MATRICES

EXAM QUESTIONS
(Part Two)
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Question 1 (*%)

Find the eigenvalues and the corresponding eigenvectors of the following 2X?2 matrix.

o

Question 2 (*%)

A transformation in three dimensional space is defined by the following 3x3 matrix,
where x is a scalar constant.

2 =2 4
C=|5 x-2 2
-1 3 X

Show that C is non singular for all values of x.

, |proof
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Question 3 (*%)

The 2X?2 matrix A is given below.

a) Find the eigenvalues of A .
b) Determine an eigenvector for each of the corresponding eigenvalues of A .

¢) Find a 2x2 matrix P, so that

PTApz(’11 Oj,
0 4

where 4, and A4, are the eigenvalues of A, with 4 < 4,.

1

— — 3 1 3 2 3 f
A =-15 4, =5, u-(_zj, V—(J , [P = 5
J5

Gl G
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Question 4 (*%)

Describe fully the transformation given by the following 3X3 matrix.

028 -096 O
096 028 0.
0 0 1

rotation in the z axis, anticlockwise, by arcsin (0.96)

Question 5 (*%)

A transformation in three dimensional space is defined by the following 3x3 matrix,
where k is a scalar constant.

Show that the transformation defined by A can be inverted for all values of k .

, |proof

© T e ToRWEMATION © ¢ pene A1 F#0 % eetng

NNV

R P R e I I
‘ ‘ 2l A8 e 2|
= k(-4 4242k
= Wik
= -2k 32 >c
Swee \P-tac

AT 1S ALAIS PodTive, Le (A 140 ) The Tonucomaal

A WUL B INURTGE Bp AL &

Created by T. Madas



Created by T. Madas

Question 6  (*%)

The 3x3 matrix A is given below.

2 1 -1
A=0 2 2
3 4 -1

a) Find the inverse of A .

The point P has been mapped by A onto the point Q(6,0,12).

b) Determine the coordinates of P .

6 -3 0
A"I:é -6 1 4|, |P(3,11)
-6 -5 4
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Question 7  (*%)

The 3x3 matrix A is given below.

1 21
A=2 3 1
3 4 2

a) Find the inverse of A .
b) Hence, or otherwise, solve the system of equations

x+2y+ z=1
2x+3y+ z=4
3x+4y+2z=4

2 0 1
A=l 1 1 -1 |, |x=2, y=1, z=-3
1 2 1
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Question 8 (*%)

The 3x3 matrix A is given below.

4 4 4
A=[-1 0 1
-7 -6 1

Given that I is the 3x3 identity matrix, determine the values of the constant A, so

that A + Al is singular.
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A=0,-1,-2
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Question 9 (*%)

The 3x3 matrix A is defined in terms of the scalar constant k£ by

2 —1 3
A= &k 2 4
k=2 3 k+7

Given that |A| =38, find the possible values of k.

:

-2, k=-8
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Question 10 (*%)

Find the eigenvalues and the corresponding equations of invariant lines of the
following 2x2 matrix

Question 11 (*%)

A transformation in three dimensional space is defined by the following 3x3 matrix,
where y is a scalar constant.

If |[M|=0, find the possible values of y.

I—l’ y:_l’ )’20, y:3
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Question 12 (*%)

The 3x3 matrix M is given below.

Il
—_— O W
W = N
—_— = =

a) Find the inverse of M.

The point A has been transformed by M into the point B(5,2,—1).

b) Determine the coordinates of A.

2 -1 -1
M—lzé 1 -4 5|, [A(L—24)
1 13 -5

Created by T. Madas



Created by T. Madas

Question 13 (*%)
A non invertible transformation in three dimensional space is defined by the following

3% 3 matrix, where a is a scalar constant.

Determine the possible values of a.
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Question 14  (*%)

The 3x3 matrix M is given below.

3 2 1
M=|1 -2 -1
1 0 3

a) Find the inverse of M.
b) Hence, or otherwise, solve the following system of equations.

3x+2y+z=7
x=2y—-z=1
x  +3z=11

3 3 0
R
[ Im'=—] 2 -4 2|, [x=2 y=-1z=3
12
-1 -1 4
[z = 7 [~ 1
Q) ® V- L? -2 7\“ FM[E)(:?FMM{ES_:[&, L:*EJ
o 3] Lo -4
MAX oF coman= Lj 7: ;J
— o w s
PDAGHTE UATRLX = Lw j 4&
@der M= 30 +26s) t 2 = -24

(e w2 emt,2-3)
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Question 15 (*%)

A 3x3 matrix T represents the linear transformation

X X
T yl:—>|Y
Z y4
so that
1 3 1 6 2 1
T O |:—>]|4], T 1|:—>]|1], T 1|:—>]| 1].
0 2 0 5 —4 -1

Find the elements of T .

3 3 2
[ lfr={4 31
2 32
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Question 16 (**+)

Find the eigenvalues of the following 3X3 matrix.

3 -1 1
A= 2 0 2].
-1 1 1
A=0, 2

Question 17 (**+)
The 3x3 matrix A is given below.

310

A=|2 4 0
1 01

a) Giventhat A =1 is an eigenvalue of A find the corresponding eigenvector.

b) Find the other two eigenvalues of A .
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Question 18  (**+)

A transformation in three dimensional space is defined by the following 33 matrix.

a) Find the value of detA .

A cone with a volume of 26 cm” is transformed by the matrix composition AB?.

b) Given that detB = %, calculate the volume of the transformed cone.

|detA = 39|, |volume = 6|

b
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Question 19 (**+)

The 3x3 matrix A is given below.

L - o
w = O

a) Show that A only has two eigenvalues.

b) Find the eigenvectors associated with each of these eigenvalues.

A=2,1=2, 1=3|, |u

Il

—_— = O
<
Il
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Question 20 (**+)

The 3x3 matrices A and B are defined in terms of a scalar constant k by

kK 9 2 1 -3 2
A=l1 k O and B=|k 2 -1
5 -1 1 4 1 1

a) Find an expression for det A , in terms of k.

b) Find the possible values of k& given that AB is singular.

—

detA =k%>—10k—11|, |k=-1, 11, L

(o)1

Question 21  (¥*+)
It is given that A and B are 3x3 matrices that satisfy

det(AB)=20 and det(A™)=—4.

A solid S, of volume 5 cm®, is transformed by B to produce an image S’.

Find the volume of S”.

400 cm’

Created by T. Madas



Created by T. Madas

Question 22 (**%)

x+3y+2z=14
2x +y +z=17
3x+2y —z=17

Solve the above system of simultaneous equations by manipulating their augmented
matrix into reduced row echelon form.

No credit will be given for alternative solution methods.

x=1, y=3, z=2

Question 23 (**%)

A 2x2 matrix M has eigenvalues A =-2 and A =7, with respective eigenvectors
i—j and  4i+5j.

Find the elements of M.
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Question 24 (**%)

The 3x3 matrix A is given in terms of a constant k below.

k 3 6
A=l1 k 1
0 4 1

a) Show that A has an inverse for all values of k.

b) Find A~ in terms of k.

1 k-4 21 3-6k
(k=2)"+17 o 62_k
4 -4k K>-3

@ A{ kot
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Question 25 (**%)

The 2x2 matrix M has eigenvalues —2 and 7.

