 2
VH - () G et
= (- o) (3485 v 20P 107+ )

= b ks e 7ol Les
L R

81+ 4B 4

si-a-2oads.
2 ////
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Question 44  (***+)

3 A Bx+C
+

(1—2x)(1+2x2) 1-2x  1+2x%°

x|<%.

a) Find the value of each of the constants A, B and C.

b) Hence or otherwise find the first five terms in the binomial expansion of

3
(1-2x)(1+2:%)

lA=2|, |B=2], |Cc=1

9 9

, 3+6x+6x2+14x3+36x4+0(x5)
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Question 45 (*¥*%4)

The function f (x) is defined in terms of the non zero constant n, by

F(x)=(3+2x)", -3 <x<

\S](O8}

a) Given that n is not a positive integer, find in terms of n the ratio of the

coefficient of x° to the coefficient of x* in binomial expansion of f (x).

It is now given that n =% .
b) Evaluate the ratio found in part (a).
The coefficient of x” in the binomial expansion of f (x) is negative.

¢) Find the smallest value of r.

1 [F]:[ 2 ]=2(a=2):9). | 2 ]:[#* ] =123,
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Question 46 (¥**¥)

f(x)= 4—x ’

4+x

x|<4.

a) Expand f(x) as an infinite convergent series, up and including the term in x2.

b) By substituting x =0.5 in the expansion of part (a), show that

339
7 =22,
V1 128

1.

f(x)zl—%x+3—12x2+0(x3)

Pheteo A Ruouwd
,34(,) - [E= . e
o

4
(a1 d -1

JEx . B2 Y Gray®

| s = (-2 Car )

o TS N N
= G Grp)
EXPAND  BINOMIALY W ORI
o= [+ 2o o] 12’ 28 o]

- {= D S ak o@‘)] [-gae %fw(hﬂ

= He-0- g)E

SPMONR O T o

- 'ﬂL@’Z)E‘ « ) D(x‘):l
< G ger o]

= |+ Ear oL N
-4+ o@)

= Ko lapd Lot s;//
o+ a4 ol % srees

b) oo e xeanon oF_Sier @)

BTy b Yt ="

B = N EE e - R e R
o) = i -bar e = Lo
S e gAY > Jims x -k~ 50
e + o) > JEg = -%%
Tt ;
2 ~ [
@ st S “AEF e
Ty
_ -3 128
ATOEE P (1)
= =7

3

= A7 o~ 3 /
2 7k upird

£ \FE’: NE | NToWems' 4
)= 253 Va o Vam va-x Jie—=a

R R (R S (RO
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Question 47  (¥**%¥)

1
f(x)=(1-8x)4, x| <%.
a) Find the first four terms in the binomial series expansion of f(x).
The term of lowest degree in the series expansion of
-\
(1+ax)(1+62%) = £ (x).
is the term in x°.

b) Determine the value of each of the constants a and b, and hence state the

coefficient of x°.

[ 1 1-2x-6x? =285 +0(x*)|. [a==2]. |p=-8|, [x3}=40

Q) Exppag Bwouauy wp e 32
oo’ r Fay + 30y « 4D oy o)

/%61)& = l-2 - G- W+ o(w/

b)) Pmeed A fougus
(1a0G )~ Cead¥
= (o [1e o) + 009 ] - [1-20-a-amatsony]

— Cran) TLl S+ o] ~ [ -2 —G@'-28ad vl ]

< 1 4+ax + Sha? & Sab? vof) — | 2 +624 23" 10l
= (@) + (Sore)? +(Sab+2)x + ol
1

2600 =0

L A==
be-

aln

4 Goefey of 2 3b 28

- SEEDe

=40 7
7
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Question 48 (***¥)

2-3x? A, B , G
(2x+1)(x2+1) 2x+1 x2+1 x2+1'

a) Find the value of each of the constants A, B and C in the above identity.

b) Hence, or otherwise, determine the series expansion of

2—3x?
(2x+1)(x?+1)’
up and including the term in X
[a=1]. [B=1], [c=2], [2-4x+3x" 62"+ O(x")

Created by T. Madas



Created by T. Madas
Question 49 (¥**¥)
f(x)zx/l—x, —1<x<l1.

a) Expand f(x) up and including the term in x°.

b) Show clearly that

8x /1—i =37
64

¢) By using the first two terms of the expansion obtained in part (a) and the result
shown in part (b), show further that

