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Question 1  (*%)

F(x)=(1-x)’In(1-x), -1<x<1.

Find the Maclaurin expansion of f(x) up and including the term in X

Question 2 (**+)

I

f(x)=e* cos4x.
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Find the Maclaurin expansion of f(x) up and including the term in x*
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e ¥ cosdx=1-2x—6x> +ﬁx3 —%x4 +0(x5)
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Question 3  (**+)

y=e**sin3x.

a) Use standard results to find the series expansion of y, up and including the

term in x*.

b) Hence find an approximate value for

0.1
e>“sin3x dx.
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Question 4  (**+)

Find the Maclaurin’s expansion of In| 3 / 1+ ix , up and including the term in X,
—2x

I:l, In 31+2x =%x+%x3+0(x5)
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Question 5 (¥*%)

f(x)=In(1+sinx), sinx#-1.
a) Find the Maclaurin expansion of f(x) up and including the term in x°.

b) Hence show that

1
4

In(1+sinx) dx =
0

0.028809.

[ ], [n(1+sinx) =x—%x2+éx3+0(x4)
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Question 6  (**%)

f(x)Ee—Tl, xeR.
2e2

Use standard results to determine the Maclaurin series expansion of f (x), up and

including the term in x%.

I:I, f(x)=1+%x2+1 4+;x(’+0(xg)
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Question 1 (¥*%4)

y=(1+x)"cosx.

Show clearly that ...
PE

a) —3:

(x2+2x—5)sinx—6(x+1)cosx.
dx

b) ... y=1+Ax+ Bx* +Cx° ,where A, B and C are constants to be found.

, |proof
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Question 2 (¥*%4)

Find the Maclaurin expansion of In(2—e"), up and including the term in X

|:|, ln(2—ex)=—x—x2—x3+0(x4)
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Question 3 (¥*%4)

f(x) =In(1+cos2x), 0Sx<5

a) Find an expression for f7(x).

b) Show clearly that

¢) Show further that the series expansion of the first three non zero terms of f (x)

is given by
4

In2—x>——x
6

, _ 2sin2x
f(x)— 1+cos2x
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Question 4  (¥*%4)

Find the Maclaurin expansion of In(1+sinh x) up and including the term in X

In(1+sinhx) = x—%x2 +%x3 +0(x4)

Question 5 (¥**4)

Find the Maclaurin expansion of f (x) , up and including the term in X

f(x)EZX—x2+x3+0(x4)
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Question 6  (¥*%4)

tan x

y=e" ", xeR.
a) Show clearly that
2
—§=(1+tanx)2@.
dx dx

tan x

b) Find a series expansion for e, up and including the term in X,

tanx __ 1.2,1.3 4
e —1+x+2x +2x +0(x )
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Question 7  (¥*%4)

y=tanhx, xe R.

By expressing the derivatives of tanh x in terms of y , or otherwise find the first 2
non zero terms of a series expansion for tanh x .
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Question 8  (***+)

By using results for series expansions of standard functions, find the series expansion

of In (1 —-X— 2x2) up and including the term in x*

[ 1.

Question 9 (¥*%4)
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By using results for series expansions of standard functions, or otherwise, find the

series expansion of In (x2 +4x+ 4) up and including the term in x*

v N 1n(x2+4x+4)=21n2+x—ix2+—x3—ix4+0(x5)
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Question 10  (**%+)

f(x)=cosx+coshx, xe R.

Use the first 3 non zero terms of the Maclaurin expansion of f (x) to approximate the

solutions of the equation

f(x)=2.1.

x =~ +1.046|
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Question 11 (¥%%%)

f(x)=sin[In(1+x)], xeR, x>-1.
a) Show that
(142)" f7(x) + (1+2) /(x) + f(x) = 0
b) Hence find first 3 non zero terms of the Maclaurin expansion of f (x) .

¢) Use the result of part (b) to find first 2 non zero terms of the Maclaurin
expansion of sin[ln (1+ x):| :
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Question 12 (¥¥%%)

By using results for series expansions of standard functions, or otherwise, find the

series expansion of In (x2 +2x +1) —(x— 2)(ex— 2) up and including the term in x~.

