COMPLEX
NUMBERS

(Exam Questions II)
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Question 1  (*%)

By finding a suitable Cartesian locus for the complex z plane, shade the region R that
satisfies the inequality

|2—3|<|z+3i.

Question 2 (*%)

z4:—16, ze C.

a) Determine the solutions of the above equation, giving the answers in the form
a+bi, where a and b are real numbers.

b) Plot the roots of the equation as points in an Argand diagram.
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Question 3  (*%)
A transformation from the z plane to the w plane is defined by the complex function
—Z

3
w=——- z#-1.
z+1

The locus of the points represented by the complex number z = x+iy is transformed to

the circle with equation |w| =1 in the w plane.

Find, in Cartesian form, an equation of the locus of the points represented by the
complex number 7.

Question 4 (*%)

2 =i, zeC.

(4

a) Solve the equation, giving the roots in the form rel r>0,-z7<6<r.

b) Plot the roots of the equation as points in an Argand diagram.

iZ iZ 9z —i3Z i1z
z=el0, z=e?, z=e!9, z=e 10, z=¢ 10

(%)

Created by T. Madas



Created by T. Madas
Question 5 (*%)

|z-1-i|=4, zeC.

a) Sketch, in a standard Argand diagram, the locus of the points that satisfy the

above equation.

b) Find the minimum and maximum value of |z| for points that lie on this locus.

G

Zmin :4_\/5 ’ Zmin :4+\/§
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Question 6  (*%)

The complex number z represents the point P(x,y) in the Argand diagram.

Given that

9

lz-1|=2[z+2

show that the locus of P is given by

(x+3)2+y2 =4.

Question 7  (¥%)

Find an equation of the locus of the points which lie on the half line with equation
V4
argz=—, z#0
8 4
after it has been transformed by the complex function

1
w=—.
Z

argw=—
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Question 8  (*%)

The complex number z = x+1iy represents the point P in the complex plane.

Given that

Zzl, z#0
Z

determine a Cartesian equation for the locus of P.
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Question 9  (*%)

Sketch, on the same Argand diagram, the locus of the points satisfying each of the
following equations.

a) |z-3+i=3.
b [d=]:-2].
Give in each case a Cartesian equation for the locus.

¢) Shade in the sketch the region that is satisfied by both these inequalities

|z-3+i|<3

|2|>|z-2i

(x=3)>+(y+1)>=9|, [y=1
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Question 10  (*%)

The complex function
1
w=——, z#1,ze C, z#1
z-1

transforms the point represented by z =x+1iy in the z plane into the point represented
by w=u+1iv in the w plane.

Given that z satisfies the equation |z| =1, find a Cartesian locus for w.
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Question 11 (*%)

a) Sketch on the same Argand diagram the locus of the points satisfying each of
the following equations.

i |z-i=]z-2.

ii. arg(z-2)=

NN

b) Shade in the sketch the region that is satisfied by both these inequalities

e-i[<[z-2]  and %sﬂg(z_z)s%”.

Created by T. Madas



Created by T. Madas

Question 12 (*%)

The complex function w= f(z)is given by

W:3_—Z where ze C, z#-1.
z+1

A point P in the z plane gets mapped onto a point Q in the w plane.

The point Q traces the circle with equation |w| =3.

Show that the locus of P in the z plane is also a circle, stating its centre and its radius.

W

centre (—%,0), radius =
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Question 13 (*%)

The general point P(x, y) which is represent by the complex number z = x+1iy in the

z plane, lies on the locus of
4=1.

A transformation from the z plane to the w plane is defined by

and maps the point P(x,y) onto the point Q(u,v).
Find, in Cartesian form, the equation of the locus of the point Q in the w plane.

u=72
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Question 14  (*%)

The point P represented by z=x+1y in the z plane is transformed into the point Q
represented by w=u+1iv in the w plane, by the complex transformation

wzﬁ,z;tl.

7—
The point P traces a circle of radius 2, centred at the origin O.

Find a Cartesian equation of the locus of the point Q.

Question 15 (*%)

The point P represents the complex number z=x+1y in an Argand diagram.

It is further given that 22-1is purely imaginary for all values of z.

Find a Cartesian equation of the locus that P is tracing in the Argand diagram.

Created by T. Madas



Created by T. Madas

Question 16  (**+)

The complex number z represents the point P(x,y) in the Argand diagram.

Given that

21| = 2z

b

show that the locus of P is a circle, stating its centre and radius.

(x+1)°+(y-2)" =4, [(-1.2).r=2
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Question 17  (**+)

The complex numbers z=x+1iy and w=u+1iv are represented by the points P and
Q, respectively, in separate Argand diagrams.

The two numbers are related by the equation

1
w=——ro, z#-1.
z+1

If P is moving along the circle with equation
(x+1)2 +y? =4,

find in Cartesian form an equation of the locus of the point Q.
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Question 18  (**+)
|z—2i|=1, ze C.

a) In the Argand diagram, sketch the locus of the points that satisfy the above
equation.

b) Find the minimum value and the maximum value of |z , and the minimum

value and the maximum of arg z, for points that lie on this locus.

|Z|min =1 ’ |Z|max =3 > |AT& Zmin =§ |18 fmax =757

Question 19  (**+)

The complex number z represents the point P(x,y) in the Argand diagram.
Given that

|z+1|=2[z-2i

b

show that the locus of P is a circle and state its radius and the coordinates of its centre.
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Question 20  (**+)

A transformation from the z plane to the w plane is defined by the equation

z7+21
W:

, 2+ 2.
z—2

Find in the w plane, in Cartesian form, the equation of the image of the circle with
equation |z| =1, zeC.

Question 21  (¥*+)

Find the cube roots of the imaginary unit i, giving the answers in the form a+bi,
where a and b are real numbers.
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Question 22 (**+)

Find the cube roots of the complex number —81, giving the answers in the form a + b1,
where a and b are real numbers.

le\/g_i, %) :—\/g_i, Z3:2i

Question 23 (**+)

The complex number z satisfies the relationship
|z—2—i| =|z+1| .
a) Find a Cartesian equation for the locus of z .
b) Shade in an Argand diagram the region that satisfy the inequality

|z—2—i|<|z+1].

®©
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Question 24  (**+)

A transformation from the z plane to the w plane is given by the equation

w=1+2z, z7#3.

3-z

Show that the in the w plane, the image of the circle with equation |z| =1, ze C,is

another circle, stating its centre and its radius .

i) - 8]

Question 25 (**+)

The complex number z satisfies all three relationships
T —
lz—1<1, arg(z+1)2§ and z+7Z2>1.

Shade in an Argand diagram the region of the locus of z.
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Question 26  (**+)

In separate Argand diagrams, the complex numbers z=x+iy and w=u+iv are
represented by the points P and Q, respectively.

The two numbers are related by the equation
1
w=—, z#0.

<

If P is moving along the circle with equation

find in Cartesian form an equation for the locus of the point Q.

Created by T. Madas



Created by T. Madas

Question 27  (**+)

The complex conjugate of z is denoted by 7 .

The point P represents the complex number z = x+1iy in an Argand diagram.
Given further that
Z+3(z+z)-16=0

describe mathematically the locus of P .

circle, centre at (—3,0), radius 5
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Question 28  (**%)

Two loci are defined in the complex plane by the relationships

|z=3|=|z-7-2i] and arg(z-3-2i)=

&N

a) Sketch the two loci in the same Argand diagram.

b) Determine algebraically the complex number which lies on both loci.

Created by T. Madas



Created by T. Madas

Question 29  (**%)

n
Consider the expression (\/§ +i) , where n is a positive integer.

Find the smallest positive value for n so that the expression is real.

Question 30  (¥*%)

The complex number z satisfies the relationship
|z-5]=2]z-2].

a) Sketch in an Argand diagram the locus of z.

