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Question 1 (*%)
Use standard results on summations to find the value of

48

Z[(r—l)(?ar—Z)].
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Question 2 (*%)

Use standard results on summations to show that

n

Zr(r+1)(r+5)=%n(n+a)(n+b)(n+c),

r=1

where a, b, and c are positive integers to be found.

,la=1, b=2, ¢c=17
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Question 3  (*%)

Use standard results on summations to show that
Is 1
2(r-1)] = n(n=1)(n+1)(3n+2)+m,

where m is an integer to be found.
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Question 4  (*%)

Use standard results on summations to show that

n

:E:[ﬁ(r+1xr—1ﬂ .

r=1

n?(n+1)* (n—=1)(n+2).

N\

n
You may assume without proof that er = L2 (n+ 1)2 (Zn2 +2n— 1)

r=1

GO T UMM TEsT

L I N
= 2ol = G-

Created by T. Madas



Created by T. Madas

Question 5 (*%)

Use standard results on summations express F (n) in fully factorized from.

[ L |F(r)=g5r(r+1)(r=1)(3r+10)
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Question 6  (**+)
Find, in fully simplified factorized form, an expression for the sum of the first n terms

of the following series.

(5%3)+(11x7)+(17x11)+(23%x15) +...

I:I, n2(8n+7)
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Question 7  (**+)
Show by using standard summation results that ...

a) ... Zn:(r+l)(r+5)=én(n+7)(2n+7).

r=1

40

b) ... Z(r+1)(r+5)=26495.

r=11
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Question 8  (**+)

Show by using standard summation results that ...

a) ... n (kz—k—l)zln(n+2)(n—2).
2 ;
40
b) ... (kz—k—1)=21049.
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Question 9 (**+)
Find, in fully factorized form, an expression for the sum

[ ] |5k (k+1) (k+2)(3k+1)
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Question 10  (**+)
Find, in fully factorized form, an expression for the sum

2n

> (-4

r=l1

[ 1. |2n%(4n+3)
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Question 11  (¥%%)

Use standard results on summations to show that

Created by T. Madas

, |proof
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Question 12 (**%)
It is given that

Z[(3r+a)(r+2):| = n(n+2)(n+b).

Determine the values of each of the constants a and b .

b =3|

, la=1],
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Question 13 (**%)
Show clearly that

(Ix3)+(2x4)+(3%x5)+...+(n—-5)(n-3) = é(n+6)(2n+11)(n+5).

, |proof
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Question 14 (**%)
Use standard results on summations to show that

n

Z(3r2+r—l) = nz(n+2).

r=1

, |proof
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Question 15 (**%)
Use standard results on summations to show that

k

Z(l8n2+28n+5) = k(k+2)(6k+11).

n=l1

, |proof
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Question 16  (**%)
Use standard results on summations to find the value of the following sum.

Z[(k ~1)(k+2)].
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Question 17  (**%)
Use standard results on summations to show that

Z - 2(&—3)2 = /().

where f(n) is written as a product of 4 linear factors.

1. [f(n)=n(n-1)(2n+1)(20-3)
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Question 1  (***+)

Find the sum of the first n terms of the series

1-2-3+2-3-5+3-4-7+4-5-9+....

Express the answer as a product of linear factors.

, |proof
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Question 2 (¥*%4)

By using standard results, show that

4n

Z:(zr—l)2 = n(84n-1).

r=n+1

, |proof
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Question 3 (***+)

Determine the value of a and the value of b given that

n

Zr(r+a)(r+b)Eén(n+l)(n+2)(3n+l7).

r=1

,la=1, b=4 orthe other way round
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Question 4  (¥*%4)
Find, in fully factorized form, an expression for the following sum.

2n
(r3—2r).

2n
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Question 5 (¥*%4)
It is thought that for some values of the constants p and ¢ that

Zrz(r+p) = n(n+1)(n+2)(3n+q).

r=1

Use a detailed method to show that there exist no such values of p and ¢g.

, |proof
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Question 6  (F**%)

Use standard results on summations to solve the following equation.

k

:E:(r3—l)=89976.

r=1

Created by T. Madas

k =24

9
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Question 7  (G¥¥¥¥F)
It is given that

Zn:(Ar3+Br2+Cr) =n(n+1)(n+2)(4n—5).

r=1

Use a detailed method to find the value of each of the integer constants, A, B and C.