127
Nl

48 °

|:|, 1—%x—%x2 —%x3 +0(x4)

) MDD Bioiauy P T a3

RIS (RS S 13 D 6 o)
= 0 = (—da - b2 - L oxt) //
=/

B Pece A fuaat

g LONBINNG DEUTS
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Question 50 (F**¥)

X . P L
13 is to be expanded as an infinite convergent series, in
+3x

The algebraic expression

ascending powers of x.
a) Find the first 4 terms in the binomial expansion of

1+x
1+3x

b) State the range of values of x for which the expansion is valid.
¢) By substituting a suitable value for x in the above expansion show that

101 0.980582 .
103

<x<

1—2x+6x2—18x3+0(x4) . |-

W=
W)=
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Question 51 (¥**¥)

The algebraic expression +9—x is to be expanded as an infinite convergent series, in
ascending powers of x.

a) Find the first 4 terms in the series expansion of +9—x .
b) State the range of values of x for which the expansion is valid.

¢) By substituting a suitable value for x in the expansion show that

V850 = 29.1548.

1,1 2__1 .3 4 _
3- gl ~gggg . +O(x')).

@ N1 - (A=)
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Question 52 (¥**¥)

5x%-52x+4
fla) =222 <L

(1+2x)(2-x)°

Show that if x is numerically small
f(x)=1-14x+17x* —42x°.

proof
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Question 53 (¥**¥)

2°-3  _ A B _C
(3-2x)(1-x)> 3-2x l-x (1-x)*

a) Find the value of each of the constants A, B and C.

b) Hence show that for small x

2
23 z—1—§x—£x2 .

(3-2x)(1-x)° 39
¢) State the range of values of x for which the approximation in part (b) is valid.

A=6, B=-2, C=-1{, |-1<x<1
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Question 54 (F**¥)

18—20x 3 3
f(x)zz—, —T<x<= .
8x —18x+9 4 4

a) Express f(x) into partial fractions.

b) Hence show that
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Question  (#¥*¥)

Use a quadratic approximation for f (x) to solve the equation

f(x)=16-67x—2x".

[ =

EXPAND RINOMIALY v TO O

P L i 2
= Cenie ey B8 Ge oy
g T )
= f+va+ 324 o)

N THE o) EoATond
12

= 16-6n-22
[ R
12 Lo 8~ 16-Gra -
At 7% -4 =0

THIORIRE o0 quADRATIE SRINLA
@0 +1 )2~ &) =0

\
e
2= <=

2 \ ChaWeL AS 2= chot
LAe g 2 G W T AN
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Question 55 (¥**¥)
f(x)zx/l—x, —1<x<l1.

a) Expand f(x) up and including the term in x°.

b) Show clearly that

9. 1—L =445
81

¢) By using the first two terms of the expansion obtained in part (a) and the result
shown in part (b), show further that

161
=18

72
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Question 56 (***¥)

f(x)= ‘/T—x ~1+ Ax+ Bx?, for small x.
—x

a) Show that B =% and find the value of A.

b) By using x= 10 in the above expansion, show clearly that

Ji1 =563

200
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Question 57 (¥**¥)
f(x)zx/l—x, —1<x<l1.

a) Expand f(x) up and including the term in x’.

b) Show carefully that

17— 1242,
\" 289

¢) By using the first two terms of the expansion obtained in part (a) and the result
shown in part (b), show further that

Nl
408
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Question 58 (***¥)

4x(9x-10)
(2-x)(2-3x)""

x|<%, x#0.

f(x)

xeR,

a) Find the values of the constants A, B and C given that

A B C
+ + :
2—-x 2-3x (2—3x)2

f(x)

b) Hence, or otherwise, find the binomial series expansion of f(x) , up and

including the term in x2.

The equation f(x)=-0.63 is known to have a positive solution which is further

known to be numerically small.