, for points which lie

b) State the minimum value of |z| and maximum value of |z

on this locus.
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Question 31  (**%)

If z=cos@+isin@, show clearly that ...

a) ... z"+in52c:osn9.
Z

b) ... 16c0s’ 8 =cos50+5c0s30+10cos 6.

proof

Question 32 (**%)

The complex number z = x+1iy satisfies the relationship
2<|z-2-3i|<3.

a) Shade accurately in an Argand diagram the region represented by the above
relationship.

b) Determine algebraically whether the point that represents the number 4+i lies
inside or outside this region.

inside the region
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Question 33  (**%)

The complex number is defined as z=cos@+isinf, - T <O <.

a) Show clearly that ...

. 1

i z"+—n:2c0s0.
Z

oo n 1 o .

. ... 2 ——n=21s1n9.
Z

iii. ... 8sin*@=cos46—4cos26+3.

b) Hence solve the equation

8sin*@+5c0s20=3, -r<O<r.
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Question 34  (**%)

It is given that for ze C the loci L; and L, have respective equations,

c+17=10 and arg(z-1)=

&N

a) Sketch L; and L, in the same Argand diagram.

b) Find the complex number that lies on both L; and L,.
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Question 35  (**%)
z=4+4i.

a) Find the fifth roots of z.

Give the answers in the form re'?

,r>0—7r<0<r.

b) Plot the roots as points in an Argand diagram.

V20 20 2620 220 oo h
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Question 36 (**%)

A straight line L and a circle C are to be drawn on a standard Argand diagram.
) . V4
The equation of L is argz = 3

The centre of C lies on L and its radius is 3 units. The line with equation Imz =0 is
atangent to C.

a) Sketch L and C on the same Argand diagram.

b) Determine an equation for C, giving the answer in the form |z—a| =k, where

o and k are constants.

The point that represents the complex number z;, lies on C.

¢) Determine the maximum value of arg z,, fully justifying the answer.

‘z—\/g—3i‘=3 , argz():z?f[
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Question 37  (**%)

The complex numbers z=x+1y and w=u+1iv are represented by the points P and
Q on separate Argand diagrams.

In the z plane, the point P is tracing the line with equation y = x.
The complex numbers z and w are related by
w=z-2".
a) Find, in Cartesian form, the equation of the locus of Q in the w plane.

b) Sketch the locus traced by Q.

v=u—-2u® or y=x—2x2
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Question 38  (**%)
z=4-43i.

a) Find the cube roots of z.

Give the answers in polar form r(cos@+isin8), r>0,-r<0<7.

b) Plot the roots as points in an Argand diagram.

7= 2(cos%—isin%), 7= 2(cos%+isin%), 7= 2(c0s7T”—isin7T”)
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Question 39  (**%)

The following complex number relationships are given
w=—2+2\/§i, z4 =w.
a) Express w in the form r(cos@+isin@), where r>0 and -7 <0< 7.

b) Find the possible values of z, giving the answers in the form x+1iy, where x
and y are real numbers.
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Question 40  (**%)

Two sets of loci in the Argand diagram are given by the following equations
|z| =|z+2| and |z| =2, zeC.
a) Sketch both these loci in the same Argand diagram.
The points P and Q in the Argand diagram satisfy both loci equations.

b) Write the complex numbers represented by P and Q, in the form a+ib,
where a and b are real numbers.

¢) Find a quadratic equation with real coefficients, whose solutions are the
complex numbers represented by the points P and Q.

z=—1+3], |2 +22+4=0
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Question 41  (**%)

The complex numbers z=x+iy and w=u+1iv are represented by the points P and
Q on separate Argand diagrams.

In the z plane, the point P is tracing the line with equation y =2x.
Given that he complex numbers z and w are related by
w=z2+1

find, in Cartesian form, the locus of Q in the w plane.

4du+3v=4 or 4x+3y=4
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Question 42 (**%)
7 =-8-83i, ze C.

Solve the above equation, giving the answers in the form a+bi, where a and b are
real numbers.

z=3-i|, [z=1+31, 2= =3 +i|, [z=-1-/3i

Question 43  (¥%%)

a) Sketch in the same Argand diagram the locus of the points satisfying each of
the following equations

i [z-3-2i=2.
il |z-3-2i=|z+1+2i.

b) Show by a geometric calculation that no points lie on both loci.
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Question 44  (**%)

A circle C; in the z plane is mapped onto another circle C, in the w plane.
The mapping is defined by the relationship
w=2iz+1+i.

Given C, has its centre at the origin and its radius is 4, find the coordinates of the

centre of C; and the size of its radius.
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Question 45 (**%)

Sketch on a single Argand diagram the locus of the points z which satisfy

i-5-i|=245 and arg(z+1-i)=1z,

N

and hence find the complex numbers which lie on both of these loci.

No credit will be given to solutions based on a scale drawing.

IDENTIY THE (oG FONT
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Question 46  (**%)

The point P represents the complex number z=x+1y in an Argand diagram and
satisfies the relationship

Re(z+ij=Re(z+l), z#0.
Z

Describe mathematically the locus that P is tracing in the Argand diagram.

, except the origin

=

circle, centre at (0,%), radius

Question 47  (¥*%)

The complex conjugate of z is denoted by 7 .

The point P represents the complex number z = x+1iy in an Argand diagram.

Given that (z—1)(Z —1) is always real, sketch the locus of P.
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Question 48  (¥*%)

The complex number z satisfies the equation

ke —1|=|z—k

b

where k is a real constant such that k = £1.

Show that for all the allowable values of the constant &, the point represented by z in
an Argand diagram traces the circle with Cartesian equation

proof
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Question 49  (***4)

It is given that

sin 50 =16sin> @ —20sin> 8+ 5sin @ .

a) Use de Moivre’s theorem to prove the validity of the above trigonometric
identity.

It is further given that
sin30 =3sin@—4sin’ 4.
b) Solve the equation
sin5@ =5sin360 for 0<@<rm,

giving the solutions correct to 3 decimal places.

6=0, 1.095°, 2.046°
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Question 50  (**%)

Sketch on a single Argand diagram the locus of the points z and w which satisfy

|2-7-9i|=6 and |w—7-9|=|w+5+7i,

and hence find minimum value for |z — w| .

No credit will be given to solutions based on a scale drawing.
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Question 51 (***+)

The complex number z is defined as
z=e?, —r<6<1.

a) Show clearly that ...

. 1
z”+—n=20059.
Z

ii. ... 32c0s%0=cos60+6cos40+15c0s20+10.

b) Hence find an exact value for the integral

T

3
j cos® x dx.
0

& (107+943)

Created by T. Madas



Created by T. Madas

Question 52 (**%4)
T .. T
73 =2cos—+isin—.
4 4
a) Verify that z; is a solution of the equation
' +16=0,

and plot the four roots of the equation in an Argand diagram.

b) Find the values of the real constants a and b so that
(z=a)(z-7)=2"+az+b,
where 7; denotes the complex conjugate of z;.
c¢) Hence show that

z4+16E(z2+az+b)(z2+cz+d),

for some real constants ¢ and d .
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Question 53  (***+)

A transformation 7" maps points of the form z=x+1y from the z plane onto points of
the form v=u+iv in the w plane, and is defined as

w=6, z#0.
The line with equation x=k, ke R, is mapped by T onto a circle C in the w plane.

Determine a Cartesian equation for C and sketch its graph in an Argand diagram.

Question 54  (***4)

Find a solution for the following equation

sinh (ix) = e’ xeR.
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Question 55  (¥*%4)

Sketch on a standard Argand diagram the locus of the points z which satisfy
|2—4-4i|=2V2,
and use it to prove that
1 S

737 <argz < 77

No credit will be given to solutions based on a scale drawings.
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Question 56  (**%4)

It is given that
cos 56 =16cos’ @ —20cos> @ +5cos 8.
a) Use de Moivre’s theorem to prove the above trigonometric identity.

b) By considering the solution of the equation cos568 =0, show that

cos? (37)= 325

proof
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Question 57  (**%4)
3
2 =(1+i\/§) ,ze C.

Solve the above equation, giving the answers in the form a+bi, where a and b are
real numbers.

z=+i242
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Question 58  (**%4)

A transformation of the z plane to the w plane is given by

w:1+3z, ze C, z#1,

1-z

where z=x+iy and w=u+iv.