[ 1. im(x?+2x+1) = (x-2)(e"-2)

——2+5x—x2+lx3+0(x4)
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Question 13 (¥¥%%)
f(x)=e"cosx, xe R.

a) Show clearly that

b) Find a series expansion for f (x) , up and including the term in X

¢) Hence find a series expansion for e*sinx, up and including the term in x*,

showing further that the coefficient of x* is zero.

f(x) :1+x+%x3—%x4—3—10x5 +0(x6) , exsinx=x+x2+%x3+0(x5)
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Question 14  (¥¥%%¥)

The functions f and g are given below.

f(x)=arctan(%x), xeR.

1
=) R, -1<y<l.
g(y) ey S y

a) Expand g(y) as abinomial series , up and including the term in y3.

b) Use f’(x) and the answer to part (a) to show clearly that

2\.2. 8 3,32 5_ 128 7
“Ctan(3x)’“3x 31" TT215% "15309" -

g(y)=1-y+y*=y*+0(y*)
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Question 15 (¥¥%%)
y=+9+2sin3x .

a) Find a simplified expression for y? .

X
b) Hence show that if x is numerically small

~ ~1,2_13.3
y=3+x 6% 79X
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Question 16  (¥%%%)
f(x)=arsinh(x+1), xe R.

Show clearly that ...
a) .. S+ (2] =0.

b) ... arsinh(x+1)z]n(1+\/§)+§x_%x2+4£§x3_

proof
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Question 17  (¥%%%)

T
y=tanux, 0Sx<5.

a) Show clearly that ...

i . d—2y=2yﬂ.
dx? dx

ii L —
dx? dx d’ dx*

5 2\ 3 4
Zsy:{uj gLy o dy
X

b) Use these results to find the first 3 non zero terms of a series expansion for y
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Question 18  (¥¥%%)

y=In(4+3x), x>—%.

2 3
a) Find simplified expressions for Q, d_;) and Q
dx  dx dx’

b) Hence, find the first 4 terms in the Maclaurin expansion of y =In(4+3x).

¢) State the range of values of x for which the expansion is valid.

d) Show that for small values of x,

ln(4+3sz§x+ix3.

4-3x) 27 32
dy 3 d*y 9 d’y 54 i_ -4
o 2T 253 T 2|73 <3
dx_ 3x+4| |dx (3x+4)7| |dx”  (3x+4)

ln(4+3x)=ln4+%x—%x2+%x3+0(x4)
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Question 19 (¥*%%¥)
If m and n are non zero constants, then the first non zero term in the Maclaurin

expansion of ¢ —(1+4x)" is —4x?.

Find the coefficient of x> in this expansion.

You may NOT use standard series expansions in this question.
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Question 20  (¥¥¥¥)

Determine the first 3 no zero terms in the Maclaurin expansion of

I:l, y=1+x2+lx4+0(x6)

2
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Question 1 (¥%%*4)
y=In(I+sinx), sinx#-1.

a) Show clearly that

dy _
M—fb%

where f(y) is a function to be found.
b) Hence show further that

In(1+sinx) = x—lx2 +lx3 —ix4 + L i
6 12 24

y=—¢e”’
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Question 2 (¥***4)

Use the Maclaurin theorem to show that

104,845

y =tan(x+£)zl+2x+2x2+§x3+
4 3 15

proof
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Question 3 (F***4)

Find the Maclaurin expansion, up and including the term in x*, for y= esin2x,

gSin2x :1+x+2x2—2x4+0(x5)
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Question 4  (F***F4)

Consider the following infinite convergent series.

3_5+7_9+11_
I1x2 2x3 3x4 4x5 5%x6

a) Use the method of differences, to find the sum of this series.

b) Verify the answer of part (a) by using a method based on the Maclaurin

expansion of In(1+x).
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Question 5 (¥***4)
y=In(2-¢"), x<In2.