, |[A=16|, |[B=-3|,
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Question 8  (¥**¥)

Show by a detailed method that

n

Z[Zr(2r2—3r—l)+n+l} - (nz—l)z.

r=0

, |proof
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Question 9 (¥**¥)

The sum, S, , of the first n terms of a series whose general term is denoted by u, is

given by the following expression.

S =n2(n+1)(n+2).

n

a) Find the first term of the series.
b) Show clearly that ...

i ...ou,=n(n+1)(4n-1)

|1 I Zur = 3n2(n+1)(5n+2).

. u1:6

o) TRAUY e rjeve

U =5 = C@0R) = kexa=g _~
-
Y1) vome By ~ S = 4

= Uy~ RO - o) Torosdlonare ]
= U = WOm)ea) = Camil N Car)

= U = G [ e - oyt ]

= Ay = ) [P - (o]
= U, = wwom-\)/
A ooy

Y To - §, -5

=
= @)@ - TG
= AR ) x2GiH) — W Ced)Cnea)
= W) [Bﬁm W)- Ma_)l
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=
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Question 10 (¥¥%%)

Use standard summation results to prove that

n

D =) =

r=1

n(n—l)(Zn—l).

2=
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Question 11 (¥¥%%)

Use standard results on summations to solve the following equation

9

Z (£j3+(r—l)(r+l) = 304.5.

r=3

SIROATE AUD SMPLEY FAGE T

k] ot e

%
P ks
Y

Created by T. Madas



Created by T. Madas

Question 12 (¥¥%%)

n

Z(ar2+br+c)zn3+5n2+6n,

r=1
where a, b and c are integer constants.

Determine the value of a, b and c.

la=3|, [b=7|, |c=2]

9 b

Created by T. Madas



Created by T. Madas

Question 13 (¥¥%%)

The variance Var(n) of the first n natural numbers is given by

n
Var(n) =er2— er
n n

r=1 r=1

Determine a simplified expression for Var(n) and hence evaluate Var(61).

Var(n) =(n* -1)|, [Var(61) =310
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Question 14  (¥¥%%¥)

n

f(n)zZ[ﬁ—r}, ne N.

r=l1

a) Use standard summation results to find a fully factorized expression for f(n).

b) Hence solve the equation

10 12

Z[r3—r+6k} - Z[r2+k2} = 70

r=5 r=l1

[ L |7(n)=gn(n-1)(n+1)(n+2).

W P
A Sy a2 PO
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= = —— = it

I 2
ax2g —kxi2=To

. |
= MUY - Lxasnd + &6 - ;
=2 Mo - 90 + 3k —&50 ~ k= ©
=2 0= Rk?—3K — 260

5 02 o
=2 -3k-18o =0

= (t-18) (k1) =0
s

- -

= k=
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Question 15 (¥*%%¥)

The function F(n) is defined as

F(n)=2[r(r-1)(n-z)(r+1)] neN.

Show with detailed workings that

F(Zn)—F(n) = n(nz—l)(31n2—4).

1
2

5':@ HE SEUE AN STHIDACD PESOCTS
w .
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o | T 7
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Question 1

It is given that

Find the value of

(kg

20
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20

Z(r—lO)zZOO and Z(r—10)2=2800.

r=1

r=1
20
Z r2 .
r=l1
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USING- THE \AN&(NZDZ Of THE S\GMA OPATOR
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Question 2 (¥***4)

n

Z(r+a)(r+b)z

r=1

n(n—l)(n+4),

W | =

where a and b are integer constants.

Use a clear algebraic method to determine the value of a and the value of b.

