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LAPLACE’S EQUATION
°® 0D
ox* * dy?

=0, ®=P(x,y)

Two Dimensional in Cartesian
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Question 1

The temperature distribution, 7'(x,y), in a rectangular plate for which 0<x <2 and

0< y <1, satisfies Laplace’s Equation

+ =0.
x> 9y’

The edges of the rectangular plate are maintained at the following temperatures

e T(x0)=0, x€[0,2]

e T(x1)=0, xe[0,2]

e T(0,y)=0, yel0,1]
(

e T(2,y)=30sin(87y), ye[0.1].

Determine the temperature distribution of the plate

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

80sinh (87x)sin(87y)
sinh167

T(x,y):
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Question 2

The function ¢ =@(x,y) satisfies Laplace’s Equation

2 2
99,990 _,,
ox~ dy

where 0<x<7 and y>0.

Determine an expression for ¢(x,y), given further that
e ¢(x,0)=3, xe[0,7]
* 9(0,y)=0, ye[0,)

e lim [(p(x,y)]zo, xe [0, 7]

y—eo
o ¢(7,y)=0, ye[0,0).

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

[

12 Zexp[—y(Zn—l):lsin[x(Zn —1):|

(p(x,y)=; (2n—l)3

n=l1
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Question 3

The function ¢ =@(x,y) satisfies Laplace’s Equation

2 2
9P 90 _,
x> 9y’

where 0<x<a and 0< y<b, with a and b positive constants.
Determine an expression for ¢(x, y) , given further that

e ¢(x,0)=0, xe[0,a]

e ¢(x,b)=0, xe[0,a]

* 9(0.y)=0, ye[0.5]

o ¢la,y)=by-y*, ye [0,5].

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

[e)

o(x,y) _%Z sinh[%(Zn—1)}5in[%(2n—1)}

T (21-1)’sinb| Z¢(2n-1) |

n=l

[solution overleaf]
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Question 4

The function u =u(x,y) satisfies Laplace’s Equation

2 2
a_bz‘+a_;‘:o, 0<x<2,0<y<I.
ox~ dy

Determine an expression for u =u(x,y), given further that

x 0<x<1
u(O,)’):O, M(Z,y):()’ M(x,O):O, M(X,l): 2—-x 1£xL2

8sin (%nﬂ)
n’z? sinh (%nﬂ)

sin (4 nzx)sinh (L nz
(2 ) (2 y)

[ Lju(ry)=

n=l1
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Question 5

A square plate of unit length has three of its sides kept at temperature 0 °C, while the
fourth side is kept at temperature 50 °C.

In a steady state the temperature, 6(x, y) satisfies Laplace’s Equation

9%0 9°6
2+ =0
x> 9y’

b

Solve the equation and hence show that

): 100 (-1)"

" L (2n+1)cosh{(2n+l)§}

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

proof
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Question 6

The function ¢ =@(x,y) satisfies Laplace’s Equation

2 2
9P 90 _,
x> 9y?

in a rectangular region where 0 < x<3 and 0<y<2.
It is further given that
e ¢(x,0)=0, x€[0,3]

° (0(x,2) =0, xe [0,3]

e ¢(0,y)=0, yel0,2]

y  ye[0]]
° ¢(3’.V):{2_y ye (1’2]'

Solve the equation and hence show that

[}

sech 3—75(211—1)
o)y =R

n=l1

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

proof

[solution overleaf]
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Question 7

The temperature 0=0(x,y) for a steady two-dimensional heat flow in the semi-

infinite region for which y >0 satisfies Laplace’s Equation

0% 9%0
_+_ —_

=0,
ox> 9y’

subject to the boundary conditions

26

° a—(O,y):O, y€[0,°°)
X
00

L4 a—(L,y):O, yE[L,OO)
X

o lim[6(xy)]<|M

y—oo

,MeR, xe(—oo,00), ye[x,oo)

Solve the equation and hence show that

n 2nwy
0(1L )_1 | (-1) exp[—L }
27056 2 2 :

n=l

[You must derive the standard Cartesian solution of Laplace’s equation in variable
separate form|

, |proof

[solution overleaf]
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LAPLACE’S EQUATION

*’d 10® 1 9°d
+——
or> ror r?96*

=0, ©=o(r,0)

Two Dimensional in Plane Polars
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Question 1

The above partial differential equation is Laplace’s equation in a two dimensional
Cartesian system of coordinates.