1 4
The respective eigenvectors of M are ( J and (5)

Find the entries of M.

v )

Question 26 (**%)

2x+5y+3z=2
x+2y+2z=4
x+ y+4z=11

Solve the above simultaneous equations by manipulating their augmented matrix into
reduced row echelon form.

No credit will be given for alternative solution methods.

x=12, y=-5, z=1
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Question 27 (**%)

The 3x3 matrices A and B are given below.

3 4 2 -10 -14 16
A=l1 1 4 and B=| 10 14 -6
4 5 7 5 6 6

Show clearly that

A+A'+B=FA,

stating the value of the scalar constant k
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Question 28 (**%)

The 3x3 matrix A below, represents a transformation such that R3 - R>.

2 -1 1
A=| 4 -3 0].
-3 31
a) Find the entries of A3
b) Determine the entries of Al
1 00 -3 4 3
A’={0 1 Of,|[A'=|-4 5 4
0 0 1 3 -3 =2

Question 29 (**%)

Factorize fully the following 3x3 determinant.

I x y+z
2y z+x|.
3 7z x+y

(x+y+z)(x—2y+2z)
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Question 30 (**%)

Solve the following simultaneous equations by manipulating their augmented matrix
into reduced row echelon form.

—_— N =
[N R SN
[N T NS

No credit will be given for alternative solution methods.

x=2, y=-1, z=4
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Question 31  (¥%%)

The 3x3 matrix D is given below in terms of the constants a, b, ¢ and d .

w o
QU I =
N O

It is further given that
u=i+3k and u=3i+4j+k
are eigenvectors of D with corresponding eigenvalues A and .

Determine in any order the value of a, b, ¢ ,d, A and .

b=-1|, |c=0|, |[d=-1],|4=3

|a:63 s s ) 7/1:77
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Question 32 (**%)

The 2x?2 matrix A and the 3X3 matrix B are given below.

2 1 1
1 2
A= and B=(1 1 O0].
2 -4
0 2 1

The straight line L; with equation
y=x+k,
where k is a constant, is transformed by A .

a) Find an equation for the image of L; under A .
The straight line L, with Cartesian equation

Xl _y=3_.
2 2

is transformed by B.

b) Find a Cartesian equation for the image of L, under B .

a3y =l6k|, [P l=2=4_z=8
7 4 5
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Question 33 (**%)

The 3x3 matrix A is given in terms of the scalar constant k& by

I -1 3
A=2 1 k|
0 1 1

a) Find, in terms of k, the inverse of A .
b) State the condition that k must satisfy, so that the inverse matrix exists.

Now suppose that k =4.

The point P has been transformed by the matrix A into the point Q (2,8,3) .

¢) Determine the coordinates of P .

k=1 —4 k+3
A‘I:k—l9 2 -1 k-6, [k=9], |P(1,21)
2 1 -3

® oo
As{2 ok
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Question 34 (**%)

The 3x3 matrix M is given below, in terms of a scalar constant & .

kK 0 2
M= 4 3 2
-2 -1 0

a) Show that 4 =1 is an eigenvalue of M for all values of & .

2
b) Given that | -2 | is an eigenvector of M with corresponding eigenvalue 4, #1,
1
find the values of A, and the value of k.

¢) Find the value of the third eigenvalue of M.
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Question 35  (¥*%)

The 3x3 matrices A and B are given below.

1 00 1 0 O
A=|0 0 1 and B={0 -1 Of.
010 0 0 1

a) Describe geometrically the transformations given by each of the two matrices.

The matrix C is defined as the transformation defined by the matrix A, followed by
the transformation defined by the matrix B .

b) Describe geometrically the transformation represented by C.

:

9

A :reflection in the plane y = z|, |B : reflection in the xz plane

b

C:rotation in the x axis, 90°, anticlockwise|
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Question 36 (**%)

x +3y +5z = 6
6x -8y +4z = -3
3x+11y+13z = 17

Solve the above system of simultaneous equations by manipulating their augmented
matrix into reduced row echelon form.

’ |:|’ X:—%, y:%’ Zzl
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Question 37 (**%)
The matrix A :R? > R? and the matrix B:R> > R? are defined as
1 0 0
1 0

=13 and B=|0 cos45° -sin45°
0 sin45° cos45°

Describe geometrically the transformations given by each of these matrices.

State in each case the equation of the line of invariant points.

l:l, A :shear parallel to y axis,(1,0) — (3,1)
B : rotation in the x axis, 45°, anticlockwise|, |A: x=0|,

-

B:y=z=0,i.e.xaxis|
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Question 38 (**%)

Find the eigenvalues and the corresponding eigenvectors of the following 2X?2 matrix.

(1 3)

M= .

2 2

A=—1, u:a[_;j, A=4, u:,ﬁ[ij
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Question 39  (*¥*%)

A transformation of the x-y plane is represented by the following 2x2 matrix.

-5 9
D= .
—4 7
The straight line with equation of the form y =ax, where a is the gradient, is in the

direction of the eigenvector of D.

a) Find the equation of this straight line, stating whether this line is an invariant
line or a line of invariant points.

b) Show that all the straight lines of the form y =ax+c, where c¢ is a constant,
remain invariant under the transformation represented by D.

W

® /(-5 o\t )
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Question 40  (¥*%)

Solve the following simultaneous equations by manipulating their augmented matrix
into reduced row echelon form.

1 1 -3)x) (6
2 1 4| yl|=|3
5 2 16)lz) |4

, [x=-10, y=19, z=1

| G= S P lg2

o] Rowg 2. B ~H, ANO AN T D Do 3 |
I "

Question 41  (¥*%)

The 3x3 matrix M is given below.

-3 0 O
M= 0 -3 0
0 0 3

M describes two consecutive linear transformations of 3 dimensional space, which can
be carried out in any order.

Describe geometrically each these two transformations.

rotation about z axis,180°

9

uniform enlargement, S.F.=3
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Question 42  (¥*%)

The system of simultaneous equations

x+ y+2z=2
x+2y+ z=2
2x+ay+5z=>b

where a and b are constants, does not have a unique solution, but it is consistent.

a) Determine the value of a and the value of b.

b) Show that the general solution of the system can be written as

2-3t

where ¢ is a parameter.
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Question 43  (**%)

The 3x3 matrix A is given below.

2 =5 0
A=|-5 -1 3
0 3 -6

As Ais a symmetric matrix, find the orthogonal 3X3 matrix P and a diagonal 3x3

matrix D such that PTAP=D.

5 1 1
P=| — —— —— |[,[p=/0 -3 0
NN
0O 0 -8
a1 3
m B
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Question 44  (**%)
Find the eigenvalues and the corresponding eigenvectors of the following 3x3 matrix.

1 1 0
A=|1 2 1
01 1
1 1
A4=0, u=|-1|,|4L=L v=| 0}, |4 =3, w=|2
1 -1 1
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Question 45  (¥*%)

A linear transformation 7' in the x—y plane consists of a reflection about the straight
line with equation

y=xtan®,
followed by an anticlockwise rotation about the origin O, by an angle of £°.

By considering matrix compositions, or otherwise, describe T geometrically.

ﬁo

reflection in the line y = tan(ato +7j

Question 46 (**%)

x+3y+2z=13
3x+2y —z= 4
2x +y +z=17

Solve the above system of simultaneous equations by manipulating their augmented
matrix into reduced row echelon form.