The set of points that lie on the y axis of the z plane, are mapped in the w plane onto
acurve C.

Show that a Cartesian equation of C is

(u+1)2+v2=4.
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Question 59  (**%4)

The point A represents the complex number on the z plane such that

|z-6i|=2|z-3

9

and the point B represents the complex number on the z plane such that

a) Show that the locus of A as z varies is a circle, stating its radius and the
coordinates of its centre.

b) Sketch, on the same z plane, the locus of A and B as z varies.

¢) Find the complex number z, so that the point A coincides with the point B .

C(4.-2), r=+20{, |2 =(4-10)+i(-2-+10)
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Question 60  (**%+)

The complex number z is given by

:=e? —r<6<r.

a) Show clearly that
P |
Z+—= 2cosnd .
Z
b) Hence show further that

cos™ Elcos46’+lcos2¢9+§.
8 2 8

¢) Solve the equation

2cos40+8cos20+5=0, 0<6<2rx.
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Question 61 (***+)

The complex number z=-91 is given.

a) Determine the fourth roots of z, giving the answers in the form re'? where
r>0and 0<6<2r.

b) Plot the points represented by these roots in Argand diagram, and join them in
order of increasing argument, labelled as A, B, C and D.

The midpoints of the sides of the quadrilateral ABCD represent the 4" roots of
another complex number w.

¢) Find w, giving the answer in the form x+iy, where xe R, ye R.

- 0 g_37 Iz llx 157
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Question 62  (**%4)

The complex numbers z and w, satisfy the relationship

W:ZZ.

Given that in an Argand diagram, z is tracing the curve with equation

determine a Cartesian equation of the locus that w is tracing.

u=8 or x=38

Question 63  (¥**+)

The complex numbers z and w, satisfy the relationship

w=2z+4, z#-2.

Given that z is tracing a circle with centre at (1,1) and radius V2 inan Argand

diagram, determine a Cartesian equation of the locus that w is tracing.

(u—6)"+(v=2)" =8 or (x—6)" +(y-2)" =8
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Question 64  (**%4)

The complex number is defined as z = e'? ,—T<OLr1.

a) Show that ...

i z"—in:ﬁsinﬁ.

Z
ii. ... 16sin’@=sin50—5sin36+10sin@.

b) Hence solve the equation

5sin360 =sin50+6sinf, -t <0< 1.
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Question 65  (**%4)
22 =32+43243i, ze C.

a) Solve the above equation.

9,r>0,—7r<0£7z.

Give the answers in exponential form z=re'

b) Show that these roots satisfy the equation

w +218=0.
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Question 66 (***+)

The complex function w= f(z) is given by

wzl, ze C, z#0.
Z

This function maps a general point P(x,y) in the z plane onto the point Q(u,v) in

the w plane.

Given that P lies on the line with Cartesian equation y =1, show that the locus of Q
is given by

N |~

w+—1
2

proof

Created by T. Madas



Created by T. Madas

Question 67  (***4)

a) Sketch the above complex loci in the same Argand diagram.

b) Determine, in the form x+iy, the complex number z, represented by the
intersection of the two loci of part (a).
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Question 68  (**%+)

The complex number z is given in polar form as

cos( ﬂ')+isin (%ﬂ') .

who

a) Write zz, 7> and z* in polar form, each with argument @, so that 0< 8 <27 .

In an Argand diagram the points A, B, C, D and E represent, in respective order,
the complex numbers

I, 1+z, 1+z+z2, 1+z+z2+z3, l+z+22+7°+7%
b) Sketch these points, in the sequential order given, in a standard Argand diagram.

¢) State the exact argument of

1+z+z2.

-
-
-

2 AT i AT L3 0 O i Gn O |4 0o 8T 4 in 8T
|:|,Z—COSS+ISIII5 Z—COSS+ISII’15 Z—COSS+181115

arg(1+z+z2)=2?”
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Question 69  (***+)

The complex number z satisfies the following equation.
z+8—16i| =|z|.

In a standard Argand diagram, the complex numbers represented by the points A and
B lie on the real and imaginary axes, respectively.

Given further that A and B satisfy the above equation, determine an equation for the
circle which passes though the points A, B and O, where O is the origin of the
Argand diagram.

Give the answer in the form |z — z0| =r, where z,€ C and re R.

1

|2+10-5i|=5V5
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Question 70  (**%4)
The following convergent series C and S are given by

C= 1+lcost9+lcos 29+%cos39...

S = lsin49+ lsin26’+ %sin39...

a) Show clearly that

C+iS=2 2‘9'

b) Hence show further that

_4-2cos@
5—4cos@’

and find a similar expression for S .

2sin @
5—4cos@
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Question 71  (**%4)

The complex number z is given by

e ,—m<O0<r.

S|
Il

a) Show clearly that

1
z" +—nEZcosn0.
Z

b) Hence show further that
16¢0s> 8 = cos 56 +5c0s36+10cos 8.

¢) Use the results of parts (a) and (b) to solve the equation

cosS5@0+5cos30+6¢c0s0=0, 0<0<rx.
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Question 72 (¥*%4)

The complex number z lies on the curve with equation
z+5-12i=6, ze C.
a) Sketch this curve in a standard Argand diagram.

b) Show that a S|z| <b, where a and b are integers.

The complex number z; lies on this curve so that its argument is the largest for all

complex numbers which lie on this curve.

¢) Determine the value of |z0| and the value of arg z,

|20 =133|, |arg zo ~ 2.445°
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Question 73 (***+)

The complex number z satisfies
|z—4| =|z+6i|.

Determine, as an exact simplified surd, the minimum value of |z| .
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Question 74  (¥¥¥¥)

A transformation of the z plane onto the w plane is given by

az+b
W:
zZ+c

,zeC,z#—c

where a, b and c¢ are real constants.

Under this transformation the point represented by the number 1+2i gets mapped to
its complex conjugate and the origin remains invariant.

a) Find the value of a, the value of b and the value of c.

b) Find the number, other than the number represented by the origin, which
remains invariant under this transformation.

Q
Il
o))
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Question 75  (¥¥¥¥)

z7—1=0, ze C.

One of the roots of the above equation is denoted by @, where 0 < argw < % .

a) Find @ in the form wzreia, r>0, O<0S§.

b) Show clearly that
1o+’ +@+@* +@ +0° =0.
¢) Show further that

@ +@ = 2c0s(47) .

d) Hence, using the results from the previous parts, deduce that

COos (277[) + COS(4T7Z-) + COS(6T”) = —% .
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Question 76  (*¥¥¥)
P =(1+i\/§)8(1—i)5 , ze C.
Determine the three roots of the above equation.

Give the answers in the form k\/z e'? ,where —t<0<7x, keZ .

— 0 g-_3lzr _Iz lix
|:|’ Z_S\/Ee 9 9_ 3 9 3 s 3

STE B WG THe RS oF THE (UATIoN )
SPOTTAL TOoM

[T = Ve = Tr e 22

o (1+1) = anbn () = 3¢

| s = ]

HuWT = 2e'¥

L=t e JPreny = a7
nrg(m) = anbw(=l) = -F
i =¥
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Question 77  (¥¥¥¥)

The complex number is defined as

z=(1+itan@)’, Zco<Z.
2 2

By considering the real part of z, or otherwise, prove the validity of the following
trigonometric identity

cos 36
cos> @

1-3tan’ @ =

, |proof

= ety = (1+ 2

= Cirikat) - (201 o T

CoBRG RO Sides
Cobiamd)?
b HianB) \ 1 mower

il e (e LT S
= 1430l +3ithuip +ibi (=53 iR
R 3-‘;)”& _ a1 Ly = o6 +iub
= Erede -

€qORTING. RN, PAOTS

" poiip
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Question 78  (¥¥¥¥)

Consider the following expression

( T .. ﬂ'jn
COS—+1S1n—
9 9
m
T ..
COS——18S1n—
( 4 4)

The values of n and m are such so that

=1

{meN:1<m<9} and {me N:1<m<9}.