:

2 and —1 (in any order)|

VINE_STHNAD DEROCTS, & THE UnItAR0Y OF THE S16MA OPRATOR

-
= (o) = -ty
=

>, [eerads] = gnteatey

=>4 (ash) ir v a'nz\ = Jjnlw»\)(ww\
=] = (=

= fnlmifann) Horl) bt teloan = -l
= @) + 2AeInlm) +6don = 20 Gl

DIVIDING BY W 5 WE0) AND  EXPAOBING- RO SIDEC

= @A) & 2w Fob = 20-00ny)
P \

= 2570+ 3G Flb = 268

= 3(h) () 4 Gob = 209

=5 abla + 3(@h) + Gob = 2n-9

- 3(ark)=3 3(arb)rCao=- 9
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Question 3 (¥¥%*4)

By using an algebraic method, find the value of

992 -972+952-93% 4+ +3%2—

12

5000

b

ko A
DEGOUE e TRML
AR S (SR P R I

= L’“Lt 95+ ol

= S G-y

= -
- S Tat Gl
= 20 L@y - Geay ]

S (e ey iy)

RGNS

= lox Leasxa — Bx

= 520 - wo
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Question 4  (¥**%4)

Show clearly that

P-22+3-43+..-40° = -33200.

IS Menpo ®
3 Frdoad A 3| iy (332 T g B S "
(22580 s (e a s ay) - (249 e Ch a6 e -8 = (B a2 e 4 )

n

=

QNG STIOAD SwATion, REOGS

l

Ta L) 4 2T - ‘;»w(mw‘;]
=

7=

- 4xw x2?

= —Debxmalxd Hoxbxwnl - > _ |

= ~1X20x2x4 +3x20x2

¢
I 3 N MR
= 20 [~DOLM &+ Bl - | { o 2 1%y <3
2 . $ - g 2 —lgl X 4(o0)
= $ L4 2. ey 83 332 (o0)
vy 9 {
) S w2 L 3
_ i xz d
9% (—teee) 3
= 20 (~i6t0) ¢ b 3
¢ 1esT 3
= -330 R
_
By L
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Question 5 (¥***4)

The positive integer functions f and g are defined as

Evaluate
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Question 1 (Gk#¥%%¥)

Use standard summation results to prove that

2n n
S -3
r=n r=1
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Question 2 (¥#*EF)

Find the sum of the first 16 terms of the following series.

P oP+2d P42343 $P42343344°
+ + +

1 1+3 1+3+5 1+3+5+7

ST B WDTING THE G ©ERESSion GonpACTy.
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g il % 25025 &

6 ~ =
S ’L £t

= | gntn N
0 =

L EE P
SHAECi (R T
N={

7
LS ¢ = N |
= K[_L = :“*%Xkﬁuq\n‘\; - %
. (o
) T T
= badnnxiexs - L Lo
==k [ <t O
,{Léx\mhg LJ
///
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Question 3 (FFEF)

The function f is defined for ne N as
f(n) = 1xn®+2(n=1)"+3(n-2) +4(n=3)" + ... +(n-1)x22 +nx12,

Determine a simplified expression for the sum of f(n), giving the final answer in

fully factorized form.

1.
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Question 4 (FF*FEF)

Use an algebraic method justifying each step, to find the greatest value of k, ke N,
which satisfies the following inequality.

80

> 100 000.

O STHT BY MMIPUATING: THE (DENETH

\

= B(Ed) - kG

) > oo eco

s .
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= (Go) = ox1xy = (2445 > 11920
) = fxsoxdp < W > W0 0 s
(45) oSGt &, k=8
- ,s\;mgnu}[an»z\; ey = 4xdyxy7 = llosyy < 2o § -
W iy A
= dne )
= 400G
© Reopy T oy

[
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Tl lg e | -
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Question 5 (FFEF)

Use algebra to find the sum of the first 100 terms of the following sequence.

7,12, 19, 28, 39, 52, 67, 84, 103, ...

@ |NUSTIEATING: THE PATTHON FULTHER. B DIFFERENCING: T c L
= AL . = 0 SIS STNOAD  sommATicd Bopmuu m L

T 412419428 4304 4+ R 4 67+ 8+ 4103 4., T k=100 4T BE e

L v k L
SGmey = S w ok 250 4+ 431
& 5 =

LieCa(an) v 2xteG) + 4xk

o kGG » ECon) 4k

I T
= k(| @uidig | %k

2 " = Ll Gea) + W
A I 4 9 6 3 3 !
o s’ 7T 2 M 3R .
® LT k=lco AND e camhe
46 48 4o b Ak M6 4

100

7 (o) = + dxioo
=

© G T peyod nby T K

U= v +omyy

@ T we 2epuee U AND

L4
> (femid)  wep k=reo
=t =
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Question 6  (Fx*F*F)

Evaluate the following expression

9 2n
AT
n=1 m=n+1

Detailed workings must be shown.