No credit will be given for alternative solution methods.

x=1, y=2, z=3
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Question 47 (**%)

The 3x3 matrix A is given below.

31 3
A=l 2 4 3
-4 2 -1
The matrix A is non singular.
a) Evaluate A’-A.
b) Show clearly that
-1
AT =S [A-T].
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Question 48  (**%)

The 2x2 matrix P is defined in terms of x, where x #1

P:(f ;‘j.

a) Find in its simplest form the matrix PP —P'P.

b) Show clearly that det(PPT - PTP) <0.
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b) der/pF_we) . | B =t




Created by T. Madas

Question 49  (**%)

2 5 3)(x) (2
1 2 2|yl=|4
11 3)lz) (10

Show that the above system of simultaneous equations ...

a) ... does not have a unique solution.

b) ... is consistent and the general solution can be written as
X 16—44
y|=| 4A-6 |,
b4 A

where A is a scalar parameter.

proof
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Question 50  (**%)

The 3x3 matrix A is given below, in terms of a scalar constant k .

kK0 1
A=-11 k-3 9.
-11 0 %

a) Given that A is singular, find the value of k.

b) Given instead that A =2 is an eigenvalue of A, determine the value of k£ on
this occasion.

k=3|, k=5

)
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Question 51  (¥%%)

Three planes, the equations of which are given below, intersect along a straight line L.

x+2y+3z=2
2x+3y +z=3
3x+4y —z=k

Show, by reducing an augmented matrix into row echelon form, that the equation of L
can be written in the form

r=j+1(7i-5j+k),
where ¢ is a scalar parameter.

proof
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Question 52 (**%)

Solve the following simultaneous equations by manipulating their augmented matrix
into reduced row echelon form.

1 2 1) «x 1
11 3| y|=[2
3 5 3)\z 4

No credit will be given for alternative solution methods.

x=3, y=-1, z=0

Question 53 (**%)

3x—2y—-18z=6
2x +y —5z=25

Show, by reducing the system into row echelon form, that the solution can be written
in the form

r=8i+9j+A(4i-3j+k),

where A is a scalar parameter.

proof
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Question 54 (**%)
The 3x3 matrix R is defined by

o O
S = O
- O O

The image of the straight line L, when transformed by R, is the straight line with
Cartesian equation

x+2 y-1_ z-1
3 2 4

Find a Cartesian equation for L.

x-2 _y—-1_z-1
N R
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Question 55  (¥%%)

The 3x3 matrices A and B are given below.

1 0 O 1 0 O
A=|{0 0 -1 and B={0 -1 O
01 O 0 0 1

a) Describe geometrically the transformations given by each of the two matrices.

The matrix C is defined as the transformation defined by the matrix A, followed by
the transformation defined by the matrix B .

b) Describe geometrically the transformation represented by C.

, |A :rotation about x axis, 90° anticlockwise|, |B : reflection in the xz plane

b

|C : reflection in the plane y = Z|
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Question 56  (**%)
The vectors u, v and w are defined as

1 10 -2
u=|2{(, v=[5{, w=| 1],
8 a 2

where a 1is a scalar constant.

Given that u, v and w are linearly dependent, determine the value of a and hence

express uin terms of v and w.
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Question 57  (¥%%)

The 3x3 matrices A and B, are given in terms of the constants £ and / below.

I 2 1 15 -4 -1
A=|2 k 4 and B=|h 4 2.
3 2 -1 17 -4 3

a) Find the matrix composition AB, in terms of k and 4.
It is further given that AB = Al for some values of k and 4.

b) Find the value of each of the constants A, k and h.

¢) Deduce AL, for the values of A, k and /4, found in part (b).

2h+32 0 0
[ ].|AB=|hk+98 4k-24 2k-14|,[A=4, h=14, k=7],
2h+28 0 4
15 -4 -1
A=l o4 o
N7 5

q)
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Question 58  (**%)

7 6
The 2X2 matrix A :(6 2} is given.

Use the Caley- Hamilton theorem to show that

A*=AA +ul,

where I is 2X2 identity matrix.

[ ] [A* =1125A +22661

A MATO MO SATSE TS GARACTHISTC GoufTon)
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Question 59  (***+)

A system of equation is given in matrix form below

t 2 3 x a
2 3 —t||yl|=|b]|
3 5 t+1)\z c

where ¢ is an integer constant, and a, b and c are real constants.
The system of equations does not have a unique solution, but it is consistent.
Show clearly that

a+b=c.

proof
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Question 60 (***+)

Express the following 3x3 determinant as the product of three linear factors.

1 x x>—x
Ly y -y

2
1 z 77—z

(r=y)(y=2)(z=%)
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Question 61  (**%4)

Find the eigenvalues and the corresponding eigenvectors of the following 3x3 matrix.

1 2 4
A=[2 1 4].
2 3 2
-3 4 1
A=-1, u=| 1|,|4L==2, v=| 4|, |41=7, w=|1
1 -5 1
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Question 62  (***+)

The 3x3 matrix A is defined in terms of a scalar constant k as

a) Find Al ,in terms of k.
b) Hence solve the following simultaneous equations

2x—y +z=1
3y +z=2
X +y+2z=2

3k—1 k+1 -4
-1 - -1 -1 -1

1 2k—-1 -2 S| X=5, YES, 255

-3 -3 6

SR €
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Question 63  (**%4)

The 3x3 matrix A is defined in terms of a scalar constant k£ by

I 2 2
A=k I k-1].

2 2k-1 2-k

a) Show that det A is independent of k .

b) Determine, with full justification, whether the vectors

i+2j+2k, —2i+j+3k and 2i+]j

are linearly dependent or linearly independent.

The equations of three planes are given below.

x=2y+2z=2
—2x+ y—-5z=3
2x—-3y+4z=6

¢) Determine, with full justification, the geometrical configuration of these three
planes.

linearly independent

2

all 3 planes meet at a single point
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Question 64  (***4)
By using elementary row and column operations, or otherwise, factorize the following
determinant completely.

a b —c
b—c a-c a+b|.

—bc —ca ab

I:I, (a+b+c)(a=b)(b+c)(c+a)

a b 4 €. a b ~a
e -ghe il avbc atbic  hebid
ke el ke ca b
o bime | o ba
=@ 2 e
b e ok | B¢ D beica—abah
L Lca) 4 0
= @b | o o | = (asbro)(sa)(ma)|
Sbee(b-) b 4 e b

Soms ¥ Be Moo
\ =
N (mc»(w(u.a[«l[ Ly u

= (arorc)(b-a)(are) Ge-b)

= (@b (B (b))

//
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Question 65 (***+)

The 3x3 matrices A and AB are given below.

1 21 -8 11 9
A=|2 1 1 and AB=| -7 10 8
1 4 2 -13 18 15
a) Find the inverse of AB.
b) Hence determine the inverse of B.
-6 3 2 2 -1 1
(AB)'=| -1 3 —1|,|B7'= 30
-4 -1 3 -3 3

Created by T. Madas




Question 66  (***+)

Created by T. Madas

The 3x3 matrix A is defined by

- O O

S = O
()

a) Describe geometrically the transformation given by A .

The 3x3 matrix B represents a rotation of 180°about the line x=z, y=0.

b) Determine the elements of B .

The 3x3 matrix C is represents the transformation defined by B, followed by the
transformation defined by A .

