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Question 1

f()=25", zeC.

Find the residue of the pole of f(z).

[ [ ]res(z=0)=1
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Question 2

f(z)=e‘z7, zeC.

Find the residue of the pole of f(z).
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Question 3

flz ,
22—2z+1
Find the residue of the pole of f(z).
Question 4
2z+1
2°=z-2

Find the residue of each of the two poles of f(z).
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res(z =2)=% , |res(z=-1) =%
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Question 5

Find the residue of each of the two poles of f(z).

[ [res(e=1d)=-

res(z =2)=%
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Question 6

iz

1—
f(z)=—5—.zeC.
<

a) Find the first four terms in the Laurent expansion of f (z) and hence state the

residue of the pole of f(z).

b) Determine the residue of the pole of f(z) by an alternative method

I:l, res(zzO)z%
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Question 7

Find the residue of each of the three poles of f(z).

—

[\

res(2=0)=2|, |res(z==1+i) =L (-1+3i)|, |res(z =—1-i) ==L (1+3i)

Question 8

Find the residue of the pole of f(z).
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Question 9

Find the residue of each of the three poles of f(z).

res(z=2i)=%(7+i) , res(zz—Zi)zLU—i) , res(zz—l):—ﬂ

Question 10

f(z)= , ze C.

e‘—1

Find the residue of the pole of f(z), at the origin.

res(z=0)=1
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Question 11

f(Z)E < 2,zeC.

(322—10iz—3)

Find the residue of each of the two poles of f(z).

res(z=3i)=% , }"es(zz%i):_—
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Question 12

t th
f(z)ECO z cothz

, ze C.
3
Z

Find the residue of the pole of f(z) at z=0.

[ 1 |res(z=0)
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Question 13

Find the residue of each of the three poles of f(z).
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Question 14

4
= , C.
/) 22 (1-2i) +6zi—(1+2i) <

Find the residue of each of the two poles of f(z).

res(z=2-1) =i, |res(z=1(2-1)) ==
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Question 15

Zekz
f(z)==—,2eC, keR, k>0.
7 +1

Show that the sum of the residues of the four poles of f(z), is
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Question 1
By integrating a suitable complex function over an appropriate contour find

2z

1

—— de.
o 4cos€-5

S B Ui T oo [T op b e ozgdar

Y T Lo Teptd e A

j {81 = =ik S Consisee 1)
r

i ety
FF—VJ@T;\A? s

.
| /4
IS~ 7
\go A -3 3/
————

TTRANSIOPN NG THE NQEcoAL.

e y
i ‘ i
by sV L LI
Jo ey 9 3G 2

Created by T. Madas



Created by T. Madas

Question 2

By integrating a suitable complex function over an appropriate contour find
2z
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Question 3
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By integrating a suitable complex function over an appropriate contour find

2z

cos®@sin®@ 6.

1.

G
512

Created by T. Madas

LU N ¢
PRI SR S
Lz £z BT P

@ 5 THE INHRAND 1S N SEQE F0M THE oy ComPIRITION

M THe L T ¢ e Beame & -20

= gt =
7 ‘J B MBS = W x D Corsus e 1)
o2
= | ol &b = 2 ok L« G20
4, £
can
( ST_x 2%

wHods do = 3

ST

. .
| dbofs dp = =2
J S o




Created by T. Madas

Question 4

By integrating a suitable complex function over an appropriate contour find the exact
value of

27
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Question 5

By integrating a suitable complex function over an appropriate contour find the exact
value of

o sin’t
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0 5—4cost

&N

Created by T. Madas



Created by T. Madas

Question 6

By integrating a suitable complex function over an appropriate contour find the exact
value of

2z 1
[
o (5-3sind)
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Question 7

27 1
I:I - dx .
0 3—2cosx+sinx

By integrating a suitable complex function over an appropriate contour find the exact
value of 1.
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Question 8

e cos3x
. j _cosdx
0 5—4cosx

By integrating a suitable complex function over an appropriate contour find the exact
value of 1.
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Jordan’s Lemma

Suppose that f(z) — 0 uniformly, as |z| — e, for 0<argz<7.

If >0, then jf(z)eiazdz —0 as R — oo, where y(6)=Re'?, for 0<0<7x.