Show clearly that

3
ey d_3y+3ﬂd_2y+ ﬂ

+e* =0,
d  dx ax*  \dx

and hence find the first 3 non zero terms in the Maclaurin expansion of

y=In(2-¢"). x<In2.

I:I, y=ln(2—ex):_x_x2_x3+0(x4)

NOW EAUWEE THERE AT X=0
i Wl =

°y (2-< \ =0 Yoz o0

©
o,

°

WRITE THE DEUoRTIVE 1) THE SXPRESSION MOURE LOMPACTLY ANY)
DIFFFQRINATE Achml
Y= -
Y= -2
°
- o
x> (G0 4+ 30C) + o
B L
| "
Yo =-€
R AN
¥ TR
(0= © ~100 + EZae & 5 P oty
W2-1) = —x —2* = + o) -

Created by T. Madas



Created by T. Madas

Question 6  (F***4)

Find the Maclaurin expansion, up and including the term in x*, for y =sin(cos x).

1.

sin(cos x) = sin1 -4 x% cos 1+ x* (ﬂcosl—gsin1)+0(x6)

2

1 |

Question 7  (¥*¥*%4)
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Find the first four non zero terms in the Maclaurin expansion of

y=In(1+coshx).

1.

In(1+coshx)=In2+ 4x2 —9—16x4+ﬁx6+0(x8)
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Question 1 (k¥%F)

The curve with equation y = f (x) is the solution of the differential equation

2
f(x)=In 1=x+a”

1+ x+x°

6n-3

Determine, in its simplest form, the coefficient of x , ne N, in the Maclaurin

series expansion of f (x).

-

6n-3
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Question 2 (FF*FFF)

Find the Maclaurin expansion of arctan x, and use it to show that

E:Zf(n),

n=0

for some suitable function f .

2n+1
n=0
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Question 3 (k)

a) Use an appropriate integration method to evaluate the following integral.

1

¥ arctanx dx.
0

b) Obtain an infinite series expansion for arctan x and use this series expansion to
verify the answer obtained for the above integral in part (a).

[you may assume that integration and summation commute)
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Question 4  (kFFEF)

It is given that
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Assuming the following integral converges find its exact value.

1
(Inx)(arctan x) dx .
0

[you may assume that integration and summation commute)
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Question 5 (Gk¥¥EF)

Show with detailed workings that

2r+3

T - 3ln(%).

r=1
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Question 6 (Gk¥¥FF)

. . 1+ . .
By considering the series expansions of ln(l—xz) and In l—x , or otherwise, find
—X
the exact value of the following series.
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Question 7 (FFEEF)

Find the sum to infinity of the following series.

1 1 1 1 1
—— + — + +...
1 1+4 1+4+9 14+4+9+16 1+4+9+16+25

You may find the series expansion of arctan x useful in this question.
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Question 8 (FerFER)

Find the sum to infinity of the following series.

1 1 1 1
+ + 5+ s+ 7+
3x4 5x4° Tx4> 9x4
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Created by T. Madas

4r=2
2 (Jr=a)’

2r=1{\[p+q

r=l1

@ ST RoM THE B0E PN of  afanha 1N W06 190U

5 T e e TRV
= ackuha = Lh( Tx) = = ey <y |

=
g e "
Sobux =3 (g at
s st

Pt i
N PSR L »
Sattwhy = @ TIL A LN b

Created by T. Madas

Given that p and ¢ are positive, show that the natural logarithm of their arithmetic
mean exceeds the arithmetic mean of their natural logarithms by

You may find the series expansion of artanh (xz) useful in this question.
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Question 1 (¥*%)

yzi, x>0
Jx

a) Find the first four terms in the Taylor expansion of y about x=1.

b) Use the first three terms of the expansion found in part (a), with x = § to show

that \/_ zg .
162

1 y=1-3 -0+ 3 (-1 -2 (-1 + 0 (x-1)*)
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Question 2 (**%)

f(x)zlenx, x>0

a) Find the first three non zero terms in the Taylor expansion of f (x), in powers

of (x—1).

b) Use the first three terms of the expansion to show Inl.1=0.095.