Show clearly that Laplace’s equation in the standard two dimensional Polar system of
coordinates is given by

%0 109 1 9%

R U

ot ror r?o6?

proof
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Question 2

In a two dimensional universe the gravitational ® would satisfy the two dimensional
Laplace’s equation

V=0,

Find a general circularly symmetric solution for & .
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Question 3

The function & =®(r, 9) satisfies Laplace’s Equation in plane polar coordinates

0’ 100 1 9’
+——t=—=
or: ror r96?

0.

a) Derive the general solution of the above equation, in variable separable form.

b) Hence find a specific solution subject to the conditions
i. @©(0,0)=0

ii. ®(r,0) is finite for 0<r<a and for all 6.

®(r,0)=A+Blnr+ C.r"+D, r"|cosn@+|E r"+F r"|sinnd ||,
n n n n

n=l
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Question 4

The function & =®(r, 9) satisfies Laplace’s Equation in plane polar coordinates

’® 10D 1 0°®

+——+——==0.
o> ror r?96?

a) Derive the general solution of the above equation, in variable separable form.

b) Hence find a specific solution subject to the conditions
i. @(0,0)=0

ii. ©(1,8)=2cosd.

D(r,0)= A+Blnr+Z[(Cnr" +Dnr_")cosn49+(Enr" +Fnr_")sinn9} ,

n=l1

®(r,0)=2rcosd
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Question 5
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The steady state temperature distribution ® =®(r,0) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

I 190 190
orr ror r?96°

Given further that @ (1,8) =sin26, determine a simplified expression for @ (r,8).

[You are expected to derive the general solution of the partial equation in variable

separate form|

[ ] |®(r.6)=r*sin26

ASSUME A SOWMON N UARNBIE SEAgABLE Bom — DIFRRATTIATE AND
Swsnmuit Wb The P.DE
0 &) = PHOE = 2. eow)

— 2% . Yo
= 2= PoSE

- F3 . ke
> S e
P Y
R %% =g
= Rt « LRAGE) + L RISTY - ©
_, L6BE | 1 RaBe , L RICE - o
= %g(g* TR e\g * 12 RO 6(6)

o Ro o, 120, Lol
? T TR e

— alo U SO

> " e Y S c©
- |eRo o - _ Elm
= en " r%’fﬂ EG)

A Te UKS O THE ALoUE OPRESSION & A FUNCTION oF T only A0
THe DUS W A ANNon of 6 ony| B} SO Agt AT Mo

A _onea7 ) SAY A

LQOWNG AT THE M-S OF THE <@t €XPRession, We Requige Gouan)
SOUMONS 1w B | Due O THE ROAL Susitm RESITNG N6 2T — G

THAT TS0 18 A MR IN THE R.4.C W DEDKE T A0, SAY p2

_8® e
= "% - P

— 6l) = -’66

= |8l = As(p)  Relps)

(00U AT THE "® - souTion! WTH A .sives (o wsieg)

b= an(Oram) = sn(p9) = snp(eeam)
= sin(p6 + 2pr)
== P=n= ML = 01,28

N=20 18 0.k A4S 1T PLOUES A (oSS SAWTion
N<O NEER NG BE (NSIDEND SEOMATEY 4T THE wiw B ABSORGD
18 THE GO AT T STRGE ) BIT Ty WL ACuAay APHE
AGHN 4T THE AID
2[00 Awh) s Bauls) n-omms -]

VO W e 0 T Lts CRcton of © onor) | wnpn e

" .
= el w20 o

LIGIR (A 0, B0 2

”Vlv.m”'am o Hrzgo”‘z((r)\,“

=l Yo =0 = P+ R -6

= PR = - U6 TR U A RO~ UL oD

Yo . - L A e Roya ik
W r >§4 Y= e SRR THE o
M PN
= hldol= -brahc”s ROy = b

=Gy e
: % =Pkt —w=o
- P = & \§ =

- Py - chreddd

- Ll = Wl

= k=xn

= Ro- LT AN

CoALOTNG. AR T DUCT

£ e

Q- A

R = et D } —
|£68-861R6) - Clw+ 0

1€ n= 123

Q)= Adeub + B oud
Q= o 4 g6
Fray 06 40k A i sowmon)
D) = [Cher )] + ;i [t s o 271
HRSRRNG. § ReARIE THE ;WS(PNT&
ET . i B B ¢ P o] |
S - R e y

ST e AR (OIS MO TR D00) Mot 3 e W AL PoTS o
e dac D W T T 0.