Determine, by a full mathematical method, the value of n and the value of m.
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Question 79  (¥¥¥¥)

A transformation 7" maps points of the form z=x+1y from the z plane onto points of
the form v=u+iv in the w plane, and is defined as

2

——, zeC, z#1,
z7—1

w=

where 7 is the complex conjugate of z .

The line with equation Re z =2 is mapped by T onto a circle C in the w plane.
a) Determine the coordinates of the centre of C and the length of its radius.
b) Find an equation of the image in the w plane of the half line with equation

s
arg(z—1)=—.
g(z—1) 3

(1,0), r=1|, arng%
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Question 80 (***¥)
A complex function w= f(z) is defined as
_az+b

w= ,z2€eC, z#—c.
Z+c

The constants a, b and ¢ are complex.

Under the function f the points 1+i and —1+1i are invariant, while the origin is
mapped onto 1.

Determine the values of the constants a, b and c.

. [b=2],

la=0 c=-2i
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Question 81 (***¥)

De Moivre’s theorem asserts that
(cos@+isin@)" =cosnf+isinnd, e R, ne Q.
a) Use the theorem to prove the validity of the following trigonometric identity.

c0s66 =32cos® @—48cos* B+18cos’ G 1.

b) Use the result of part (a) to find, in exact form, the largest positive root of the
equation

64x% —96x* +36x2-1=0.
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Question 82  (¥¥¥¥)

A transformation of the z plane to the w plane is given by
1
w=——, zeC, z#2
z—2

where z=x+iy and w=u+iv.
The line with equation

2x+y=3
is mapped in the w plane onto a curve C.

a) Show that C represents a circle and determine the coordinates of its centre and
the size of its radius.

The points of a region R in the z plane are mapped onto the points which lie inside C
in the w plane.

b) Sketch and shade R in a suitable labelled Argand diagram, fully justifying the
choice of region.

5
2

centre at (—1,%), radius =
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Question 83  (¥¥¥¥)

The locus of the point z in the Argand diagram, satisfy the equation
|z -2+ i| =3.

a) Sketch the locus represented by the above equation.

The half line L with equation
y=mx—1, x=20, m>0,

touches the locus described in part (a) at the point P .

b) Find the value of m .

¢) Write the equation of L, in the form

arg(z—2z9)=6, zpeC, -r<0<7x.

d) Find the complex number w, represented by the point P .

m=+/3|, arg(z+1)=

w N
S
|
B | —
X
7 N\
bS
.
N—
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Question 84  (¥¥¥¥)

If zzeig, —nw<0<m, and wz% show clearly that
Z—

w= —%[Hieot (%)J .

proof

Question 85  (¥¥¥¥)

a) Simplify fully (" —¢'?)(z"-e7).

b) Hence factorize z*—z>+1 into 4 linear complex factors.

i)(z+§—%i)(z—g+%i)(z—£—%i)

zzn—z"(20059)+1 , (z+§+

1
2
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Question 86  (**¥¥)

Let z=cos@+isin@=C+iS, —7<0<rx.
a) Use De Moivre’s theorem to show that
c08560 =16c0s> @ —20cos’ @ +5c0s 6.

b) Hence or otherwise find, in exact form where appropriate, 3 distinct solutions
of the quintic equation

16x° —20x° +5x+1=0.

T RY/4
x=-1, cos—, cos—
5 5
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Question 87  (¥**¥)

Euler’s identity states

6

e'” =cos@+isind, O R.

a) Use the identity to show that
einB

+e " =2cosnd.

b) Hence show further that

32¢0s% @ = cos660 +6cos 46 +15c0s20+10.

¢) Use the fact that cos (% - 0) =sin@d to find a similar expression for 32 sin® 4.

d) Determine the exact value of

T

j4sin60+cos60 do .
0

32sin® @ = —cos 68 +6cos 46 —15c0s 20 +10 , |—
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Question 88  (*¥¥¥¥)

A transformation of the z plane to the w plane is given by
w=7z%, ze C,
where z=x+iy and w=u+iv.
The straight line with equation y =1 is mapped in the w plane onto a curve C.

Sketch the graph of C, marking clearly the coordinates of all points where the graph of
C meets the coordinate axes.
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Question 89  (¥¥¥¥)

De Moivre’s theorem asserts that
(cos@+isin@)" =cosnf+isinnd, e R, ne Q.
a) Use the theorem to prove validity of the following trigonometric identity

sin 50 = sin6(16cos49—1200520+1) .

b) Hence, or otherwise, solve the equation

sin5@ =10cos@sin260—11sinf, O0< @< .
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Created by T. Madas
Question 90  (¥*¥%¥)
A transformation of points from the z plane onto points in the w plane is given by the
complex relationship
w=2z%, zeC,
where z=x+iy and w=u+iv.
Show that if the point P in the z plane lies on the line with equation

y=x-1,

the locus of this point in the w plane satisfies the equation
_10
V= 5( - 1) .

proof
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Question 91  (¥*%%¥)

It is given that
sin560 = sine(16cos4 6—12cos> 9+1) .

a) Use de Moivre’s theorem to prove the validity of the above trigonometric
identity.

Consider the general solution of the trigonometric equation
sin58 =0.

b) Find exact simplified expressions for

cos’ (zj and cos’ (2—7[},
5 5

fully justifying each step in the workings.

COSZ(Ejz“ﬁ Cosz(z_zj 3-45

5 8
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Question 92  (¥*¥¥)

The complex number z is given by
z=cos@+isinf, - rt<O0<rx.

a) Show clearly that

1
" +—=2cosnf.
Z

b) Hence show further that if z =cos@+isin @, the equation
324 -53+822-524+3=0
transforms into the equation

6cos’@—5cosO+1=0.

¢) Hence find in exact surd form the four roots of the equation

374 -5 4822 -5z+3=0.

Created by T. Madas
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Question 93 (¥**¥)

A complex transformation from the z plane to the w plane is defined by

z+1 )
w= —, zeC, z#3i.
3+1z

The point P(x,y) is mapped by this transformation into the point Q(u,v).
It is further given that Q lies on the real axis for all the possible positions of P .

Show that the P traces the curve with equation

|z—i|=2.

proof
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Question 94  (¥¥¥¥)

6

The complex number z is given by z= el —r<b<xm

a) Show clearly that

1
z" +—n:2cosn6’.
Z

b) Hence solve the equation

23 +32-27+1=0.
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Question 95  (¥*¥%¥)

A transformation of the z plane to the w plane is given by

2z+1
w= £ ,zeC, z#0
<
where z=x+iy and w=u+iv.
The circle C; with centre at (1,—%) and radius g in the z plane is mapped in the w

plane onto another curve C,.

a) Show that C, is also a circle and determine the coordinates of its centre and the
size of its radius.

The points inside C; in the z plane are mapped onto points of a region R in the w
plane.

b) Sketch and shade R in a suitably labelled Argand diagram, fully justifying the
choice of the region.

centre at (i 0), radius =

2?

1
Np)
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Question 96  (¥**¥)

The complex numbers z; and z, are given by
7 =1+iv/3 and 2, =1z.
a) Label accurately the points representing z; and z,, in an Argand diagram.
b) On the same Argand diagram, sketch the locus of the points z satisfying ...
| |z—z1| :|Z—Z2|.
ii. ...arg(z—z)=argz,.

¢) Determine, in the form x+1iy, the complex number z3 represented by the
intersection of the two loci of part (b).

[ 1 |a=(1-v3)+i(1+43)
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Question 97  (¥¥¥¥)

a) Use De Moivre’s theorem to show that
sin 50 =16sin> 8 —20sin> 6+ 5sin .

b) By considering the solutions of the equation sin56 =0, find in exact surd form
the values of sin (%) ,for n=1,2,3,4.

. T . Az /5—«/5 . 2% . 3w 5++/5
SIN—=SIN——=4[—— |, |SIN—=S1INn——=
5 5 8 5 5 8
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Question 98  (¥¥¥¥)

A transformation of the z plane to the w plane is given by

1
w=z+—, ze C, z#0,
Z

where z=x+1iy and w=u+iv.