1185

b

v ]
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=
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Question 7 (FFFEF)

Evaluate the following expression

19 19
ZZ[Zm + n] .
m=1 n=m

You may find reversing the order of summation useful in this question

V]

| 2, ¢

= 3> | 2 bnlnwy) +hmj
-

9 .
SR (o] = Dt Dhw = 2xbaneoxat 4 Yy
SR o
d *
f, Sire detoy
Dl £
&
TIDY AND QWA
= Mo [4x3 + 5] = Mxaox (B4 4)
= Bxiox @+1)
= 9 x0Ox2
- Ux7

= Sl -2
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Question 8  (Fk¥¥FF)

The function f is defined as

f(n.y)

n

where k = Zrz .

r=1
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Zx

n

2

x=1

Use standard results on series to show that

d>f

dy2

a

y=1

dy =l

n

daf
dy vl

X

, neN, yeR

B 3nt +6n° —n* —4n—4
20(2n+1)°

You may assume without proof Zr4 = 3—10n(n +1) (6n3 +9n° +n —1) .

r=1

9

proof |
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SUMMATIONS

METHOD OF DIFFERENCES
8 BASIC QUESTIONS
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Question 1  (*%)

5
f(r):(sr—l)(5r+4)’ relN

a) Express f(r) into partial fractions

b) Hence show that
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Question 2 (*%)
a) Show carefully that

1 1 2r+1

(el ()’

b) Hence use the method of differences to find

n

2r+1
P (r+1)*

r=l1
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Question 3  (*%)
a) Show carefully that

1 1 r
rt (r+1) (r+1)!

b) Hence find

Z(r-:l)!’

r=1
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Question 4  (**+)

a) Express f(r) into partial fractions.

b) Hence show that

1 1
f(r)zﬂ_z(wz)
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Question 5 (**+)

2
f(r)zm, re N

a) Express f(r) into partial fractions

b) Use the method of differences to find

S0

¢) Hence evaluate

r=8
1 1 - 5 1 1 N 19
=050 Zf(r)_g_n+2_n+3 ’ Zf(r)_%
r=l1 r=8
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Question 6  (**%)

a) Simplify r (r1+ ) - (=t 1)1(r +2) into a single fraction.

b) Hence show that

X 1 115
Z r(r+1)(r+2) | 462°

r=1

12

) 0BT & GOIMDY DnonnoATR A 480
\

R _(m)-T - 2
[T R G Y GO TG ) r(m)(na/

b ASKC e 1DMTDY Poou B ()

T
=
S

%{i\[mﬁm] “t-%

2
= 2o~ 4k - 8 S
= qﬁ//‘rﬁw‘wm
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Question 7  (¥*%)

f(r)ErZ(r+1)2—(r—1)2r2, re N.
a) Simplify f(r) as far as possible.

b) Use the method of differences to show that

a —\C(r‘i: PCru) (e=n)r*
= Lt -cempd
= 2 CrHbr-y) CPel-r )
= P xor 2
= 4>~

=

B oue emec @
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Question 8  (*¥*%)
f(r):—r(r+2)’ re N.

a) Express f(r) in partial fractions.

b) Hence prove, by the method of differences, that

- _ n(An+B)
Z:l:f(r)_4(n+l)(n+2)’

where A and B are constants to be found.