. B=0 B=o ,f=0
L \
6o = A+ 2 (G Peud + £l
- N — - JA

A0 Ho)= s

-
= sa®= Aky )] [qmmgw@j
=

Ao G=o, Bl Eeo w2

= 208)- Cxmo
= Qb))
= 2@ GresS)

= =

//

Created by T. Madas




Created by T. Madas

Question 6

The steady state temperature distribution ® =®(r,8) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

°d 100 1 9%®
—t——t—=—-=
or: ror r?96*

Given further that

ch(1,9)+aai’(1,e)=1oo-zcosza,

r

determine a simplified expression for ®(r,8).

[You are expected to derive the general solution of the partial equation in variable
separate form|

®(r,0) =50—%r% cos 26
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Question 7

The steady state temperature distribution u =u(r,6) in a circular thin metal disc of

radius a, satisfies Laplace’s Equation in plane polar coordinates

Pu_tou 1 7

+——5=0.
or* ror r* 96’

The top half of the circumference of the disc, 0 <@ <, is maintained at 100 °C, and
the bottom half of the circumference of the disc, 7 < @ < 27x, is maintained at 0 °C.

Determine a simplified expression for u(r,6).

[You are expected to derive the general solution of the partial equation in variable
separate form|

T n a

u(r,9)=50+@ {smn&(ij }

n=l1
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Question 8

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

0°®d 100 1 9°®
+——Ft——=
or* ror 96’

V2 = 0.

a) Derive the general solution of the above equation, in variable separable form.

The functions @, =®,(r,0) and P, =P, (r,8) satisfy
Vi, =0,1<r<2
Vi, =0, r>2.

It is further given that

®(1.6)=0, @(2.0)=1, ®,(2.6)=1 and lim[®,(r.0)—rcosd]|=1.

r—>0

b) Determine expressions for ®; and &, .

(o)

®(r,0)=A+Blnr+ | C.r'"+D, r"|cosn@+|E " +F r ")sinnd ||,
n n n n

n=l1

d)l(r,H)zm , <I>2(r,0)=1+rc050—§c050

[solution overleaf]
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Question 9

The steady state temperature distribution u =u(r,60) in a thin metal disc in the shape

of a circular sector of radius 1, satisfies Laplace’s Equation in plane polar coordinates

Qu 1w 1% _
orr ror r296°

It is further given that u(r,0)=u (r,%ﬂ) =0 and g—u(ﬁ,l) =0.
r
Determine a simplified expression for u(r,8).

[You are expected to derive the general solution of the partial equation in variable

separate form|
() Z“’ (=1)"* % sin (246)
ulr,0)=
2k>
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Question 10
The steady state temperature distribution u =u(r,6) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

Qu 1w 1% _
orr ror r296°

] ) 6 Arco<ly
It is further given that u(1,8) = 2 2
0 otherwise

Determine a simplified expression for u(r,8).

[You are expected to derive the general solution of the partial equation in variable

separate form|
u(r,6)= Zﬂlcos(lnfr) +Lzsin(lnﬂ')} " sin nﬁ}
n 2 n 2
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Question 11

The steady state temperature distribution u =u(r,8) in a circular thin metal disc of

radius 1, satisfies Laplace’s Equation in plane polar coordinates

Ou 1du 1% _
orr ror r296?

T—0 0<@<rx

It is further given that u(1,0) ={ 0 er
otherwise

Determine a simplified expression for u(r,6).

[You are expected to derive the general solution of the partial equation in variable
separate form|

(o)

n 1-(-1)"
u(r,0) =£+Z r—{sinnéﬂgcosnﬁl
4 n n

n=l1
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Question 12

The function ® = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

0°®d 100 1 9°®
+——Ft5—=
or* ror 96’

V2 = 0.

a) Derive the general solution of the above equation, in variable separable form.

The functions @, =®,(r,0) and P, =P, (r,8) satisfy
VP, =0, 0<r<l

Vi, =0, r>1.

It is further given that
o |®(0.0)<M, MeR.

o lim|[®,(r.0)-rcosd]|=0.

r—oo

o @ (L6)=0,(L8).

9% (1,9)+3%22

,8)=0.
or ar( )

b) Determine expressions for ®; and &, .

d(r,0)=A+Blnr+ Cr'"+D, r"|cosn@+|E " +F r "|)sinnd ||,
n n n n

n=l1

®,(r,0)=3rcosb|, |P,(r,0)= rcost9+gcosﬁ

r

[solution overleaf]

Created by T. Madas



Created by T. Madas

DKE Peuon!
fUoDIC

d P L3h . n
! kS ;

; elw | e RG _ 2

Soue N ONCRE SPRKE Rm R ‘

THE ConsT _souston G(8 b

T 4 s,

L@ +Ssme] = o +

£ S (6l B s |

Created by T. Madas



Created by T. Madas

Question 13

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

0°®d 100 1 9°®
+——Ft5—=
or* ror 96’

V2 = 0.

a) Derive the general solution of the above equation, in variable separable form.