¢) Use part (b) to find this solution.

| ,[A=4], [B=0|, |C=-8|, |f(x)=-5x—13x +O(x), x=0.1
©) LG STpA wmpe O soue AG = 083 e TR APPEKIMATON
}wbm‘ = £ - -~ -2 -o®
GG — 2 = Bal+se = o6
4x o) = Ale- 206-2) .Qg,ﬂ T R
®F 32 © Fl——% e IF a0 =5 (%o 4 5003 - €3 =0
8x8= kA (e-9) = G-2)c O 4at U I2C e —
o= Evdg -l # g 2
. ® = (304 @)(ea-11=0
:t/
b)

= 242 biy
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Question 59  (¥¥¥¥)

F(0)=(1+k) >,

k| <1,
where k is a non zero constant.

a) Expand f(x), in terms of k, as an infinite convergent series up and including

the term in x°.

6—x
(1+kx)>

g(x)=

kx| <1.

The coefficient of x* in the expansion of g(x) is 3.

b) Find the possible values of & .

[ 1. |1=3ke+6k26% 106°57 +O(x*)|, |k =~
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Question 60 (***¥)

1

f(x):m

-1+ x,

x| <l.
a) Show clearly that
1 2 1 3 4
f(x) —Ex +Zx +O(x )
b) Hence show that f(x) has a minimum at the origin.

proof
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Question 61 (¥**%)

2 —
16x°+3x-2 cR.

f(x) m, )C|<2 x#0.

?3

a) Determine the value of each of the constants A, B and C given that

b) Find the binomial series expansion of Pt up and including the term in X
X—

¢) Hence, or otherwise, show that if x is numerically small

2 —
16X"+3x-2 1 62 12,3 18242725 .
(3x-2)

_1_.3..9 2 273 4
A a3 - v o(x)

c=16

9

B=0

9

A=1

b

Miltky 8 (owdG #onms fromy)

$) @ Mm-z LR, ¢
x Gary oy eren -2 _ u«
Ly X T ma

e -2 = A(x-2) + Balxs) +Ca®
Fa= . R o[ a2 .
eface  aray et (2 L L (L)

-2= - Gorgacd TsArRiC
T = Cxg 2
A= e 7= 451 Kltm-2 Héf(—z) )
/ / x:q///r Ww-2 22
164y _L
},) A Y . i ___13){22 =4 lea‘[pj—l,@k%;ﬂ o(ﬂﬂ
Frey rm - Tl s (@ (-]
Mitfﬁi =SB ol - e -zt + o)
Y —
=

= -50-5)
' it 2 caeacn, @ =
<y [ e s 10T Q89 | g

i[r+§1+§f:ﬁ Fxv- ]

9 Mnbd A Cowy wp ® X & Dipety Avhwgd)

K222 | Coemoana)[ -4 -3 - 2 20

'
. 1+%).$}A(~;é'f»—»
PATEE S R
_p - e

= l—Bf— 2 +--
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Question 62 (¥**¥)
f(x)zx/l—x, —1<x<l1.

a) Expand f(x) up and including the term in x’.

b) Show clearly that

7 /1—i =443
49

¢) By using the first two terms of the expansion obtained in part (a) and the result

obtained in part (b), show further that

el

56

L]

1y 1,21 x3+0(x4)

27 8" 16
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Question 63 (¥***4)

1+ax
4—x

, —l<x<l.

f(x)=

The value of the constant a is such so that the coefficient of x* in the convergent

binomial expansion of f(x) is 6_14

Find the value of a.

Q
I
A=
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Question 64 (F***4)

where a and b are constants so that a>b>0.

The function f is defined in a suitable domain of x, and furthermore the values of x

are small enough so that f(x) has a binomial series expansion.
Given that
f(x)=2x+26x7,

determine the value of a and the value of b .
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Question 65 (****4)

1+2x 1
= , lal<=.
f(X) 1-2x | 2
By writing f(x) in the form f(x)= _rax , show that

N

F(x)=142x+227 +42° +6x* +1227 +0(x°).

proof

Created by T. Madas



Created by T. Madas

Question 66 (¥***4)

f(x)z(%—x)_3, |x|<%.

a) Expand f(x), up and including the term in x°.

a+bx

The coefficients of x* and x* in the expansion of g(x) are 42 and 136 respectively.

g(x)=

b) Show that a = and find the value of b.