The locus of the points in the z plane that satisfy the equation |z| =2 are mapped in

the w plane onto a curve C.

By considering the equation of the locus |z| =2 in exponential form, or otherwise,

show that a Cartesian equation of C is

36u’ +100v> = 225.

Created by T. Madas



Question 99  (¥¥¥¥)

Created by T. Madas

a) Use De Moivre’s theorem to show that

sin 50 =16sin> @ —20sin> @+ 5sin @ .

b) By considering the solutions of the equation sin 56 =0, find in trigonometric
form the four solutions of the equation

16x* —20x>+5=0.

¢) Hence show, with full justification, that

x=sin(%kﬂ'), k=1,2,6,7
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Question 100  (¥*%%¥)

The complex function w= f(z)is given by
w:—i—,z¢L
1-z

The point P(x,y) inthe z plane traces the line with Cartesian equation
y+x=1.

Show that the locus of the image of P in the w plane traces the line with equation

proof
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Question 101 (**%%)

By considering the binomial expansion of (cos€+isin 0)4 show that

4tanO—4tan’ @
1-6tan’@+tan* @

tan46 =

, |proof
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Question 102 (**%%¥)
In an Argand diagram which represents the z plane, the complex number z =x+1iy

satisfies the relationship

Sketch the curve that the locus of z traces.
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Question 103 (¥¥%%¥)

A transformation from the z plane to the w plane is defined by the equation
w=iz-1, zeC.

Sketch in the w plane, in Cartesian form, the equation of the image of the half line
with equation

arg(z+2):%, zeC.

graph
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Question 104  (¥¥%%¥)

The complex function w= f(z) maps points of the form z=x+iy from the z plane

onto points of the form w=u+iv in the w plane.

It is given that
f(z)=2%, zeC.

The line with equation Imz =2 in the z plane is mapped onto the curve C in the w
plane.

a) Find a Cartesian equation for C.

b) Sketch the graph of C.

v2 =16u—64
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Question 105  (¥¥%%)

The complex function w= f(z) maps points of the form z=x+iy from the z plane

onto points of the form w=u+iv in the w plane.

It is given that
4
f(z)=—, zeC, z#0.
<

The points from the z plane, except the origin, which lie inside and on the boundary
of the circle with equation

O

are mapped onto the region R in the w plane.

Shade the region R in a clearly labelled Argand diagram.
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Question 106  (**%%¥)

z=e? —r<6<r.

a) Show that ...

i. z"+—n=2cosn<9.
Z

o0 n 1 . .

. ... z ——n:2lsmm9.
Z

b) Hence show further that

49002 — 1 _1 _1
cos” @sin 9—16+3200520 1600540 32cos649.
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Question 107  (¥*%%¥)
The locus of a point, represented by the complex number z, satisfies the relationship

|z+1+i]=]z—1+2i|.
When this locus is transformed by the complex function
f(z)zkz+i ,keR,

the image of the locus traces the straight line with Cartesian equation

y=2x-8.

Determine the value of % .

[Bhi-tl=lz-e2il wini  fe)=kesi
wi= kaitl

w-i
=2

=iz [W%i‘,un][:[ﬁ\;i—;«zi[
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Question 108  (*¥¥%%¥)

The point P represents the number z=x+iy in an Argand diagram and further
satisfies the equation

Use an algebraic method to find an equation of the locus of P and sketch this locus
accurately in an Argand diagram.

u +v2=1, such that v>u—1
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Question 109  (¥¥%%¥)

The complex function w= f(z) satisfies

1
w=—,zeC, z#0.
Z

This function maps the point P(x,y) inthe z plane onto the point Q(u,v) in the w

plane.

It is further given that P traces the curve with equation

1| 1
Z+—1=—.
21 2

Find, in Cartesian form, the equation of the locus of Q.
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Question 110 (**%%¥)

Use De Moivre’s theorem to show that

cot® @—10cot> @ +5cot

cot50 = 2 5
Scot”@—10cot” 6 +1

proof
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Question 111 (¥¥%%)

A transformation 7' from the z plane to the w plane is defined by

z—1
w=——, zeC, z#-1.
z+1

T transforms the circle with equation |z| =1 in the z plane, into the straight line L in

the w plane.
a) Find a Cartesian equation for L.

T transforms the y axis in the z plane, into the curve C inthe w plane.

b) Find a Cartesian equation for C.

. . . e V4 V4
The region R in the z plane, satisfies |z| <1 such that ) Sargz< 3

¢) Shade the image of R under 7" in the w plane.

y=—x or v=—u|, W +vi—u+v=0
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Question 112 (¥¥%%¥)

A transformation 7 maps the point x+iy from the z plane to the point u +iv in the
w plane, and is defined by

Z+1
wW=—-

,zeC, z#0.
Z

T transforms the line with equation y =x in the z plane, except the origin, into the
straight line L; in the w plane.

a) Find a Cartesian equation for L.

T transforms the circle C; in the z plane, into the circle C, in the w plane.

b) Find the coordinates of the centre of C; and the length of its radius, given the
Cartesian equation of C, is

y=x—-1lor v=u-l1|, (O,—%), rz%
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Question 113  (¥*%%¥)

The complex number z satisfies the relationship

(2z+1j”_1 N2,

=—+ i, z#-2, neN.
z+2 3 3

Show that the point represented by z in an Argand diagram represents a circle, stating
the coordinates of its centre and the size of its radius.
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Question 114 (¥¥%%¥)
The numbers z and w satisfy the relationship
_z+9%

w= . ’Zil
1+1z

a) Given that we R, find the possible values of z .

b) Given instead that ze R, find a Cartesian equation of the locus of the point
represented by w, in an Argand diagram.

z=23, or x=13|, u2+(v—4)2:25
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Question 115  (¥*%%¥)

The numbers z and w satisfy the relationship

4
w=z+—, zeC, z#0.
Z

Given that w is always real sketch in a suitably labelled Argand diagram the locus of
the possible positions of z .

graph
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Question 116  (**%%¥)

A transformation from the z plane to the w plane is defined by the equation

f(z)=—, zeC.
Z—1

Find, in Cartesian form, the equation of the image of straight line with equation

lz—i|=|z-2|, ze C.
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Question 117  (¥*%%¥)

The complex numbers z; and z,, satisfy the relationship
212y 22224-1, 2y #0.

Given that z; is tracing a circle with centre at (1,0) and radius 1 in an Argand diagram,

determine a Cartesian equation of the locus that z, is tracing.
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Question 118  (¥#%%)

2 +4=43i.

By considering the sum of the three roots of the above cubic equation show clearly that

27 87
cos—+cos—+cos—=0.
9 9

, |proof
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Question 119 (¥¥%%¥)

z3—3zz+3z—65:O, zeC.

By considering the binomial expansion of (a—1)3, or otherwise, find in exact form
where appropriate the three solutions of the above equation.

[ ] |e=s 12

NG THe A Gy
: 2
(=1 = a®~ 3okt + 3ax*~ 3
5 3 3 2
(a-1)" = o' -=2q*+2a =1
COMPAUNG WE 0BT

= -3t _65=0
= #3213 | - edo
(-1 = &

8106 EXPONNTTALS

2 of t ari
= (2-1)’= ete k= olz
= e 2T
aur
s e
= z= 14 Areg’km
%= lide = 44 =5
oz = 1+ 4T (e vianag) = 144( LS
= -l +2F
0= (14 o M+((»A%tmm\%tJ =l te(£-F)

= -1=28¢
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Question 120  (**%%*4)

The complex number w is the point of intersection of the following two loci in a
standard Argand diagram

arg(z—4i)=

oS

and arg(z—12i) =—§.

Determine the equation of the circle which passes though w and the origin of the
Argand diagram.

Give the answer in the form |z — w| =r, where w and r must be stated.