¢) Describe geometrically the transformation represented by C.

:

A :rotation about y axis, 90° clockwise|, |B =| 0

0 0 1
-1 0,
I 0 O

C: rotation about z axis, 180°

© oG 4T THE Axés

T‘ s
s 27

. ROHToN B 907 0ok |
ot THe 488
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Question 67  (**%4)

The 3x3 matrix A is given below.

1 1 0
A=|3 =3 1].
0 3 2
a) Show that
13A—A3=15I.

b) Hence find an expression for A" in terms of other matrices.

¢) Use this expression to find AL

9 2 -1

A—lzi(m—Az), Al=Ll 6 2
15 15

9 3 6

@ g [tre)fiioy/i
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Question 68 (***+)

The 3x3 matrix A is given below.

1 0 4
A=]0 5 4
4 4 3
1
a) Verify that | 2 | is an eigenvector of A and state the corresponding eigenvalue.
2

b) Show that —3 is an eigenvalue of A and find the corresponding eigenvector.

2
¢) Given further that |-2 | is another eigenvector of A, find 3X3 matrices P
1
and D such that
D=PTAP.

2 9 0 O 1 2 2

A=9|, I,D:O—BO,P:% 1 2

-2 0O 0 3 2 2 1
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Question 69  (**%4)

A system of equations is given below in terms of the scalar parameters ¢ and s.

2x +y +3z=r+1
5x =2y +(t+1)z =3
x +2y +4z =y

a) Show thatif r=-5 or t =2, the system does not have a unique solution.

b) Determine the value of s is the system is to have infinite solutions with t =2.

Created by T. Madas
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Question 70  (***+)

The 3x3 matrix A is defined in terms of a scalar constant k£ by

kK 8 1
A=l1 1 1
3 41

The straight line L is a line of invariant points under A .
Determine, in any order, ...
a) ... the value of k.

b) ... the Cartesian equation of L, giving the answer in the form

=

Created by T. Madas



Question 71

(Fry)
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The three planes defined by the equations

x+2y+ z=2
2x+ay+ z=1
x+ y+2z=>b

where a and k are constants, intersect along a straight line L .

Determine an equation of L.

G

r=(6-3t)i + (1-2)j + rk

® OWSTY IF e 1S Mo LNIQUE SOWTON | THE DETRIMNANT oF
Te TRy 12 1] MOST BE 2600

rq \‘
ke s 22 ]
© ©XPAND By Tob Row
(1o o] «/,‘z (] et zq‘:o
vl o2l cr

Qzafl\’\ ~@x3)

Created by T. Madas

® SXTRACING. T SexwTlon, b A




Created by T. Madas

Question 72 (***+)

The 3x3 matrices A and B are given below.

5 2 4 -1
A=|7 3 2 and B=|-13
4 5 3 23

14 -8
-1 18
-17 1

Find an expression for AB and use it to solve the following system of equations.

Sx + 2y + 4z =10
Tx + 3y + 2z =21
4x + 5y +3z= 5

Created by T. Madas
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Question 73  (***+)

The 3x3 matrices A and B, are defined in terms of the scalar constants x as follows.

2

x* x 1 x 0 2
A=[1 1 1 and B={0 x 9
4 2 1 0 1 x

a) Find an expression for AB, in terms of x.

b) By considering the properties of the determinants, or otherwise, find det(AB)
in fully factorized form.

¥ oxP+1 2x%+10x

I:I, AB=| x x+1 x+11 |, |—x(x=1)(x=2)(x=3)(x+3)

4x 2x+1 x+26

T@roto  oexdar  204hex |
S| 24040 ovad  2+494x
400 otatl 8442 |

= a(q) = 2G-3)Gu3)

LS Te PeotedTy  [AB[ = IA[(8]

4l =,
BE = mam-0E)E)es)
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Question 74  (***+)

Factorize fully the following 3x3 determinant.

1 1 1
x y zl.
yZ X Xy

Created by T. Madas
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Question 75 (**%4)

The 3x3 matrix A is given below.

4 -1 1
A=-1 6 -1
1 -1 4

a) Show that A =7 is an eigenvalue of A and find the other two eigenvalues.
b) Find the eigenvector associated with the eigenvalue A =7.
The other two eigenvectors of A are
u=i-k and v=i+j+k,
where the eigenvalue of v is greater than the eigenvalue of u.
¢) Find a 3x3 matrix P and a 3x3 diagonal matrix D such that D = PTAP.

d) Show that P is an orthogonal matrix.

111
1 ﬁ*ff 300
=43, || 2|,/P=| 0 —= ——=|.|D=|0 4 0
1 3o Js 00 7

B T

V2 3 e
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Question 76  (***4)

x+y —2z=2
3x —y+6z=2
6x+5y —9z=k

a) Show that the system of equations does not have a unique solution.
b) Show that there exists a value of k for which the system is consistent.

¢) Show, by reducing the system into row echelon form, that the consistent
solution of the system can be written as

x=1-t, y=3t+1, z=t

where ¢ is a scalar parameter.
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Question 77  (***+)

4x +2y+T7z= 2
10x -4y —5z= 50
4x +3y+9z=-2

Solve the above system of simultaneous equations by manipulating their augmented
matrix into reduced row echelon form.

:

x=4, y=0, z=-2

® shr

BY COTING A MGMATHO MATOR S o s Rerere. dorefiarng
DEOATE A Huows -

ey

y1=2 9 WYth +Te =2 0
WUy ospaso (P by 4lx ~S2 =50 b =)
dy 44 qz=-1 ) 314&1\%:2\)
y rar e =1 (12 211 ]
Sy s (= o e e |
¥ +R=2 3 4 4o |

© 0y Do) ORERATINS
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Question 78  (***+)

Factorize fully the following 3x3 determinant.

(a—b)(b—c)(c—a)(a+b+c)
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Question 79  (***+)

The 3x3 matrices A and B are given below.

2 2 4 9 -3 -10
A=|0 6 -2 and B=|1 1 =2
1 0 -3 3 -1 -6

a) Find the matrix composition AB.

The point P has been transformed by A into the point Q (30,18, 20) .

b) Determine the coordinates of P .

S o O

0
0|, [P(2.1,-6)
8

Lb) AR \r"l -
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Question 80 (***+)

The 2x2 matrix A maps R? > R? and is given by

SE

a) Determine an equation of an invariant straight line under A .

b) Find an equation of a straight line of invariant points under A .

y=—x+c y=—x|

b
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Question 81 (***+)

The 2x2 matrix A is defined below in terms of the scalar constants p, g and r.

i)

It is further given that A represents a shear under which the point (2,2) is invariant.

Show that all straight lines of the form
y=x+c,
where ¢ is a constant, are invariant under the shear represented by A .

proof
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Question 82 (***+)

The 3x3 matrix A is given below.

o =~ L
N O
— N O

a) If one of the eigenvalues of A is 3, find the possible values of k .
b) Determine the other two eigenvalues of A, given that k£ >0.