A=3

9 b

B=5|

o BY weestioy (louke 0P METIBD o Siuicne) = 23 YC\N) - Bu et otyg
= = 2 2 (1) i)
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) Tt T - 2 = kse
) 2 ‘v T2 % o) 20m) w1

b TG o fo) & oo/

|
" A’(‘TD// S (@
e = Gng)
7 = g e 4Gy /
€ A3

Bag

142) — 2) -
20w0) (1i2)

' 30 +2) —2n-U-2n-2,
P A B
= ,Z T 2Ty
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SUMMATIONS

METHOD OF DIFFERENCES
8 STANDARD QUESTIONS

Created by T. Madas



Created by T. Madas

Question 1 (¥*%4)

Use the method of differences to show that

1 1 1 1 n(n+3)
+ + +ot :
IX2x3  2x3x4 3x4x5 n(n+1)(n+2)  4(n+1)(n+2)
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N
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B al 7

Created by T. Madas



Created by T. Madas

Question 2 (¥*%4)

, =ér(r+l)(4r+ll), reN.

a) Simplify u, —u,_; as far as possible.

b) By using the method of differences, or otherwise, find the sum of the first 100
terms of the following series.

(Ix5)+(2x7)+(3%9)+(4x11)+...

[ 1. |r(2r+3)|. [691850

o§ U U, = ErenGran) ~ Eeaclaen )
T L G CLega (e )
= Lo (G- G- |
= e (s g - s et ]
= te Coree)
= P(r*s)///'//
b)) Poct As Guews

(x$) +(2x7) £ Gxa) + (e3etr) + - . + (100 x 203)

=l -u, = (zrws){
Ur.,

L x §

2 = 7

R

4w

B o x 23
= Uy = U, = (s 1) e (axa) b o xam)

o
= Erboxbixdil - o = > ()

et

= S - @85
= /
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Question 3 (¥*%4)

- L ,en.

T = e
a) Express f(r) into partial fractions.

b) Hence show that

13 1 1
=1 4 2n 2(n+1)

¢) State the value of

2.7
r -1

r=2

L L
SRR

"B @I Gusrerion)

b gt ) “oovsis” Ge sumen
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Question 4  (***4)
2

f(r)zm, re N.

a) Express f(r) into partial fractions.
b) Hence show that
1 1
r)=———————.
Zf( ) 2 (n+1)(n+2)
r=1
¢) Find the value of the convergent infinite sum

L + ! + ! +...
S5X6X7 6XT7x8 Tx8X9

=t 2L

r r+1 r+2| |60

0) ¥ heomon (oure vp) L
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x2x3 e perety 3 &5 (o)
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= [
\ 3 U
e R S 2 e T F
- i e t
% e /
” SN
n L] %
= 20 = 2w, T E
- fz,g[, Ly 2
= () C)
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Question 5 (¥*%4)

Use the method of differences to show that

1 4 7 3n-2

n2

+ + +..+
Ix2x3  2x3x4 3x4x5 n(n+1)(n+2)

(n+1)(n+2)

, |proof
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Question 6  (¥*%4)

It is given that

2k+7 3 1 1

(2k+1)(2k +3)(2k +5) - 4(2k+1) (2k+3) +4(2k+5) '

Use the method of differences to find a simplified expression for

7 9 11 2n+7
+ + + ..+ :
Ix3x5 3x5x7 5X7x9 (2n+1)(2n+3)(2n+5)

Give your answer in the form 2 — f (n), where f(n) is a single simplified fraction.

3

I V) E——

(2n+3)(2n+5)
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Question 7  (G¥¥¥¥F)
Use the method of differences to find a simplified expression for the first n terms of
the following series.

1 2 3 4
+ + + +
1x3 3x5 5x7 7x9

Give your answer in the form %— f(n), where f(n) is a single simplified fraction.

_ =y
1 f(”)—m

4
GGy =

Now) W A G DIEIGT g or

g B St
sedEen - -
2
Y G i/i%n%

20 By
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Question 8  (¥**¥)

1
r)=————7, r20.
1) Jr+2+4r
a) Rationalize the denominator of f(r).
b) Find an expression for
n
NG
r=1
¢) Show clearly that
48
Z F(r)=3+242
r=1

r=l1
0) UING STINOARD SRS Q) & _n=u8 W prex (b)
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SUMMATIONS

METHOD OF DIFFERENCES
3 HARD QUESTIONS
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Question 1 (F***4)

Consider the following infinite convergent series.

3_5+7_9+11_
I1x2 2x3 3x4 4x5 5%x6

a) Use the method of differences, to find the sum of this series.

b) Verify the answer of part (a) by using a method based on the Maclaurin

expansion of In(1+x).
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Question 2 (¥***4)

Use partial fractions to sum the following series.