1
4

I:I, f(x)=8+48x+192x2+640x3+0(x4) , b:_%

4] 9OMD Biominay wp 1o a?
=4 G- @[ 2] = sGew®
> @)= ol Ty Hcar s 25U +o)]

= f) =8 ieoat et godt + OCNJ

N 7
— {0) = B+le s pr 6for ao(m/
b Pl A Ruas

= G+ (4-2)"

arka

= g@= =y

= 30) = (a+ba) L" +i8 + 9220 6o’ + C(ﬂJJ

= 90) = & + 48ax + 12 + oo’ + oY)
Bba + 48y & 92ba® 1 o(¥)

=5 30) = Ba + (dearbb)a + (ma + UBb)2™ + (Glon+1o2b)a? +O(xY)
Ry o

= '3
Bty we Hx
ardgb=ta { _ Raqi =7 7 )
oo + M2b = 13 Bas 2=y J x1
-%a-24p =2 7
By +24bs 17 ﬁ AONG- -~ =~y
: a=% /7
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Question 67 (¥**%4)

In the convergent expansion of
(1+kx)", |kr| <1,

where k and n are non zero constants, the coefficient of x% is 12 and the coefficient
of x° is 32.

Given the coefficient of x is negative determine the values of £ and n.

S
1]
)1le)}
=~
|
_
=)

Q) E®mD W TOM e kg n vp o ad — (sn=6)u+2)
Qb = 14 205 v B0 4 DD + O@) - n- <%

Qeka) = Uanka s JneealE +dnGoyon e s ofy
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NEATOE = s < 4 -2 . e
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Lo edeak =22 -NndE= 192 A ">/\>£‘L
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nin-y b 2%
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k= ®
w2
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SeRemUTE Moo niv-nkt= 2k

— G- <%\/‘: 24

Sty _ 5y
SR

Cert-gln = 2 (h-2)*
G- 6y = 20GP- g +y)
G- ey = 2>~ 9o 46
ot +3m =% = o

U

3

S 4t — 12 =0
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Question 68 (¥***4)

A+ Bx =l
(2-2) 4

where A, B, C and D are constants, and |x| <2

Determine the value of A, B, C and D.

+Cx2+Dx + ..,

b b

__3 __1
C=—76|"|P="7

Moceed A2 Bl

Z*;f; S )Gy Gsyn 304"

- pont] 1+ 26 - 2 G ]
= %UHRL\[“ o Ry £ irc@):]
= (R [ Friardiesrs C@)l
N e T )
+hR - R ¢ TR+ oY)
Bbow (Bhegapes Groadie (HA+3R)T +0(Y)
b

‘A A 4
| !

|
1 [e] C D

(OMPAUNG 06RRULASTS

obA-L  eFithrco
A=2 A +2B =0
/ 6 +2R=0
g:—;/
=
® C:3ai3s @ D= S4+iz
C= & () D= -2
-6 b=-§
i s pd
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Question 69 (****4)
f(x)= J+12x .
It is given that the equation
F(x)+(6x-5)" =24—15x
has a solution &, which is numerically small.

Use a quadratic approximation for f(x) to find an approximate value for ¢ .

~L
—

eenn o) v At
= Camo ; (x
6= (G #—{h\» ‘g‘\%louﬁ o@)
= (vt — leo® 4 o)
NOW Looume AT e Couationt
Lo + (a5 = 2oy
[l —ea™ +oGr)] + (- x s = nos
B0 o) <<l nx e
LEW —ler® 436" 603 42€ 2 24152
- 42 =0
Bl GisQenc Tolsik of AckereinG

@ ~2)(20a-1) =0

/\) W<k
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Question 70 (¥***4)

The function f is defined as

ax+b
(1-x)(1+2x)

f(x)

, xeR, x|<%,

where a and b are constants.

a) Find the values of the constants P and Q in terms of a and b, given that

P 0
(1—x) (1+20)°

f(x)=

The binomial series expansion of f(x), up and including the term in X s

F(x)=1+13x+ Ax* + Bx* +...,

where A and B are constants.

b) Determine the value of the constants ...
i. ...aand b.

ii. ... A and B.

A=-11

I:I P:a+b P:2b—a

a=14|, b=1

9 9

B =37

B . Ty wpkne GET g (o]

o b 5
S Tt @b+ =34 (o) -8(-a) = R
s h = P0e2) L glo1) 63 30 z; ar=5k
A= 3b_a “Sk=R
o 1F 1\\3 Az 3 B =3xf- Sxt
=3P ‘
a; o A< —u B=dk-s
= oth N
3 g =3
= 7 L j//
-

b) Puenans 46) TS < a4 b 0 1 o Gl
dor= vhm A w7,

atlk 2-a

L 2-a

= 04 B AP R 4

= +—=
> - +2

Y
>

= (-1 F (22 = 3+ By 3kt + 3ok

= o) (a4 2e) 4 Ro-0)0-200Z88) = 24 2504382 4 3893
HRe We USHD SPANMID EPHINo

== 14l 420 4 en

o .