¢) Find an eigenvector corresponding to the eigenvalue 3.

k=%2|,|A=0, A=-3|, |[v=a(i+2j+2Kk)

s s
€)  OSIG e DAY of CEEWAWE d ¥ A=z
|Eeeyeizs - | i &1 .
S L =4 ¥ .S ey = W2 e
b o3 2| =0 =D| 4 2f=e % s 3 ¢ )
o 2 13 2 = 2= 3y (729 a-3ize<o
! = 2 C y otz = 3 Lay=2=
= Kk 2|=0 e
£ R N I
= —8-k(2k)=0 g /&?“ﬂ* LX
== =
— -8i%*<o
R QuATIoNy @ « SAERE BY THE
= =t GHEL Thoo s Cr-
— a2 P — -
=2 ke =4y
2= 4
[3) CfARACTIUSTIC GROATION
Eluia S ST y=2
[-v-3 2 e Ml -2 o === \
| = o \Ly% 71\
| 2 o) =2 =6 = K)-2 a -2 =0 v- (2
N ¥ p
| o 2 oAl \l//

- OO 2 e

= ) (33-4) 22(-u)<0
= ) =a-8) —u(=0) =0
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Question 83  (**%4)

Consider the following matrix equation

k 1 0 X a
3 2 k-3|y|=|b]|,
10k 3 =2 Z 15

where a, b and k are scalar constants.

a) Find the values of k for which the equation has a unique solution.
It is further asserted that k =2.

b) Express a interms of b if the matrix equation is to be consistent.

¢) Show thatif a=1 and b =4, the solution of the matrix equation is

X t+1
y|=|-2t-1}|,
Z Tt+1

where ¢ is a scalar parameter.

[ 1|k#2 U k#3|, [2a+7b=15

0) oL GuQUE SOWTIe) THE DETomonsT LT B 00U 266> Q v orer (b) wn asi b=t g oM 2o 2o
[ & L y
b IR Ly oid ]
3 2 by l2 2] Jo - 7
o2 o |

= k4] - [o-way)

= B2z bedue
= TE2_kLic

= @Qk-2

Lo Nk Sowliod = kel | k42 kf L/ .
ety T rxy 8\ A

k) Do DepyOnG- e AUGUETHD MATRIX
—_—

i

PRI o
[;J ik N3] po ey

fomy \ [ 4

A

I v

13" Wl

2y () refd)

e ot p Pan ;% 'S 21 h=0 Fal = 1] 7ty
15-2% = 0 Lzl -\l
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Question 84 (***+)

The 3x3 matrix A is defined as

S & Q
— O O

where a, b and c¢ are scalar constants.

a) If A= Al , find the value of a,b and c,
b) Evaluate the determinant of A .

¢) Determine an equation of a plane of invariant points under the transformation
described by A.

b=-3],[c=0], [detA=—1

la=-4], , |plane: x=2y

b b

Rune 7
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Question 85 (***+)
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x +5y+7z=41
S5x —4y+6z= 2
Tx+9y —=3z= k

Find the solution of the system of simultaneous equations above, giving the answers in

terms of the constant k .

[ 1.

_k+T77

105-k
Z:

26

b

26

Plocesd BY THE JORDAN GUSS AGQTHHY

it & 7 am e

s
[
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29
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%y -~z k-7l

“Wy -N9z = -203

D
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Question 86  (***4)

The matrices A and B, where k is a scalar constant, are given below.

1 2 -1 -k 2 k-4
A=|4 k 2| and B=| 4 -1 =2
0 0 -1 0 0 k-8

a) Find AB in its simplest form.

b) Hence, or otherwise, find the inverse of A in terms of k, stating the condition
for its existence.

¢) Use the inverse of A to solve the equation Ax=c where

X 0
X=|y and c=| 46
11

27

AB=(8-k)I|, A= B[ |x=|-8

8—k 0
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Question 87  (¥**%¥)
A 3x3 matrix A has characteristic equation

QA3 -7+ 1+10=0.

a) Show that A =2 is an eigenvalue of A and find the other two eigenvalues.

b) Show further that

2A* +71A% =27A3 +100I.

An eigenvector corresponding to A =2 is u.

2 0.4 X

It is further given that u=| -4 |, v=|-08| and x=|y
-5 -1

¢) Evaluate each of the following expressions.
i. Au.
ii. A’v.

d) Solve the equation Ax=1v.

1 16 02
[ 1 |a=-1 2=3|. |au=| -8 ||. |A>v=|-32 . |x=| -04
-10 4 05

0) oo T A Mar (12 W 4 Freep = 28578 + 4 204 +ToA ol =0

= 2¥-TRr kb =0 = A I oL = 0
= 220-2) - BG-2) - Sa2 =0 = 2T - et ey S
= Q0@ n-5)=> z

= G2@ -0+ =0

& 3 Au=%u =2 = ’L—\‘g

2
2 s v
g W £ = A) - L)
= LAGu)= 2 A
1 B U Tieorhu A AT T S T 5AGu)= 34
GRAQACTIRSTIC €ouiTion ! fg)-, (ﬁ‘z /
= - o ity 7
:1‘2,&1’_‘A'41{+\C2: ° R *
= 28A-THD AA HO;,}LSV\‘ d} %i! i‘ } —lox = u
= A" A A+ bA =0 J SIS S Sa- Ly
B 2 loAg = 2u
= A A A%k o LAt L A ) BERE = 2\
- (2 4-dq=o —A4Cox) = 2y | 7= (j 5

Created by T. Madas



Created by T. Madas

Question 88  (¥*¥¥)

x =2y + az =5
(a+1)x +3y =a
2x +y +(a-1)z =3

a) Determine the two values of the constant a for which the above system of
equations does not have a unique solution.

b) Show clearly that the system is consistent for one of these values and
inconsistent for the other.

Created by T. Madas
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Question 89  (¥¥¥¥)

Find in Cartesian form the image of the straight line with equation

x=2 y+2 1-z
3 4 2

under the transformation represented by the 3x3 matrix A, shown below.

g

1]
S N =
oS = O
—_— =

M [

[er2n-2t 7| 3
[ s S L st»sj
\}—J lo o U [i2t] [v2¢ IR

CULINATE THE MeAuETH.
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Question 90  (¥¥¥¥)

The 3x3 matrix C represents a geometric transformation 7 : R? > R,

3 -1 1
C=-1 3 1
1 1 3

a) Find the eigenvalues and the corresponding eigenvectors of C.

b) Describe the geometrical significance of the eigenvectors of C in relation to 7.

1 0 1
A=1, a| 1|,|A=4, B| 1|, 7y -1},
-1 1 0

|/1 =1 & invariant line of points through the origin

b

|/1 =4 & invariant plane through the origin
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Question 91  (¥¥%%¥)

A 3X3 determinant, A, is given below.

n(n+l) n+l -1
A= 0 1 nl.

a) Show that
5 2
Az(an +bn+c) ,
where a, b and ¢ are constants.
b) Show further that
2 2 2
Azl:n(n+l):| +n +(n+1) .

¢) Hence or otherwise express 24649 as the sum of three square numbers.

2
A:(n2+n+1) 24649 =156% +13% +122
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Question 92 (x**¥)

3x —y+5z=5
2x+y—=5z=10
x+y+kz=7

where k 1is a constant.

a) Given that £ # -5 find the unique solution of the system of equations.

b) Given instead that k =-5 show, by reducing the system into row echelon form,
that the consistent solution of the system can be written as

x=3, y=5t+4, z=t.

x=3, y=4, z=0

@ (3
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Question 93  (¥**¥)

The 3x3 matrix A, where a is a scalar constant, is given below.

a —1 1
A=1 0 -1
3 -2 1

a) Find the elements of A™', in terms of a where appropriate.

