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Question 1

A thin rod of length 2 m has temperature z =20 °C throughout its length.

At time =0, the temperature z is suddenly dropped to z=0 °C at both its ends at
x=0,andat x=2.

The temperature distribution along the rod z(x,t), satisfies the standard heat equation

Assuming the rod is insulated along its length, determine an expression for z(x,7).

[You must derive the standard solution of the heat equation in variable separate form|
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Question 2

Attime 7 <0 , along thin rod of length / has temperature distribution #(x) given by
6(x)=xl—x*.

At time ¢t =0 the temperature is suddenly dropped to 0 °C at both ends of the rod,
and maintained at 0 °C for 1 >0.

The temperature distribution along the rod 6(x,) satisfies the standard heat equation

2
M—i% 0<x<l, t=20,

o’ a® o’ -
where « is a positive constant.

Assuming the rod is insulated along its length, determine an expression for 6(x,t)

and hence show that

S
- (2n+1)° 32

[You must derive the standard solution of the heat equation in variable separate form)|

(o)

ola)= ) A exp[_“z”z(f;‘“zf}m{W}

n=l1

[solution overleaf]
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Question 3

The temperature distribution 6(x,z) along a thin bar of length 2 m satisfies the

partial differential equation

2
90 _196 <i<a. 120
ax2 9 ot

Initially the bar has a linear temperature distribution, with temperature 0 °C at one
end of the bar where x =0 m, and temperature 50 °C at the other end where x=2 m.

At time t =0 the temperature is suddenly dropped to O °C at both ends of the rod,
and maintained at 0 °C for r =20.

Assuming the rod is insulated along its length, determine an expression for 6(x,7)

and hence show that

[You must derive the standard solution of the heat equation in variable separate form)

o= 3 o 2 2]

n=l1
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Question 4

The temperature ©(x,7) satisfies the one dimensional heat equation

0’0 00
=4,
x> ot

where x is a spatial coordinate and ¢ is time, with 1 >0.

For ¢t <0, two thin rods, of lengths 37 and 7, have temperatures 0 °C and 100 °C,
respectively. At time ¢ =0 the two rods are joined end to end into a single rod of
length 47 .

The rods are made of the same material, have perfect thermal contact and are
insulated along their length.

Determine an expression for @(x,z), t20.

[You must derive the standard solution of the heat equation in variable separate form]|

®(x,t):25—% y [%e_‘l‘n%sin(%nﬂ')cos(%nx)}

n=l
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Question 5

Solve the heat equation for u =u(x,?)

0%u 1 du

PRl 0<x<5, 120,

subject to the conditions
u(0,6)=0, u(5)=0  and u(x,0)=sinzx-37sin(L7x)+6sin($7x).

5

[You must derive the standard solution of the heat equation in variable separate form]|

2 2.2 8lz2c%

Kl
g “'sin(7x)+6e

u(x,t)=-37e¢ 2 d

sin (%Ex) +e

sin (%Ex)
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Question 6

A long thin rod of length L has temperature € =0 throughout its length.

At time t =0 the temperature is suddenly raised to 7; at both ends of the rod, at x=0
and at x=1L.

Both ends of the rod are maintained at temperature 7; for ¢t >20.

The temperature distribution along the rod 6(x,t) satisfies the standard heat equation

2
90 _199 <r<L. 10,

ox’ o ot
where « is a positive constant.

Assuming the rod is insulated along its length, determine an expression for 8(x,7).

[You must derive the standard solution of the heat equation in variable separate form]
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Question 7

A long thin rod of length L has temperature 8 =1, throughout its length.

At time ¢ =0 the temperature is suddenly raised to 7, at one of its ends at x=0, and

is maintained at 7, for 1 >0.

The temperature distribution along the rod &(x,t), satisfies the standard heat equation

9’0 1 06
—Z=—"2 0<x<L, t>0,
ox: o’ ot

where « is a positive constant.

Assuming the rod is insulated along its length, determine an expression for 8(x,7).

[You must derive the standard solution of the heat equation in variable separate form]

9(XJ):T2+4(TI_T2)Z ( : exp —azxz(zn_l)zt sin{(zn_l)w}
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Question 8

The temperature u(x,t) satisfies the one dimensional heat equation

2
du_ldu 120, 0<x<2

ax2 9 at
where x is a spatial coordinate and ¢ is time.

It is further given that
u(0,1)=0, w(2,0)=8,  u(x,0)=2x"

Determine an expression for u(x,z).

64 9(2k+1)*t | . [(2k+1)7x

[ 1. u(x,t)=4dx— —37[3 exp| ~—— —— sin

(2k +1)
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Question 9

The temperature u(x,t) in a thin rod of length 7 satisfies the heat equation

%u 1
—”2‘:—28—”, 0<x<m, t>0,
ox c* ot

where ¢ is a positive constant.

The initial temperature distribution of the rod is
u(x,0) :%cos(4x) ,0<x<r.