The functions @, =®,(r,0) and P, =P, (r,8) satisfy
Vi, =0, r>1

Vi, =0, 0<r<l.

It is further given that
o lim[®(r.6)-rcosd]|=2.

r—>o0

o P, (1,6)=D,(10).

0P 0P
1+—1(1.8)=—=(L9).
o 1+—(L8)=—=(L9)
li D, (r,0)—cosf [=0.
. rl_r)%[r 2(r.0)—cos6]

b) Determine expressions for ®; and &, .

®(r,0)=A+Blnr+ C.r"+D,r"|cosn@+|E r"+F r"|sinnd ||,
n n n n

n=l

[ 1 |oi(rne)=2+(r+L)cost)|. |@,(r.0)=2+Inr+(r+L)coss

[solution overleaf]
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Question 14

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

’® 10D 1 9°®

+——+——5=0.
or* ror 96’

V2 =

a) Derive the general solution of the above equation, in variable separable form.

The functions @, =®;(r,0) and ®; =P, (r,0) satisfy
Vid, =0, r>1
Vib, =0, 0<r<l.

It is further given that
o lim[®)(r.6)—2rcosd]|=0.

r—>o0

o lim|rd(r,6)]=0

r—0

09,
or

%,
or

(1,0)=3221(1,9).

b) Determine expressions for ®; and ®,.

®(r,0)=A+Blnr+ C.r'"+D,r"|cosn@+|E r"+F r"|sinnd ||,
n n n n

n=l

@ (r.0)=(2r—%cos 6|, [, (r.6) =3+2rcosd

7

[solution overleaf]
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Question 15

The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

’® 10D 1 9°®

+——+——5=0.
or* ror 96’

V2 =

a) Derive the general solution of the above equation, in variable separable form.

The functions @, =®;(r,8) and &, =P, (r,0) satisfy
Vid, =0, r>1
Vid, =0, 0<r<l.

It is further given that
o lim[®)(r.6)—rcosd]|=0.

r—0
o @,(0,8)<M,MeR.
o 20,(1,6)+®,(1,6)=2x.

9P, 99,
or or

b) Determine expressions for ®, and P, .

(1L0)=221(1,0).

®(r,0)=A+Blnr+ Cr'"+D r " |cosn@+\E r"+F r " |sinné ||,
n n n n

n=l

@ (r,0)= (r—éjcose , | @y (r,60)=27+4rcosé

r

[solution overleaf]
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Question 16
The function @ = ®(r,0) satisfies Laplace’s Equation in plane polar coordinates

’® 10D 1 9°®

+——+——==0.
or* ror 96’

V2 =

a) Derive the general solution of the above equation, in variable separable form.
The functions @, =®,(r,0), ©, =P, (r,0) and ®;=>P;(r,0) satisfy
Vi, =0, r>2
Vi, =0, 1<r<2
Vi, =0, 0<r<l.
It is further given that

o lim|[®(r,0)-rcosd|=0.

r—oo

%,
or

2,

(2,6)=2cos6.
or

(2.6)=
o @,(1,0)=P;(1,8)=coséb.

. lim{r&(n@)}zl.

r—0 r

b) Determine expressions for ®;, ®, and P;.

e}

[, O(r,0)= A+Blnr+Z[(Cnr" +Dnr_")cosm9+(Enr" +Fnr_”)sinm9J ,

n=l1

d)l(r,e)zrcose—icosé’ , q)z(r,e):%(%—ijcose, @5 (r,0)=Inr+rcosd

r r

[solution overleaf]
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LAPLACE’S EQUATION

3’ 10® 1 9°d 09°d
+——+ +
or: ror r?36* 97°

=0, ©=D(r,6,z)

Three Dimensional in Cylindrical Polars
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Question 1
The potential function V =V (r,,z) satisfies Laplace’s equation in cylindrical polar
coordinates, shown below.

OV 19V 19V 9%V _

or* ror 196> 07"

Use separation of variables to show that the radial part of the general solution of
Laplace’s equation in cylindrical polar coordinates, satisfies Bessel’s equation

2
xzd g_+xﬂ+(x2_n2)y:0, n=0,1,23,..
dx dx
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