The straight line I; was mapped onto another straight line L, by the following 3x3
matrix .

2 -1 1
I 0 -1
3 -2 1

b) Given that L, has vector equation

[r—(4i+j+7k) |A(4i+j+3k)=0

find a vector equation for ;.

-2 -1 1
L VR , r=1-2j+A(3i+4j+2k)
2-2a
-2 2a-3 1
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Question 94  (¥¥*¥F)

The 2x2 matrix D shown below, represents a linear transformation in the x-y plane.

Seh

The straight line with equation y =mx is rotated by 90° about the origin under the
transformation represented by D.

Determine the possible values of m .

m=-1, m=2

Created by T. Madas
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Question 95  (¥¥¥¥)

The 2x2 matrix C is given below.

s 3}

a) Find the eigenvalues of C and their corresponding eigenvectors.

b) Find a 2x2 matrix P such that P"'CP is a diagonal 2x2 matrix and evaluate
PICP explicitly.

¢) Hence show that

7 (349526 349525
699050 699051 )"
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Question 96  (**¥¥)

Consider the system of simultaneous equations
kx+ky —z=-1
ky+2z= 2k
x+2y +z=1

where the constant k can only take the values 0, 1 and 2.

Determine for each of the possible values of k whether the system ...

i. ... has a unique solution
ii. ... has no unique solution, but it is consistent.
iii. ... is inconsistent.

|a = (0 = incosistent|, |a =1=> no unique solution/consistent|,

a =2 = unique solution|

fo o1 =l
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Question 97  (¥¥¥¥)

The 2X2 matrix A is given below.

7 6
A= .
6 2
A straight line with equation y =mx, where m is a constant, remains invariant under
the transformation represented by A .
a) Show that
T+6m=A7
6+2m=Am

where A is a constant.

b) Hence find the two possible equations of this straight line.
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Question 98  (¥**¥)

A plane II is defined parametrically by

r=i+k+A(i+j-2k)+u(i-j+k),

where A and u are a scalar parameters.

Determine a Cartesian equation for the transformation of II under the matrix

N O =
—_—
(e R R

:

4x+3y—z7=6

P

GEE) A8 Buout

% oyt oAy
¥l=lot o A-p )
C-3 Lo

=24y

@] - <;‘2§W«/—/H7;nr j

2Ry A

&- G1.,)

e

EUMNATE THE RUNERIES o CAITIAW

X =24

= p= X2
Z- 23
SUMTITIE N THE OWAL Tudo

Y= A=)+ 24y
Z=2rR -2 = X

Soue e ok gusnied e 2
As Xay-2

SUSTTO IN® Bl theT

Z =24 3(XHY 2] X2
z =/z/tsx¢w ~6+%X52
= X

‘bwsvuay
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Question 99
The 3x3 matrix C is defined by

(****)

@
Il
—_ = =
=R )
e e )

Find, in Cartesian form, the image of the plane with Cartesian equation
2x+y—z=12

under the transformation defined by C.

:

3x+4y-5z=12

STI BY PAAMTIUZNG: T ANE — TALE AWy 3 Pondy on
THe PAvE SAY AC6e©) , B(o20) & C(o0-2)

AR b (o) ~(000) = Coe) scHE T (-1,20)
A - e - ()~ (s00)= (o) semm (10,2)

HOQ e Have
) [ M
0= ﬁ\:t., vala ‘[ B
2| Lo Lo 2 B
e
2] [e-a+y (S
I’MJ"'A 7
2| L ol

V=6t -9 9
2o t-B-m ]

Y= 3><~\2,»[o?l'{7_)
2= 3x-n-8)d
0= 3x-y-12 2

NI B

o) = lzwuwém’{ﬂl
4 = sx -5z -60

= DX-uy -8 _ <X -5z —60

= -l r5E = -2
WSO THE PARAMITERIRED PUinit
Qow TRARSIORM Tt = = X Y-S =12

[:>d 12 011 Fg; w}[pﬂ” vy Fr}z»ﬂ _—/

\/J:[\ o sz H*i‘*z\‘ = gmsr,}
Z ey oy HW“‘“ﬁ, [ﬁzﬁﬂ

Y= edep D p= X633

PR R
2 :Qe}"bf«

SORRNTUTING- W THE SR oo EPUATIoNS
TS Y= 62 ¢3(x-6-33)
21 64d e 3x~6-2)
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Question 100 (**%%¥)

A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y=—x,
followed by ....
e ... atranslation such that (x,y) > (x+2,y+2).

a) Show that the matrix that represents 7' is given by the matrix

0 -1 2
T=-1 0 2
0 0 1

b) Determine the invariant line under 7T .
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Question 101 (¥¥%%¥)

The matrices A and B are defined as

11
1 01
A=-11 and B= ,
2 2 k
00

where k is a scalar constant.
a) Without calculating AB, show that AB is singular for all values of & .
b) Show that BA is non singular for all values of k.

When k =-2 the matrix BA represents a combination of a uniform enlargement with
linear scale factor v/a and another transformation 7 .

¢) Find the value of a and describe T geometrically.

, la=38|, |rotation about O, clockwise, by 45°

Q) APPOIIG 4 B0 OROATION [y (<) YifeS Eeo Beit 4T A

(1) B\ /7
A () B
\@0}
[* = %\
O MUTHUATON: AB = ( % 4 w |
\o o o]

MATRIX WITH A 260 Row (0 UM i Zino DETIM
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Question 102 (¥*%%¥)

The equation of a plane IT is given by

1 2 1
r=|2[+A| 1 |+u 0],
1 0 2

where A and u are parameters.

The plane IT is transformed to the plane IT" by the matrix

g

Il
—_— =
o o= O
—_— O N

Find a Cartesian equation of IT".

:

5x+14y—13z+21=0
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Question 103 (¥¥%%)

The Cartesian equation of a plane II is given by
xX+2y+z=2.

The plane IT is transformed to the plane IT" by the matrix

b

Il
—
o = O
B~ O

Find a Cartesian equation of IT".

x=2y—-z+4=0
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Question 104  (¥¥%%)

A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y=—x,

followed by ...

e ... atranslation such that (x,y) > (x+a,y+b).

The transformation 7 is represented by the matrix T .

a) Given the point (1,1) is mapped to (2,4), find the matrix T.

b) Determine the equation of the image of the curve with equation y =x”, under

the transformation represented by T .

0-1 3
[ |.r=|-1 0 5], |y*-10y+x+22=0
00 1

Q) SPET B WRTNG T GaypAG KTDICES B) fowenone e woe goxt A %t

(fe—=ro ] [T <)fa1)

A= B 5
Pl | 7 fledd

(
|

ORFmy Tie MATRIX T

e a’(e *°—‘ o }
) Lo bl o | = k o |
o 1 flo o 1| Ry
o a [/ o)
= |« b ‘(‘,w‘ \‘}‘
Lo J g \:
5 [a-1\ “/4\
[=ep ] = (4
\ oS [ Soo4=3
[

RO THE MATRX T 1S Guod B
o 4 37
T=
- lﬂ o

o 6 | R
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Question 105  (¥*%%¥)

The 3%x3 matrix A, is defined in terms of a scalar constant k , below.