2 : 2n+1
n*+ 20 +n?
n=l1

You may assume that the series converges.
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Question 3 (¥***4)

It is given that

B 6r* +6r° —ar* —ar+1
r(r+1) ’

f(r) reN,

where a is a non zero constant.

It is further given that

Zf(r) _ nz(n+2)(2n+1) .

n+l1

r=1

Determine the value of a.

a=2|
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SUMMATIONS

METHOD OF DIFFERENCES
15 ENRICHMENT QUESTIONS
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Question 1 (F***F)

Determine the exact value of the following sum.
20

2 : n—n?+1
n’—n

n=2

4199
[ 1125

@ ST MANIPULATING By Duisiod Bpowen 2 Pana -FRACTI=NS

3 ) 4 | t
R ot L .
T W [ w(n-)
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e = S

i
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Question 2 (FFEF)

f(x,n)Z[ l)r], xeR, neN.

By observing the simplification of

1

(x-2)(x-1)

1

(x-2)(x-1)""

find a simplified expression for f(x,n).
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Question 3 (FFEF)

Determine, in terms of k and n, a simplified expression for
n

Z r(l—k)—l
r(r—l)kr

r=2
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Question 4  (Fx*FFF)

Determine the value of the following infinite convergent sum.

[es)

2

r=2

@l e vowd Hve

Al (o = Ly s S0
Ty N3 = \s) w\g)
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Question 5§ (Fx**F)

Determine a simplified expression, in the form 1n|: f (n):l , for the following sum.

] s

N(N+1)
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Question 6 (FFFFF)

Show, by a detailed method, that
50

48 47 46 2 1 1
+ + ot + =A+B -,
2X3 3x4 4%5 48x49 49x50 r

r=1

where A and B are constants to be found.
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Question 7  (Gk¥FEF)

3 5 7 9 11
+ +

+ +...,
12 12422 1242243% 12+2%2+43%°+4% 1742%+32+4%2+57

Show, by a detailed method, that the sum of the first 40 terms of this series shown

. 240
above is —.
41
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Question 8§  (FFFF)

By considering the simplification of

arctan (2n+1)—arctan (2n—1),

determine the exact value of

(o)

S ol

n=l1
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Question 9
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S, =(2x1!)+(5%2!1)+(10x3!)+(17x4!) +

Use an appropriate method to show that

S, =n(n+1)!

.+(n2+1)n!
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(el = Gl - 3!+ zrl’

Gfrlodl = &0l = b+ e
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Question 10 (k¥¥%%¥)

By considering the trigonometric identity for tan(A—B), with A =arctan(n+1) and

B =arctan(n), sum the following series

Zw |

arctan (2—j .
n“+n+l

n=l1

You may assume the series converges.
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Question 11 (Gk¥¥%¥)

Determine, in terms of 7, a simplified expression
L 2
r’+9r+19
Z (r+5)! |
r=1

and hence, or otherwise, deduce the value of

oo

Z r+7r+11
(r+4)!
r=l1
2.2 i )
] Z rA9r+9) 1 n+S Z ratrdl) S
’ (r+5)! 6 (n+5)! (r+4)! 24
r=I r=l1
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Question 12 (Fk#¥%%¥)

A sequence is defined as

2r

Uy =U, +——F5—,
" P |

Determine the exact value of ug .

u;=0, reN.

2r
= U

1 A vone u, =
b el !
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Goere) (v = P ordar?
) Tl

B3l
r2 -+l
rt 1> 1
® BY wPEmon
| L KA A-GTeh) | o
T et 4l (G e

© PEWNTE THe ABWE EXPRESSIoN AT RUONE
|
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Question 13 (Gk¥¥¥¥)

Find the value of

sin* (71'>< 2’_2)
4"
r=0

Hint: Express sin*@ in terms of sin’@ and sin” 20 only.

y 6 4+ J - fafen
= 9P - Lawdp

s ()

L

I
!
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Question 14  (Gk¥¥%¥)
Find the sum to infinity of the following convergent series.

1 1 1 1 1
+ + + + +...
4x2! 5x3! 6x4! Tx5! 8x6!
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=
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Question 15 (F#x*%%F)

Evaluate the following expression
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