For t 20, heat is allowed to flow freely along the rod, with the rod including its
endpoints insulated.

Show that

—16¢%t

u(x,t)z%e cos4x.

[You must derive the standard solution of the heat equation in variable separate form]

proof
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Question 10

The temperature 6(x,7) in a thin rod of length L satisfies the heat equation

20 _a0

, 0<x<L, t=20.
ox> ot

The initial temperature distribution is

IA
s
A

9(x,0)=

D
- o
~ N

N~ O
A
=
IA

where €, is a constant.

The endpoints of the rod are maintained at zero temperature for ¢t >0.

a) Assuming the rod is insulated along its length, find an expression for 8(x,7).

Dy - L
b) By considering the initial temperature at x = 7 show that

I
(2n-1> 8

n=l1

[You must derive the standard solution of the heat equation in variable separate form)|

6(x.1) =%i{n—t[zsin(%j-mcos(%ﬂexp{_ nzzt}in[nzx}}

n=l1

[solution overleaf]
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Question 11

The temperature 6(x,7) in a long thin rod of length L satisfies the heat equation

9% 1 06
—Z=—=2 0<x<L, t>0,
ox: o’ ot

where & is a positive constant.

The initial temperature distribution of the rod is
6(x,0)= sin(%} ,0<x<L.

For ¢t >0, heat is allowed to flow freely with the endpoints of the rod insulated.

Show that

e}

2,22
eXp(—W)COS(MZM)

4n® -1

[You must derive the standard solution of the heat equation in variable separate form|

proof

[solution overleaf]
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Question 12

A long thin rod AB, of length L, has constant temperature € =0 throughout its
length. Another long thin rod CD, also of length L, has constant temperature
6 =100 throughout its length.

At time 7 =0 the temperature the ends B and C are brought into full contact, while
the ends A and D are maintained at respective temperatures & =0 and € =100.

Show that, for # >0, the temperature 8(z) of the point where the two rods are joined

satisfies

Zw -1)" a7 (2n+1)t
50—100 (=) exp| — (2n+1) .
V4 2n+1 412
n=0
You may assume
e ABCD is a straight line

e The rods is insulated along their lengths

e The temperature distribution along the rod 0(x,t) satisfies the standard heat

equation

2
90 _199 <r<L. 10,
o o’ ot

where « is a positive constant.

[You must derive the standard solution of the heat equation in variable separate form|

proof

[solution overleaf]
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Question 13

The one dimensional heat equation is given by

9% 1 06
—Z=—=2 0<x<L, t>0,
ox: o’ ot

where « is a positive constant, known as the thermal diffusivity.

a) Obtain a general solution of the above equation by trying a solution in variable
separable form.

A long thinrod AB, of length 2L, has its endpoints, at x =0 and x =2L, maintained
at constant temperature € =0 and its midpoint is maintained at temperature € =100,

until a steady temperature distribution ®(x) is reached throughout its length.

b) Show that

100
—X
L

%(2L—x) L<x<2L

0<x<L

¢) Prove that

J-LzL(a(x)Sin(r;—ﬂZj dx=(-1)"" J‘j@(x)sin(”z_?j dx

At t =0, the heat source which was maintaining the midpoint of the rod at 8 =100 is
removed, but its endpoints are still maintained at §=0. The rod is insulated
throughout its length and allowed to cool.

d) Show that for 7 >0, the temperature 6(7) of the midpoint of the rod satisfies

800 Zx 1 &2 (2n+1)°t
> 5 exXp| — 3 .
V4 (2n+1) 4L

n=,

proof

[solution overleaf]
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HEAT EQUATION

2’0 9’60 1 96
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ox* 9y? o’ ot (x..1)

Two Dimensional
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Question 1

The temperature distribution, Q(x, y,t) , on a square plate satisfies the equation

Vze:%%, 0<x<L, 0<y<L, t>0.
o dt

Find a general solution for 8(x, y,t), which is periodic in x andin y.

Define any constants used.

0(x,y,t) _e P [Acos gx+ Bsin gx][Ccosky+ Dsinky], p* =q* +k*
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HEAT EQUATION

Miscellaneous Questions
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Question 1

The smooth function u =u (x,t) satisfies the diffusion equation

o%u 1 du

dx? - o’ ot
where « is a positive constant.
) _y X )
Show by differentiation that u (x,t) =Aerf (ﬁj , where A is a non zero constant,
o't

satisfies the diffusion equation.

You may assume that

o erf(z) :%j‘o'e‘g dé.

proof
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Question 2

The function u =u(x,t) satisfies the equation

2
a—u—ﬂ—Zu =0,
of  dx®

subject to the conditions

u(0,/)=0, u(L,r)=0 and u(x,0)=1.

Use the substitution u(x,7)=e w(x,t), with a suitable value for the constant k, to

find a simplified expression for u(x,7).

= exp[—(Zn - 1)2 ﬂ'zt}sin[(bz - l)xx]

,1)=
u(x ) T Z 2n—1

n=l1
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