>

1l
W W
AW N
w A W

a) If k=3, verify that A maps every point of the three dimensional space onto
the plane with Cartesian equation

x=2y+z=0.

b) If k#3, determine the value k so that the transformation represented by A
has a line of invariant points, and state the Cartesian equation of this line.

| k=12], lx=-1y=1,
s s
2 7 2
onfks LTa s = —Btl-y =
3 24 = =
343 ’ L;&/
NOW Locr Aol The €GaweEmR. /e A=|
AI»Y 3 2 s\ fxy o fx
Axr=X = i 24;) 32):\%) 31(—1»@2: 2L +2y 4 Sz =0
fx ey 452 7] tRye s - h”ﬂ "L*}‘*G%:)
a8 i :[3 3 14 Lo rlyyzz = 2y w2220 O
HEEsi “ ¢
D+ =0
U NG X2y & 2 3 Z =
2y +dz=o =>[2=6y
= (323 152) -2 (eay the) vy r3e) §L+2 tz=0
WA S
b8 SO U0 THe ARST TWD CUATIONS,
ERX 0] 2042y +5(-@-24) =0 3:) ~8x -8 =0
i Rk (a-z) =0 —2x -4y =0
%wm = |y=3x
; | = s -2(T)
) LN 0F AT forT = csnue = | — 2 G
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Question 106  (**%%¥)
The 2x2 matrix M satisfies M = PDP~! where

-1 4 1 O
P= and D= .
31 0 27
a) Determine the elements of M.

b) State the eigenvalues, and the corresponding eigenvectors of M.

¢) Find an equation of the straight line of invariant points under the transformation
described by M.

It is further given that

L1 [4x3M el 4x3 -4

d) Deduce that 3*"*? +4 is divisible by 13, for all positive integers n .

. . . .
|:|, M:( ¢ 3j A =L A4 =27, u =4i+j, u,=-i+3j|, y——3x|
- yau \ 4
LR O [ EN A
Y .
=&GHNGHGY
() (-t 4)
GO0
L[ ey
. ol
@) g
B) acnoawe  Q=1, L GeavEbe »<
Cwne A=, W G &(“‘ /
QT Gpmront femonge A=l = ;‘ <> Y= 31/
d\ AS U it I0KER ST M| ST Mo HE 3R 600, 4
OF WHRY MO B¢ DOSIS & B
e M- W= ety - o]
=%\ mz"\,;"‘* ]
= & [ad™en]
} ﬁz, 53'”)*4."3 —
';,//‘éuwm
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Question 107  (¥¥%%)

Factorize fully the following 3x3 determinant.

Xy z
2 yz 22
yzZ X Xy

(r=y)(y=2)(z=x)(xy + yz+2x)
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Question 108  (**%%¥)

A system of equations is given below

3x+2y —z=10
Sx —y—-4z=17
x+5y+pz=q

where p and ¢ are constants.
a) Find the value of p so that the above system does not have a unique solution.
b) Show that for this value of p the system is consistent if g =3.
¢) Show that the general solution of the system can be written as
r=2i+j-2k+A(%-7j+13k),

where A is a scalar parameter.

OF i P | s 5

© ¥ 4=
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Question 109  (¥¥%%¥)

The following three vectors are given.

2 -1 1
u=|-1|, v=| 1|, w=|-1
1 2 -1

a) Show that u, v and w are linearly dependent.

b) Find a linear relationship, with integer coefficients, between u, v and w.

WUT THE NECRY AR THE CoLMNS of 4 MATRIX

/""f\ ESE 3
i\:\("j;} ST

X
b 43|

=125

Nouw WelTh THE ATl AS AN AVGUASHO MATex
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Question 110  (¥*%%¥)

The 2x2 matrix A is defined in terms of a constant k .

H

1
a) Given that (J is an eigenvector of A, find ...

i. ... the corresponding eigenvalue to the eigenvector.
ii. ... the value of k

b) Find another eigenvector and the corresponding eigenvalue of A .

It is further given that A = PDP!, where D is a diagonal matrix and P is another
matrix.

¢) Write down possible forms for the matrices D and P.

d) Hence show clearly that

AT = 1739180 3043789
1739308 3043661 )

7=9]. [k=3]. |1=—2u=| '|. D= 20 ,|P= b7
—4 0 -2 1 -4

@ p-(2°
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Question 111  (¥*%%¥)

The 3x3 matrix A is given below.

I -1 1
A=|3 3 1
3 -5 3
1
a) Given that u=| 1 | is an eigenvector of A, find the corresponding eigenvalue.
2

b) Given that 4 =-2 is an eigenvalue of A, find a corresponding eigenvector v.

The vector w is defined as w=u+vVv.

¢) Determine the vector Alw.

A=2

9

x -y
s
gy

Y=tz 7

e -s(axtz) #8220 T -x =0
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Question 112

The following four vectors are given.

Created by T. Madas

a) Show that u, v and w are linearly independent.

b) Express p interms of u, v and w.

p=2u—-4v-7w
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Question 113

(****)
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A plane IT has Cartesian equation

Determine a Cartesian equation for the transformation of II

2x+3y+4z=24.

- O N
S O W
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Question 114  (***%4)

A linear transformation 7', acting in the x-y plane, consists of ...

e ... atranslation such that (x,y) > (x+2,y+4),
followed by ...
e ... an anticlockwise rotation about the origin by %

Determine the coordinates of the invariant point under 7 .

[ |31

T (2\
) TN (2
won &y T) TOASURTn Y \1/\,

@ 00K ROR Ay 0rAT Poisy Quy) = (3y)
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Question 115  (**%*4)

A linear transformation 7', acting in the x-y plane, consists of ...

. . . . V4
e ... an anticlockwise rotation about the origin by B}

followed by ...

1
e ... atranslation by the vector (J

Determine the coordinates of the invariant point under 7 .

—

Aot | Bummtias g O 7 F

T 3 (D Q) Q\)

S (¢ — o

DEED TO D A TOWLATION B THE TR kL\J

:»7 - o | 2
o ©° o t
ol Of (]
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o ) fxy s
e 2wl 3)
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Question 116  (****4)

The 3x3 matrix A is given below.

I -1 1
A=3 0 1
I -1 2

Find in Cartesian and parametric form the equation of the invariant line and the
equation of the invariant plane under the transformation represented by A .

cr=(A+u)i+(A+2u)j+uk, x—y+z=0

r=Ai+Aj+Ak, x=y=z
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Question 117  (**%*4)

The following four vectors are given.

1 3 1 1
1 of |4 |4
“lop YTl Yool P4
I -1 -1 0

a) Show that these four vectors are linearly dependent.

b) Express p interms of u, v and w.

~ Ao —

[ | 3 L
N P HEENEENS FHNG AT R THE Doy RGN oF  ®er (a)
o2 e N RS D 1Gwoens i
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Jo tioa = ; =1
Two IDAIGH Bowl IMPUR Z0wo DECRUINANY lool2-s v( ( ; % =-g $
— /o oo Al - = -
HNE e U0 Age Lty DRRDGT 7 = \ F
7 A )
=
- 23
Prrirz
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Question 118  (**¥*4)

A linear transformation 7', acting in the x-y plane, consists of ...

e ... atranslation such that (x,y) (x+2,y-3),

followed by ...

e ... arotation about the origin, by %7[ , anticlockwise.