VR

Proof

Given £ >0 we may always pick R, so thatif R >R,

f(z)‘<€, VZE ¥R -

Thus
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Question 1
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By integrating a suitable complex function over an appropriate contour find
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Question 2

By integrating a suitable complex function over an appropriate contour find

NN

Created by T. Madas



Created by T. Madas

Question 3

By integrating a suitable complex function over an appropriate contour find
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Question 4

By integrating a suitable complex function over an appropriate contour find

j 14 dx .
0 1+.x
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Question 5

By integrating a suitable complex function over an appropriate contour find

oy
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Question 6

By integrating a suitable complex function over an appropriate contour find

1

ﬁ dx.
(x +4x+5)

—o0
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Question 7

Given that k£ >0 find the exact value of

oo .
xcoskx xsin kx
—— dx and

2 T2 A= dx.
e XTH+2x+5 e X +2x+5
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Question 8

By integrating a suitable complex function over an appropriate contour find

oOCOSCDC
a) j ﬁdx,a>0.
0o X +b

b) j %dx,mo.
0o X +b

T e—ab T eab
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Question 9

By integrating a suitable complex function over an appropriate contour find

xsinax
j > 3 dx, a>0.
x“+b
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Question 10

By integrating a suitable complex function over an appropriate contour find

[}

(l—xz)cosa'x

5 dx, a>0.
(1+x2)
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Question 11

By integrating a suitable complex function over an appropriate contour find

cosax

( 5 2)2 dx, a>0.
x“+b

e (ab+1)
4b°
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Question 12

By integrating a suitable complex function over an appropriate contour find

ooCOS.?C
j 5 dx .
0 1+X

V3 V3

T
— 1+\/E cos| — |++/3sin| —
6e 2 2
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Question 13
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By integrating a suitable complex function over an appropriate contour find an exact

simplified value for

1

— dx,
Lo AX“+bx+c

where a, b and c¢ are real constants such that ¢ >0 and b>—4ac<0.

|:| 27
V b b e el
. Vdac— b’

THE_GOACRANIC ORUUGA O THE AR T Tl e HeleS

k=

2. ZhrdAh
Za

QU 0F THE 0K S o) THE TP HRE o8 THe PUNE A THE OMELAT

_ bt [P tac e 5
P )zj— wii A=bllac<o

B _Yonou fE — P R SORROGDY (NGE o THE Rae AT 2:% AT
TR HF s wss [T

D i c [ I TP TR
balt2]- bn Teate] - b [ a5 ]

2-2,

5
BY UMOSKTAL Rk A8 T Wl B 4 360 500 20 Uiy

| A W il S i
- gﬁ%buu ETS Raaseoxiny

! Sy 38

Tk 2 b A=A

Created by T. Madas

e TTT—
Oie He wwian & @) el Ao e omoe T ! THE B0 Tl
: ( :
o ko { om0 =AM x 3 Cooner tans o { inwoe T')

-
| 2r

V&“ [ o
f,zuﬁj e T =

IMERE MO T as == 0¥ 6 G 0 T, e
L | | (T pi®

S— ) (Zie |

o l ( el bpdac (nd Ml: o dTee |

It
|| @4
Wy

Jo I
v T i
10 [ _Aitlel eiot

= L WESD P ‘&) BRI RN d

T

e
= | e ® o ek newy
B RN

{

R ;
< T e ®

N P
(B Blw-M

T

1" & = e
=, WA el

s e o (0

: ) o RPE L de
-l e ® CEwed ]

“—;_%ﬂj SO0@F) > o krse

Tk A R >0 Lk vk

LS
\LD 0tz +C

R S
Nhet 7 rgco




Created by T. Madas

Question 14

In (x2 + 1)
I= 3 dx .
x“+1
0
. . In(z+1) . .
By integrating T over a semicircular contour find the exact value of 1.
z" +
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Question 1

By integrating a suitable complex function over an appropriate contour show that
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Question 2
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By integrating a suitable complex function over an appropriate contour show that
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Question 3

By integrating a suitable complex function over an appropriate contour show that
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Question 4

Inx

1+ x* dx.

0

a) Find the value of the above improper integral, by integrating

log z
7)= ,2eC,
f( ) 1+z4

over a semicircular contour with a branch cut starting at the origin and
oriented in some arbitrary direction in the third or fourth quadrant.

b) State the value of

16 4
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Question 5

” (In x)2

3 dx .