[0 |e-2v3-6=43
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Question 121  (**%*4)

The complex number 17+ ki, where k is a real constant, satisfies the locus
arg(z—1-1)=6,

where 6= arctan% .

a) Determine the value of & .

b) Find the complex number z which satisfies the locus arg(z—1-1)=8 so that
|z—22+2i| is least.

| , k=13, [13+10i]
o] STOING Wil A DIAGLAV ERRLa s e
“&L‘”“"“‘Th% @) — s g
ma(\ucz-m):e, A = a= 3
ot () = \ ‘/"//a%(_i—w;]']:ﬁ
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, o = v
k-l _s
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-y tg (o sl igouomebny oy R
k- e ook o )
b)) s me TPk Coupes Novger s _a +hi S }///

o \z-ma2i| & w ac
(AT 0 ST Hioe: & BT
LS
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Question 122 (**¥%4)

The quadratic equation
X2 =2x(t+6)+12:+40=0,

where ¢ is a parameter such that =2 <¢ <2, has complex roots.

Show that for all # such that =2 <7 <2, the roots of this quadratic equation lie on a
circle in an Argand diagram.

,|lx=1+6%iv4—1
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Question 123  (**¥%4)

The complex function w= f(z) is defined by

3z+1
w= ,zeC, z#1.

1-z

The half line with equation argz = 377[ is transformed by this function.

a) Find a Cartesian equation of the locus of the image of the half line.

b) Sketch the image of the locus in an Argand diagram.

(u+1)2+(v+1)2 =5, v>%u+1
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Question 124 (***%4)

It is given that

cot*@—6¢cot>H+1

cot46 = 3
4cot”@—4cotd

a) Use de Moivre’s theorem to prove the validity of the above trigonometric
identity.

b) Deduce that x = cot” (%) is one of the two solutions of the equation

x> —6x+1=0.

¢) Show further that

008602 (

ool

)+Cosecz(37[)=8.

, |proof
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Question 125 (**¥*4)

In an Argand diagram which represents the z plane, the complex number z=x+iy
satisfies the relationship
of2)-
e )T

a) Sketch the curve that the locus of z traces.

The complex function w= f(z) maps points of the form z=x+iy from the z plane

onto points of the form w=u+iv in the w plane.

It is given that

f(z)= ,2€C, z#4.

The points in the z plane which lie on the locus described in part (a) are mapped onto
a line in the w plane.

b) Sketch this line in an Argand diagram representing the w plane.
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Question 126  (****4)

The following convergent series S is given below

S = sine—%sin 2¢9+%sin3¢9—2—17sin4¢9

By considering the sum to infinity of a suitable geometric series involving the complex
exponential function, show that

_ 9siné
10+6cos@

proof
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Question 127  (***%*4)
f(z2)=2°+82>+64, zeC.

a) Given that f(z)=0, show that
P =—4+4i.

b) Find the six solutions of the equation f(z)=0, giving the answers in the form
zzreie, where r >0 and -7 <0< x.
¢) Show further that ...
i. ... the sum of the six roots is zero.

iy 4 6rx 87
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Question 128  (¥#*%%4)
z=cos@+isinl, -t <O0<rx.

a) Show clearly that
2 =1-itan 9 .
2

1+z

The complex function w= f(z) is defined by

2
w=——, zeC, z#-1.
1+z

. . /2 . .
The circular arc |z| =1, for whichO<argz < 5 , 1s transformed by this function.

b) Sketch the image of this circular arc in a suitably labelled Argand diagram.

proof/sketch
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Question 129  (**¥%*4)

Created by T. Madas

De Moivre’s theorem states that

(cos@+isin@)" =cosnf+isinnd, ne Q.

a) Use De Moivre’s theorem to show that

tan

56

_ Stan@—10tan> 6+ tan> @

1-10tan’> @ +5tan* @

b) Use part (a) to find the solutions of the equation

*~107+5=0,

giving the answers in the form t =tan¢@, O<@< 7.

¢) Show further that
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Question 130  (***%4)

The complex function w= f(z) maps points of the form z=x+iy from the z plane

onto points of the form w=wu+1v in the w plane.

It is given that

f(z)=—=, zeC, z#i.
Z—1

A circle C; with centre at z=1 and radius 1 is mapped onto the circle C, in the w

plane.

a) Find the coordinates of the centre of C,, and the length of its radius.

The straight line z =1 is mapped onto another line L in the w plane.
b) Find an equation for this line.

The region R in the z plane lies outside C; such that Imz >1.

¢) Shade in a clearly labelled diagram the image of R in the w plane.

(1,0), r=1f, (u=1 or x=1
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Question 131  (¥#%%4)
2-1=0, ze C, —T<argz<7.

a) By considering the four complex roots of the above equation show clearly that

z2+z+1+l+iz= z+l—2cos(2—”j z+l—2cos[4—”j .
0z Z 5 Z 5

o 1. ) .
b) Use the substitution w= z+— in the above equation, to find in exact surd form
Z

(27[) (47[)
cos| — | and cos| — |.
5 5

4

the values of
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Question 132 (**¥%4)

The complex number x+iy in the z plane of an Argand diagram satisfies the
inequality

X2+ y2 +x>0.
a) Sketch the region represented by this inequality.

A locus in the z plane of an Argand diagram is given by the equation

or (Z_ﬂj_z
e z 4

b) Sketch the locus represented by this equation.

Created by T. Madas



Created by T. Madas

Question 133 (**¥%4)

The following finite sums, C and S, are given by

C=1+5c0s20+10cos46+10cos68 +5cos86+cos106
S =5s5in260+ 10sin 46+ 10sin 66 + 5sin 88 +sin 106
By considering the binomial expansion of (1+ A)5 , show clearly that

C =32cos’ 8cos56 ,

and find a similar expression for §

S =32cos’ Osin 56
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Question 134 (¥***4)

The complex function with equation
1
f(z)=—,zeC, z#0
Z

maps the complex number x+iy from the z plane onto the complex number u +iv in
the w plane.

The line with equation
y=mx, x#0,
is mapped onto the line with equation
v=Mu,
where m and M are the respective gradients of the two lines.

Given that m = M , determine the three possible values of m .

m=0,+/3
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Question 135  (¥**%4)

The point P represents the number z=x+1y in an Argand diagram and further
satisfies the equation

arg(z—-i_l)zz , Z#E2.
z+2) 2

Use an algebraic method to find an equation of the locus of P and sketch this locus
accurately in an Argand diagram.

2
(x+—) +y =%, such that y>0
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Question 136  (***%*4)

7"=1, ze C, ne N.

a) Solve the above equation, giving the general solution in terms of n and any
suitably defined parameters.

b) Hence solve the equation
- = +1=0, zeC,

giving the answers in the form x+iy, x, ye€ R, where appropriate.

2kzj .
z=e " ke Z|, |z==%1, *i, —
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Question 137 (**¥*4)
Given that ae R, be R, a >b >0, show that in an Argand diagram, the roots of the
quadratic equation

az2+2bz+a=0,

lie on the circle with equation x>+ y2 =1.

proof
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Question 138  (***%*4)

The point P represents the number z=x+1y in an Argand diagram and further
satisfies the equation

arg(z—l)—arg(z+3)=%[ , 2# 3.

Use an algebraic method to find an equation of the locus of P and sketch this locus
accurately in an Argand diagram.

(x+1)>+(y+2)> =8, suchthat y>0
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Question 139  (**¥%*4)
- =(2z—1)3, ze C.

Find in the form x+iy the exact solutions of the above equation.
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Question 140  (***%*4)

(z—-2)i

z

, z=x+iy, xe R, ye R.

f(z)=

The complex function f maps complex numbers onto complex numbers, which can be
graphed in two separate Argand diagrams.

a) Given that Imz = % , determine an equation of the locus of the image of the

points under f .

b) Hence determine a complex function g(z), which maps Imz =% onto a unit

circle, centre at the origin O.

lw+2-i|]=2

oQ
—_
la\|
~—
Il
S
Il
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Question 141  (**¥%4)
f(z)=(z-4), zeC.
a) Solve the equation f (z)=8i, giving the answers in the form x+iy.