L= =@)elaf- ()t = l-arelew

=

OMALUNG NSRS

(aab) + Rb-a)=2
h =
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Question 71  (¥***4)

The function f is defined as

a(2—3x)
(1—2x)(2+x)

, xeR, 1<%, x=0.

£(x)=

where a is a non zero constant.

a) Show that for all values of the constant a, the coefficient of x in the binomial

series expansion of f(x), is zero.

b) Find the value of a, given that the coefficient of x” in the binomial series

expansion of f (x),is 10.

a=10|

9

‘\) Aoced BY phenac RAon) R Decd EiawAToN

=48 6Gw) () ey
=3'(y 1)

W)

=M oz C

[ 1

=-16)= dalea)Gi-
( O T i DL

=) o) ] LD il (B |

p S

=40)= blen i )C- b )

S0 WD o pw o _paer ()

=5 - LGy [ 1=t +ah ]
B - 2
v R
=10 baGw (1 v ga e B )
=00 a2 en e P
Lo-a - e

=100 = da(2e2ry-)
) P

GefAaRN oF 1 &8 //
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Question 72  (¥***4)

f(x) =(1+ax)(1—3x)é+%

3x|<1,

5
37

(1+

ax|<1.

In the binomial expansion of f(x) the coefficients of x* and x* are both zero.

Show clearly that the coefficient of

x*is —%.

, |proof
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Question 73  (****4)

If x is sufficiently small find the series expansion of

10x*—x-6
(2+3x)(1-247)

up and including the term in X

10x2—x—6 _ _ 2 g 3 4
|:|, (2+3x)(1—2x2)_ 3+4x-T7x"+ 5 X +O(x )

Plxeeo By PAlIA AT

= (@6-24)2 + (@28 4302+ (ar20)

® 3R -24=0 ®2R . 3C=-| ®

Gy

NG (1 -aY = s

(o6 Q' =t -2
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Question 74  (****4)

In the convergent expansion of

(1+%nx)n, neR,neN, n#0,

the coefficients of x* and x> are non zero and equal.
a) Determine the possible values of 7.

b) State with justification which value, values or indeed if any of the values of n
produces a valid expansion for x=1.

l:l, n= —%, % , lonly n= —% produces a valid expansion for x =1
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Question 75  (Gk¥EEF)

It is given that the equation
£ (x)=(8x+3)’ =—=37x° —475x> —157x+27

has a solution ¢, which is numerically small.

Find an approximate value for « .

~ 1
I:l’ =55

gomn £6) v o g2
£6) = (e 1+ 2 2Dy, AN gYelt)

= L4 iox + 797 + Sooa® + O(a)

Now &omd [ B1+3)°
(B = sne3(de Yot v 2
= S LS #2004+ 7
LocunG AT THe gustion 0 Suru o
o) - (B3} = ~S0— W75y 5l —28

7?;;33;‘722 e ;L,g P T ]
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ot B Frmes
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sl = a2 494270
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Question 76  (FFFFF)
By considering the binomial expansion of

1
(1-cos®)’ ’

sum each of the following series.
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Question 77  (kFFEF)

f(x)— 1—-x

l+x+x°+x

Show that f (x) can be written in the form

r=0

where g(x) is a simplified function to be found.

, —l<x<l1.
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Question 78  (k¥FFF)

2 23 234 2345
S+ +

S=1+ +
4 4.8 4.8-12 4-8-12-16

By considering a suitable binomial series, or other wise, find the sum to infinity of S .
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Question 79  (FF*F*F)

Without the use of any calculating aid and by showing full workings, show that

[9)/=}

(&) =1.24.

proof
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Question 80  (k**F)

Created by T. Madas

C I-x
g(x)= f(xr) - , —l<x<l.
rzz(; \/l—ng/l—x3

1

Given that the first term of the series expansion of g(x) is §x5 , determine in exact

simplified form a simplified expression of f (x,r).