Show that under T, the curve with equation

is mapped onto the curve with equation

2y —6x+4y+9=0.
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Question 119  (**%*4)

The 2x2 matrix C is defined as

where a and b are constants.

a) Determine the eigenvalues of C and their corresponding eigenvectors, giving
the answers in terms of a and b where appropriate.

It is further given that C=PDP!, where D is a diagonal matrix and P is another
2X?2 matrix.

b) Write down the possible form of D and the possible form of P and hence

show that
C’ =p8C.
1
b+ 1
l:l, A=b, u=|p—g| or u= “a ,|A=-b, v= ,
b—a -1
b+a
b 0 b+a 1
D= , P =
0 -b b—a -1
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2w 0 | b o Jlak b
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Question 120 (****4)

A system of equation is given below

3x—-2y—-18z=6
2x +y —5z=25

a) Show, by reducing the system into row echelon form, that the solution of the
system can be written as

r=38i+9j+A(4i-3j+k),
where A is a scalar parameter.

A new system is now given

3x—-2y—-18z=6
2x +y —5z=25
Tx+ky +2z=20

where k is a constant.

b) Determine if the system has solutions for different values of & .

k #10 = unique, otherwise incosistent

=€+l
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Question 121  (**¥*4)

The following vectors, given in terms of a scalar constant #, are linearly dependent.

a=ni+2nj+(n-1)k,
b=(n2+n—1)i+(2n2+n)j+(n2—1)k,

c=—i+j+(n2—l)k.

Determine possible values of n.
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Question 122  (*¥*¥*4)

A linear transformation 7', acting in the x-y plane, consists of

... a translation such that (x,y) > (x+h,y+k),

followed by

e .. areflection about the line y=x.

a) Determine, in terms of k& and h, the equations of the two straight lines which
map onto each other under 7T .

b) Find, in terms of k and /, the equation of the invariant line under 7 .

¢) Give a full geometrical description for 7, in the case where h+k =0, by

considering the single transformation that is equivalent to 7" applied twice in
succession.

, |[y=x—h,

y=x+k|, y:x+%(k—h)

|Reﬂection about the line y=x— k|

b
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Question 123  (*¥¥*4)
The 2x2 matrix A is defined as

1 3
2 2

A=

Use linear matrix algebra techniques to show that

O ax4"+B(-1)"  px4"-B(-1)"
Slaxa"—a(-1)" Bx4"+a(-1)"

9

where o and f are positive constants.

You may not use proof by induction in this question.

® ST BY BnG €iegmee
. “‘ é @ WE O Naw e A © BERWE & 1
[t-3 3y
U2 onf=e = Mea)-c e — 4= P¥
= (-)G-2) -6 =0 ]
= 9im-u-o
= G-1Gn)=o
- -t
-t
© Wok B0 GaantemRs
e A=l Ve A=nt
ey = b9 N Ay e -1
nay =ty 7 T % =
=2 (Bow) =2 (o) o2y ]
Lo () . '(3\ g ¢ 20
ol = £\5) B
=
®Now \F We DeAuk NATUGS /
(V3) 5 (a2, L (2
o22(12) 2=-3Et)- 402
e [4 0
b- r\o -

MW e dae

g‘f\f =B on  A=PDE

Created by T. Madas



Created by T. Madas

Question 124  (***%4)

A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y = x,
followed by
e ... atranslation such that (x,y) > (x+1,y-1),

followed by

e ... aclockwise rotation about the origin O by 90°.

Find, under T, the equation of the image of the straight line with equation y =3x—1.

, [3x+y+3=0

T ¢

TN RIRECTON A
B THEORIOR T Ut A=)

Comnatt £ 007 o Tie pApmuTiacs

X=t-1 2 A
o5 N ol
N T2 V=-3(X+1)
Vet d =

= Y=-3x=3
= Y+3X¥3 =0

Y
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Question 125 (**%*4)

A linear transformation 7', acting in the x-y plane, consists of ...

e .. areflection about the line y = x,
followed by ...

e ... atranslation such that (x,y)> (x=2,y+2),
followed by ...

e ... areflection about the line y =0,

The point P is invariant under 7 .

Determine the coordinates of P .

P(-2.4)
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Question 126  (***%*4)

The 3x3 matrix T is given below.

-1 0 -1
T= 01 -2
00 1

The matrix T describes a composite transformation in the x-y plane.

a) Verify that T consists of ...

e .. areflection in the line y=—x,
followed by ...
e ... atranslation by the vector 2i—j,
followed by ...
e ... aclockwise rotation by %ﬂ' , about the origin O.

b) Determine the inverse of the matrix T .

The straight line with equation 2x+ y+1=0 is transformed by T .

¢) Find a Cartesian equation of the image of the line after the transformation.

-1 0 -1
T'=| 01 2|.[y=2x=-1
00 1
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Question 127  (***%*4)

Created by T. Madas

A linear transformation 7', acting in the x-y plane, consists of ...

e .. an anticlockwise rotation about the origin O by a non zero angle &,

... followed by ...

e ... atranslation such that (x,y)> (x+h,y+k)

Under this transformation (0,1) — (1,2) and (3,0) — (4,3).

Find the value of each of the constants @, k and /.

_ 3 -8 -6
0—arctan4, h_S’ k—5
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Question 128

(*****)

Created by T. Madas

An equation in x is summarized by the following determinant.

1 a—1 (x=b)(x+b)
b+1 (x—a)(x+a)
1 x-1 (a-b)(a+b)

0

Give the solutions in terms of a and/or b where appropriate.
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Question 129  (¥***¥*)
An equation in x is summarized by the following determinant.

a X2

x+b
X a> a+b| =0
x+a 2x° b

Give the solutions in terms of a and/or b where appropriate.
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Question 130  (¥**%¥*)

A transformation is defined by the 2X2 matrix

[ —a b-a
a+b a )
where a and b are scalar constants.
If n is an odd integer prove that
T =p""'T.
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Question 131 (¥¥%%¥)

A rotation R, acting in the x - y plane is given by the following 3X3 matrix.

=
1]
o N|ﬁ‘ rOJ—
|
SENEEN
[\

Find the centre and angle of this rotation.

centre(l—\/§,1+\/§), 0 =%7£

]
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Question 132 (G¥¥¥%%¥)

A rotation R, acting in the x - y plane is given by the following 3X3 matrix.

Find centre and angle of this rotation.

[ 1, |centre(=2,-1), 6 :%
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Question 133 (¥**&¥*)

The point P(x,y) is mapped onto the point Q(X,Y) by the rotation described by the

matrix transformation
X 3 cos@ —sinf \( x
Y) |sin® cosé y)

The above transformation is used to rotate the hyperbola with equation
4x% —44xy—29y%* =120

onto the hyperbola with equation

where a and b are positive constants.

a) Given that the rotation is by angle &, such that @ is acute, find the exact value
of tan@.

b) Determine the value of a and the value of b .
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Question 134  (¥**%¥*)

A parabola has the following equation

y=Ax, x20, A>0.
The parabola is rotated about O onto a new parabola with equation
16x2 —24xy+9y% +30x+40y =0.

Use algebra to determine the value of A.
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Question 135  (¥¥¥%%¥)

Use the properties of determinants to express the following determinant in fully
factorized form.

—bc b>+bc c*+bc
a’ +ac —ac ¢’ +ac

a’+ab b*+ab —ab

[ 1. (ab+bc+ca)3
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