The points A, B and C represent in an Argand diagram the roots of the equation

f(z)=8i. The points A and B represent the roots whose imaginary parts are positive

and the point A represents the root with the smaller real part.

b) Show that the area of the quadrilateral OABC , where O is the origin, is

6+2\/§.

Z=4+\/§+i, Z=4—\/§+i, z7=4-21
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Question 142  (**¥%4)

The complex number z satisfies the relationship
V3
arg(z—2)—arg(z+2) =7

Show that the locus of z is a circular arc, stating ...

e ... the coordinates of its endpoints.
e ... the coordinates of its centre.
e ... the length of its radius.

(-2,0),(2.0)[, [(0.2)], |[r=24/2
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Question 143  (***%4)

An equilateral triangle 7 is drawn in a standard Argand diagram. The origin O is

located at the centre of 7. One of the vertices of T is represented by the complex
number 2—6i.

a) Find, in exact simplified form the complex number represented by another
vertex of T .

b) Calculate, in exact surd form, the area of T .

(3v3-1)+i(3+/3)|. |area = /120
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Question 144  (¥#%*4)

The complex function w= f(z) maps points of the form z=x+iy from the z plane

onto points of the form w=wu+1iv in the w plane.

It is given that

f(z)= ,z2€C, z#0.

The circle C with equation x>+ y2 =4 1n the z plane is mapped onto a line segment
AB in the w plane.

Find a Cartesian equation for AB, stating the coordinates of its endpoints.

(1,0), r=1f, (u=1 or x=1
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Question 145  (*¥¥%%*4)

The complex number z satisfies the relationship
|z—-2|+|z—6|=10.

Determine a simplified Cartesian equation for the locus of z, giving the final answer
in the form

f(xy)=1.
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Question 146  (***%*4)
f(z)=(z+2i)*, zeC.

The complex function f maps points, of the form x+iy, from the z plane onto points,
of the form u+iv, in the w plane.

The straight line L lies in the z plane and has Cartesian equation
y=x-1.

Find an equation of the image of L in the w plane, giving the answer in the form
v=g(u),

where g, is a real function to be found.
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Question 147  (***%*4)

Use de Moivre’s theorem followed by a suitable trigonometric identity, to show that ...

a) ... cos30 =4cos’ §—3cos 8.

b) ... cos6d= (200529—1)(1600549—1600529+1)

Consider the solutions of the equation.
cos60=0, 0<f<r.
¢) By fully justifying each step in the workings, find the exact value of

Ty T o L7 o LLTT
COSIZCOS 12 COS 12 COS 12 .
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Question 148  (***%*4)

A transformation 7" maps points of the form z = x+1iy from the z plane onto points of
the form v=u+iv in the w plane, and is defined as

z+1 )
w=——, 2% 1.
7+1

. . . . . T
The points that lie on the half line with equation arg z = 1 are mapped by 7 onto
points which lie on a circle.
a) Determine a Cartesian equation for this circle.

b) Show that the image of the half line with equation arg z =% is not the entire

circle found in part (b).

Question 149  (**¥*4)

Show that if z=1

|
(SIS}

proof
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Question 150  (¥**%*4)

The complex function w= f(z) maps points of the form z=x+iy from the z plane

onto points of the form w=wu+1iv in the w plane.

It is given that
f(z)=;;, zeC, z#2.

The points of a region R in the z plane are mapped onto points of a region R’ in the
w plane. The region R’ consists of points such that >0 and v>0.

Shade, with justification, in an accurate Argand diagram the region R.
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Question 151  (**%%*4)
£(6)=(cos6+isinB)* +(cos@—isin@)".
a) By considering a simplified expression of f (), show that

(cotf+i)" +(cotd—i)* = 200240 :
sin” @

b) Find in the form z = cot(%’) , the four solution of the equation
(z+i)" +(z-i)* =0.

¢) Hence, show clearly that cot? (%) =3+ 2\/5 )

x:cot(%),k:1,3,5,7
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Question 152  (**¥%4)
The complex number z lies in the region R of an Argand diagram, defined by the

inequalities

%Sarg(z—4)$7r and 0Sarg(z—12)£5?”.

a) Sketch the region R, indicating clearly all the relevant details.

The complex number w lies in R, so that |w| is minimum.

b) Find |w

, further giving w in the form u +iv, where u# and v are real numbers.

I:I, |w|=6 L lw=3+3i
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Question 153  (**¥*4)

Rez

The figure above shows in a standard Argand diagram, the five roots of the equation

2> +32=0, indicated by the points A to E on a circle of radius r.
a) State the value of r.

b) State the five roots of the equation
22 +32=0,
giving the answers in the form z=r(cos@+isinf), - T<O< 7.

¢) Show that a quadratic equation satisfied by the roots indicated by B and D is
22 +4zcos(2?ﬂ-)+4 =0.

d) Find a similar quadratic satisfied by the roots indicated by A and E.

[continues overleaf]
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[continued from overleaf]

Consider the coefficients of z* in the following equations

2+32=0 and (Z_ZC)I:(Z_ZB)(Z_ZD)][(Z_ZA)(Z_ZE)}:O'
e) Show that cos(%j=i+i\/§.

(you may find the cosine double angle formula useful)

r=2|, |z=2(cosnf+isinnd),n=-2,-1,0,1,2|, z2—4zcos(%j+4:0
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Question 154  (**¥*4)
P+ +22+2+1=0, zeC.
By using the identity

a"—1E(a—l)(a"+a"_l+a”_2+...+a2+a+1),

or otherwise, find in exact trigonometric form the four solutions of the above equation.

— cos2Z +igin 2%
Z =CO0S 35 T181n 35

4r
, COS 5

+isin

4r

5
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Question 155  (***%*4)
f(z)=2%, zeC.

The complex function f maps points, of the form x+iy, from the z plane onto points,
of the form u+iv, in the w plane.

The curve C lies in the z plane and has Cartesian equation
x* =3 y2 =1.
Find an equation of the image of C in the w plane, giving the answer in the form
V2 =Au2+Bu+C,

where A, B and C are real constants to be found.

v =3u? —du+1
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Question 156  (***%*4)

a) Show that

sin76 = 7sin @ —56sin> @+112sin> @ —64sin’

b) By considering a suitable polynomial equation based on the result of part (a)
show further

COSGC2 (%ﬂ') + COSGC2 (%7[) + 008602 (%ﬂ') =38

, |proof
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Question 157 (**¥*4)

The following equation has no real solutions

25z +102° +222 +102+25=0.

Find the four complex solution of the above equation, giving the answer in the form
a+bi, where ae C and be C.

IS
Il
W
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Question 158  (***%*4)

(z)=2, z€C, z#-i.
Z+i

Find the greatest value of the modulus of z, given further that

1+ £ (z)|=2.

[ 1 e =55
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Question 159  (****4)

The complex function w= f(z) is defined by
1
w=—/zeC, z#1.
z—1

The half line with equation arg z =% is transformed by this function.

a) Find a Cartesian equation of the locus of the image of the half line.

b) Sketch the image of the locus in an Argand diagram.

(u+l)2+(v+l)2=%, v <0, u2+V2+I/t>O
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Question 160  (***%*4)

_ 3tan @ —tan’ @

tan 360 5
1-3tan“ @

a) Use De Moivre’s theorem to prove the validity of the above trigonometric
identity.

b) Hence find in exact trigonometric form the solutions of the equation
£ =3t> =31 +1=0.
¢) Use the answer of part (b) to show further that

2£+tan25—7[—14.

tan =
12

T 57 Ry
t=tan—, tan—, tan—
12 12 4
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Question 161  (***%*4)

The locus L; of a point in an Argand diagram satisfies
3T
arg(z—Z)—arg(z—Zl)zj, zeC.

a) Find a Cartesian equation for L.
b) Show that all the points which lie on L; satisfy

Z—4_k,

z—1 B

where k is an integer to be found.

The locus L, of a different point in the same Argand diagram satisfies
|z—1|+|z—4| =6, zeC.
The point P lieson L; and L;.

¢) Find the complex number represented by P .