[ () =(e-D+3(x-

)°+ 4 (=1 +0((x-1)*)
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Question 3 (¥*%)

f(x)=cos2x.

a) Find the first three non zero terms in the Taylor expansion of f (x) , In powers
of (x - zj .
4

b) Use the first three terms of the expansion to show cos2 = —0.416.
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Question 4  (¥*%)

f(x)=cosx.

a) Find the first four terms in the Taylor expansion of f (x), in ascending powers
of (x - zj .
6

b) Use the expansion of part (a) to show that
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Question 1 (¥*%4)

f(x)=sin2x, xeR.

a) Determine, in exact simplified form, the first 3 non zero terms, in the Taylor

expansion of f (x), centred at x = %7[.

b) Write the entire expansion of f(x), as a simplified expression in Y. notation.

[ Llr(x) :1—2(x—%7[)2+%( 175)4+...
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Question 2 (G¥¥¥¥F)

y=tanx.

a) Show that

3 2
4y 2yd—+2(dyj
dx’ dx? dx

b) Determine the first four terms in the Taylor expansion of tanx, in ascending
/4
powers of (x—zj .

¢) Hence deduce that
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Question 3 (FHEE)

y=tan2x.

a) Show that

d4y
=120sec® x—120sec* x +16sec’ x .

dx*
b) Determine the first 5 terms in the Taylor expansion of tan’ x, in ascending

powers of | x— 3
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Question 1  (**+)

A curve has equation y = f (x) which satisfies the differential equation

d
@Y_2_ 2

dx Yo

subject to the condition x=0, y=2.

Determine the first 4 terms in the infinite series expansion of y = f(x) in ascending
powers of x .

3

1. Y=2—4x+8x2_4_7x3+0(x4)
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Question 2 (**%)

A curve has an equation y= f (x) that satisfies the differential equation

dy dyjz
—=+|—| +xy=0,
ydx2 (dx w

&,

subject to the conditions x=0, y=1, y
x

By using the first four terms in the expansion of y = f(x) in ascending powers of x,

show that y=1.08 at xzﬁ.

proof
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Question 3 (¥*%)

A curve has an equation y= f (x) that satisfies the differential equation

xﬂ—yzzl x#0,

dx

subject to the condition y=2 at x=1.

Find the first four terms in the expansion of y= f (x) as powers of (x —1) .

r=2-7e )+ 3 ) e o)
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Question 1 (¥*%4)

2
Q:ﬂ, xio.
dx X

Given that y=1 at x=1, find a series solution for the above differential equation in
ascending powers of (x—1), up and including the terms in (x—1)".

y=1+4(x-1)+

(1o

(x=1)* +18(x=1) +0| (x-1)"
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Question 2 (¥*%4)

A curve has an equation y= f (x) that satisfies the differential equation

2
d—;)+ 2ﬂs1n2x+4ycos2x=0,
dx dx

subject to the conditions y =3, % =0 at x=0.
X

Find a series solution for f(x) up and including the term in x*

y=3—6x2+8x4+0(x6)
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Question 3 (¥*%4)
A curve has an equation y= f (x) that satisfies the differential equation

e —2=2yﬂ+ y2+1
dx dx

with y=1, ﬂ=2 at x=0.
dx

a) Show clearly that

_ d3y _ dzy dy dy
e —=(2y+e" |—=+2—| y+—|.
dx® ( g )dx2 dx\” " dx

b) Find a series solution for f (x), up and including the term in X

I:I, y =1+2x+3x2+5x3+0(x4)
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Question 1 (¥*%4)

Show clearly that
2.3 4
f(x) =1—4x +5x .

proof

Question 2 (¥*%4)

a) Find the first four terms in the series expansion of (1 —% yj

b) By considering the first two non zero terms in the expansion of sin3x and the
answer from part (a) , show that

,/1—lsin3x zl—éx—ix2 +£x3 .
2 4 32 128

Created by T. Madas



Created by T. Madas

Question 3 (Fx**F)

By considering a suitable binomial expansion, show that

) N 2r) 2 X
arcsinx = E — =
r)2r+1\ 2

r=0
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