0 1+x

Find the value of the above improper integral, by integrating

2
1
f(z)=—( ngz) , 2eC,
1+z

over a semicircular contour with a branch cut starting at the origin and oriented in
some arbitrary direction in the third or fourth quadrant.
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Question 6

(o)

(In x)2

1+ x* dx.

0

a) Find the value of the above improper integral, by integrating

2
1
o=l e
1+z

over a semicircular contour with a branch cut starting at the origin and
oriented in some arbitrary direction in the third or fourth quadrant.
) 1 7[\/5
dx = ——
4

4
1+x

You may assume without proof that '.‘

0

b) State the value of

Inx
1+ x*

37£3x/§ 7[2\/5

64 16
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KEYHOLE
CONTOUR

(Branch Cuts)
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Question 1

|
f(z)= ngz, zeC.
I+z

By integrating f (z) over a suitable contour I", show that

proof
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Question 2

By integrating a suitable complex function over an appropriate contour show that

p-1
X dx=rmcosec(pr), 0< p<l.

: 1+x
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Question 3

By integrating a suitable complex function over an appropriate contour show that

p-1
2

X P

dxzzcosec(—j, O<p<2.
2 2

0 1+x
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Question 4

log z
AEEEE

By integrating f (z) over a suitable contour I", show that

———  dx=In2.
2 T

proof
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Question 5

log z

(cra)(erp) <°

f(z)=

where ae R™, be R" with b>a.

By integrating f (z) over a suitable contour I", show that

1 1 b
(x+a)(x+D) b—a \a
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Question 6

By integrating a suitable complex function over an appropriate contour show that

” VX T
3 dx=—.
0 1+x 3

proof

® (oML e Goneoral )= Re®
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Question 7

(o)

(In x)2

1+ x° dx.

0

An attempt is made to find the value of the above improper integral, by integrating

2
ro=12 e,
1+z

over the standard “keyhole” contour with a branch cut taken on the positive x axis.
a) Show that such attempt fails.

b) Calculate the value of the two integrals that can be found during this attempt.

j 12 dxzz, j 1nx2 dx=0
0 1+x 2 0 1+x
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Question 8

Use a substitution followed by integration of a suitable complex function over an
appropriate contour, to show that

1
272’

J (tan x)“ dx:%frsec(%fm'), ~l<a<l.
0

proof
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Question 1

Consider the contour I' located in the first quadrant, defined as the boundary of a
quarter circular sector of radius R, with centre at the origin O.

By integrating a suitable complex function over I show that

| 2
— dx = ——.
0 1+x 4

|22

PUANTHORE A0 SeeTon) LG e "SOAL Ity (ot i =g W onudTH)

- 2.7
= 5%

>0 dow

A0 THE Ot L QRGHD

oF
R A
J, Tawed| L (vemee|

1
1)
12

15}

Created by T. Madas



Created by T. Madas

Question 2
By integrating a suitable complex function over a contour defined as the outline of a

circular sector subtending an angle of %ﬂ' at the origin, find an exact value for

[

1
0 1+x

dx.

6

No credit will be given for integration over alternative contours.
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Question 3

By integrating a suitable complex function over an appropriate contour find

j 13 dx.
0 1+X
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Question 4

By integrating a suitable complex function over an appropriate contour show that

jmcos(xz) dx:j‘msin(xz) dx = %

0 0
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Question 5

By integrating a suitable complex function over an appropriate contour show that

“ Inx wlna
> dx = .
0 a’+x 2a

T 1) @R T pene Tepm
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Question 6

By integrating a suitable complex function over an appropriate contour show that

j sechx dx=rx.

—00

proof
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Question 7

It is required to evaluate the integral

< 2
j e " cosx dx.
0

a) Show that the above integral can be written as

2
b) By integrating the complex function f(z)=e * , over a rectangular contour

with vertices at (-R,0), (R,0), (R,%i) and (—R,%i), show that

N

* 2 _
J e’ cosx dx:%e Jr .

0

You may assume without proof that

proof
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Question 8

f(z) ==, zeC, z#0.

By considering the integral of f(z) over two different suitably parameterized closed

paths, show that

2r
! dé =

z
T

0 9cos® O +4sin’ @
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Question 9

The complex number z=c+acos@+ibsin@, 0<8<2rx, traces a closed contour C,
where a, b and ¢ are positive real numbers with a >c .

By considering

C
show that
2 0 )
a+c2csos . g0 = 2%
o (c+acos@)” +(bsind) b

proof
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