1 |ren=L

I is )
£+ o(x¢)

© SAUT By 2ew0RiTING THE RIACTION A8 Ruouws
+
[T R
@ 0BT RO SHPANSIN SePA0TES
3

=2 o % AV Es
(D% 1+ _gﬁ,w i —g\(—x%](,lz)z R (;\i%\u)(,ll)mm

T Txax 1

= Ledey Fd v £t o)

s
% N3 - i <LLs
Q=) = 1y Tj )+ 56 i) @13)1 +o(xY)

3

=ikl 3 o)

© o . Tie pors
£ 2 % 2 |
Q-0f 52 3 v 0@ 1e da FEa b s o(a8) |

=i L2 -
=G)1x . gt vored)
b3 B e |

( 2y, 2
R e 39-) + 40 m(w)
44t 4l gt 4 o)

= 50 1t 325 00e)
SR = Sk S S L ERRY))

Created by T. Madas

© TR e 0w Yk

£t
(- A oy I (5 SO0 00 I s
gmrﬁ e
SEL
Sl o I S DA S T
i_w{rh B A e
Py
52 L e g @l ol gl L S
?;Dfrun =TT gt gt gt - 4
oL e &
Yl Tl

-
i




Created by T. Madas

Question 81  (k#¥¥%F)

I 1-3 135 1-3-5-7
— +

S=1-=—+ ..
4 4.8 4.8.12 4-8-12-16

Find the sum to infinity of S, by considering the binomial series expansion of (1+ x)"

for suitable values of x and n.
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Question 82  (F***F)
Without the use of any calculating aid and by showing full workings, show that

(0.9 =0.91.

, |proof
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Question 83  (k¥*F)

f(x)z;, -1<x<1.
I-x

a) By manipulating the general term of binomial expansion of f (x) show that

= 2r r
_ 1
=)
r=0
b) Find a similar expression for 1 and show further that
16— x>
X _ - 2]" 1 1 2r—1
R
(16 -X ) r=1
¢) Determine the exact value of
— (2r r
S (4
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Question 84  (F¥¥¥FF)

2-3x 3
(1-x)(1-2x)"

|~

f(x)=

Show that f (x) can be written in the form

[e )

(=) [+ e()].

r=0

where g(r) is a simplified function to be found.

[ ] ]e(r)=2"+1
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Question 85  (Fk¥¥*¥)

Show by considering a suitable binomial expansion that

1 1-4 1-4-7 1-4-7-10 2

+—+ + - — =
24 2448 24.48.72 24-48.72-96 37

Question 86  (F***¥)
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By considering a suitable binomial expansion, show that

S=1.
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Question 87  (F¥¥¥*¥)

Created by T. Madas

The function f is defined in terms of the real constants, a, b and c, by

f(x)z(a+bx+cx2)(1—x)_3, xeR, |x|<1.

a) Show that

f(x)=a+3a+b)x+

[}

1

2
n=2

Z[[a(n+l)(n+2)+bn(n+1)+cn(n_1)] xn]

b) Use the expression of part (a) to deduce the value of
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Question 88  (F¥¥¥*¥)

The first three terms of a series S are
S=7+9x+8x>+...

The n'™ term of S is given by

Al

where A and B are non zero constants.

x)n + B(%x)n ,

N[OV}

Given that the sum to infinity of S is 19, determine the value of x.
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Question 89 (k)

1-7x 1
(1+x)(1-3x) "

f(x)

Show that f (x) can be written in the form

[}

- Z[xrg

r=l1

f(x)

where g(r) is a simplified function to be found.
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Question 90  (Fk¥¥FF)

The product operator H, is defined as

k
I I[ul] = MIXMZXM3XM4X...XMk_1XMk.
i=1

Find the sum to infinity of the following expression
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Question 91  (k¥¥F)

It is given that for xe R, —;<x<;, k>0,

f(xk)

Given further that

where a, are functions of k, show that
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Se] -

r=0

[}

k+1

(1—x)(1+kx)

(1-kx)(1+k)°

(1-x) (1+ k) (1-k%x)

You may assume that E [arzxr} converges.

r=0
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Question 92  (k¥EF)

Consider the following infinite series, S .

5  5x8 4 S5x8xI1 — 5x8x11x14 4 S5x8x11x14x17
18 18x24 18%x24x30 18x24x30x36 18x24%x30x36x42

Given that S converges, show that

S=9A-41,
where A is an exact simplified surd.
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