Ll:x2+y2=4, x>0,y>0|, k=2,
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Question 162 (***%4)

Solve the equation

3
74 =—4\/§+4i, ze C.

Give each of the roots in exponential form.

8 _62 34 _38 58 _14
2=16e9"" =16e 97|, |z=16e° " =16e 97|, |z=16e°"" m

Created by T. Madas



Question 163

The complex number w is defined as w=e>

a) Prove that

CcosS (%ﬂ') =

Created by T. Madas

27

l+w+w?+w +w*=0.

—1+/5
4

OIIN

and cos(

b) Derive a quadratic equation with integer coefficients whose roots are (w+ w4)

and (w2 + w3) , and hence show with full justification that

p)=T0

4

AUTIWATVE
IF W=y
W-t=o
G0 (o) oo
B WA

W AW = o

B -tz - o]0

(et )z = Qe vaw) = o

I G C R IR
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Question 164  (****4)
A complex transformation of points from the z plane onto points in the w plane is
defined by the equation

w=z2, zeC.
The point represented by z=x+1y is mapped onto the point represented by w=u+iv.
Show that if z traces the curve with Cartesian equation

y2 =2x% -1 ,

the locus of w satisfies the equation

v =d(u—-1)(2u-1).

Question 165  (*#*)

Find a solution of the equation

cosz=2isinz, ze C.

z=kr—Liln3, ke Z
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Question 166  (***%*4)

The complex number z lies in the region R of an Argand diagram, defined by the
inequalities

—%ﬂ'éargz S%ﬂ' and |[<1.

. . 2 .
Determine, in exact surd form, the maximum value of |w— z| , where w=1+ 1x/§ .

I:I, |w—z|2=5+\/g—\/§

© STHET Ry SUTOONG A Good DIAGAM
UG AWHes 00 THE Yeuow BEGon
L TS Boooay

®
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Question 167  (***%4)

It is required to find the principal value of i, in exact simplified form, where 1 is the
imaginary unit.

a) Show, with detailed workings, that

. Lz

b) Use a different method to that used in part (a), to verify the exact answer given
in part (a).

, |proof

Q) BUT ASRoAG 1t AT Fowot

;m—%zvv\/\/‘\‘/» >
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Question 168  (F¥*¥%%¥)

The finite sum C is given below.

C-= Zﬁﬂg(—n” cos” 0cosn¢9} .

Given that ne N determine the 4 possible expressions for C.

Give the answers in exact fully simplified form.

[ ], |n=4k,keN:C=cosnfsin" 6 |, |n=4k+1,ke N: C=sinnfsin" 0 |,

n=4k+2, ke N:C=—-cosnfsin" @ |, |[n=4k+3, ke N: C =—-sinnfsin" 8

® @ e o
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Question 169  (F¥*¥%%¥)

The complex number w is defined as w=z°, where z=1+i.

Show, with details workings, that

1

w=e 4" [(1+i)cos(lnk)+(—1+i)sin(lnk)],

where (1+i)cos(Ink)+ is an exact real constant to be found.

k=2
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Question 170  (G¥¥¥%%¥)

Use complex numbers to prove that

o)~

A detailed method must support this proof.

, |proof
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Question 171  (k¥¥*¥)
Use De Moivre’s theorem to find a multiple angle cosine expression and use this

expression to show that

(1+45).

A=

cos36° =

@ ST BY GeTTng MY exbasssiod B G S6

KT o = Coig

= Gos6risd] = Ceoigf
= @B = Crsich - 0L o1 sege is

828 15 A sowi) of 6eond -2y +5
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Question 172 (¥¥¥%%¥)

5_i
IZ, ze C, z#0.

w=
<

The complex functionw= f(z), maps the point P(x,y) from the z complex plane

onto the point Q(u,v) on the w complex plane.

The curve C in the z complex plane is mapped in the w complex plane onto the
curve with equation

argw:%ﬂ.

Determine a Cartesian equation of C, and hence find an exact simplified value for the
area of the finite region bounded by C, and the y axis.

1. (X+«/§)2+(y+1)2:4 U x>0, %,,_\/g

H
==
(€798
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Question 173  (¥**%¥)
a) Show that

1+itan8)* +(1—itang)* = 250540
4
cos @

b) By considering a suitable polynomial equation based on the result of part (a)
show further

i. tanz( 71')'[an2 (%ﬂ')zl

oo)—

ii. tanz( 71') + tanz( 7[) =6

oo)—
[e%e]|9V)

gl ff BT L TR L Bt 8 bu¥e - E
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T e
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Question 174 (¥#%%*)
tan(36°) = tan(6°)xtan (60°—6°)x tan (60°+ 6°)

Prove the validity of the above trigonometric identity and hence show that

tan15° X tan85° = tan55° X tan 65°.

, |proof
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Question 175  (G¥¥¥%%¥)
I=| cos(Inx)dx and J=| sin(Inx)dx
a) Use an appropriate method to find expressions for 7 and J .

b) Use the integral x' dx, where i is the imaginary unit, to verify the answers

given in part (a).

¢) Find an exact simplified value for

S

2x dx.

. Iz%x[sin(lnx)ﬂ:os(lnx)} : Jz%x[sin(lnx)—cos(lnx)} :

¢ ; 1z iz
2x' dx = (ez —1)+(e2 +1)i

b) smer s ovan a!
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Question 176  (¥*¥%%¥)

The complex number z has unit modulus and argz =6, -7<@<rx.

The complex conjugate of z is denoted by 7 .

Using a detailed method, show that

Re{;((ll—;iﬂ = —2sin( 6?).

|~

, |proof
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Question 177  (¥¥¥%%¥)

The complex number z = z; +z, where
77 =3+4i and z,=4¢", -r<0<nx

a) Sketch in an Argand diagram the locus of z .

The complex number z; lies on the locus of z such that the argument of z; takes its

maximum value.

b) State the value of |z3| .
¢) Show clearly that
24

arg z3 = 77 —arctan =+ .

d) Find z; in the form x+iy.
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Question 178  (G¥¥¥*¥)

In a standard Argand diagram the complex number V3 +i , represents one of the
vertices of a regular hexagon, with centre at the origin O.

The complex numbers that represent these 6 vertices are all raised to the power of 4,
creating a closed shape S, whose sides are straight line segments.

Determine the area of S .

, |proof
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Question 179 (*¥%¥)

The complex number z is given by

Z:M’ a+b¢0’
a+bi

where a and b are real parameters.

Show, that for all allowable values of a and b, the point represented by z is tracing a
circle, determining the coordinates of its centre and the size of its radius.

[ 1 |@o) =2
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Question 180 (F*¥%%¥)

Show clearly that the general solution of the equation

sinz=2, ze C,
can be written in the form

Z=§(4k+1)i—iarcosh2, kel.

, |proof
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Question 181  (¥**%¥)

Use complex numbers to prove that cos(%fr) is a solution of the cubic equation

¥ +xr—2x-1=0.

You may not use verification in this proof.

, |proof
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Question 182  (F*¥%%¥)

Solve the following equation

3|z|z + 20zi = 125, zeC.

Give the answer in the form x+iy, where x and y are real.

7 =3—4i
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Question 183  (****¥)

The following convergent series S is given below

sin@ sin260 sin360 sin46
1! 2! 3! 4!

By considering the sum to infinity of a suitable series involving the complex

exponential function, show that

S =e sin(sin ).

, |proof
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Question 184
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(*****)

The point P in an Argand diagram represents the complex number z , which satisfies

o z—1-1 T
8 z—21

=—, z#2.
3

It further given that P lies on the arc AB of a circle centred at C and of radius r.

a) Sketch in an Argand diagram the circular arc AB, stating the coordinates of C
and the value of r.

b) Given further that |PA|=|PB

G

)

9

, find the complex number represented by P .
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Question 185  (****¥*)

Find, in exact trigonometric form where appropriate, the real solutions of the following

polynomial equation

x = 7x0 =217 +35x* +35x° = 21x% = Tx+1=0.
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Question 186  (***%¥)

By showing a detailed method involving complex numbers, sum the following series.
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