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Question 1

The function ¢ = @(x,y) satisfies Laplace’s equation in Cartesian coordinates

% 9%
25270
ox~ dy

Use Fourier transforms to convert the above partial differential equation into an

ordinary differential equation for @(k,y), where @(k,y) is the Fourier transform of

@(x,y) with respect to x.
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Question 2

The function ¢ = ¢(x,y) satisfies Laplace’s equation in Cartesian coordinates,

in the part of the x-y plane for which y>0.

It is further given that

e o(x,y)—0 as x4+ y? oo
1
7 |)C|<1

) (/J(X,0)= 0 |x|>1

Use Fourier transforms to show that

)

¢()c,y):l Lo Gink cos kr dk ,
TJ, k

and hence deduce the value of ¢(£1,0).
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Question 3

The function ¥ =y (x,y) satisfies Laplace’s equation in Cartesian coordinates,

2 2
oW 0w 0,

P ST d

x> 9y’
in the part of the x-y plane for which y>0.

It is further given that
o« p(x0)=6(x)

o Y(xy)—0 asx*+y? 5o

Use Fourier transforms to convert the above partial differential equation into an
ordinary differential equation and hence show that
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Question 4

The function u =u(x,t) satisfies the partial differential equation

a_u+l& —0
ot 38)(3 .

It is further given that
e u(x,0)=5(x)
 u(xt)—>0 as |x|—>oo

Use Fourier transforms to convert the above partial differential equation into an
ordinary differential equation and hence show that

afx)

u(x,1)=—
£3 3

where the Ai(x) is the Airy function, defined as

proof
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Question 5

The function ® =P (x,y) satisfies Laplace’s equation in Cartesian coordinates,

’d %P
~2+t55 =0,
ox~ dy

in the part of the x-y plane for which y>0.

It is further given that
o CID(x,O) = 5(x)

e ®(x,y)—>0 as x2+y2—>oo

Use Fourier transforms to find the solution of the above partial differential equation
and hence show that

1 2\
§(x) = lim —Llﬂ—} .
a—0| T

proof
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Question 6

The function u =u (1, y) satisfies the partial differential equation

ou du
+ -

— =y,120, y>0,
ot " dy Y Y

subject to the following conditions

i u(0,y)=1+y*, y>0

ii. u(2,0)=1, 120

Use Laplace transforms in ¢ to show that

u(t,y)=1+y—ye'+y*e™.
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Question 7
The function ¢ =@(x,y) satisfies Laplace’s equation in Cartesian coordinates,
%p 9%p

in the part of the x-y plane for which x>0 andy >0.

It is further given that

1
1+x2

* ¢(x0)=

o ¢(x,y) >0 as /x*+y? oo

. %W(MO)] =0

Use Fourier transforms to convert the above partial differential equation into an
ordinary differential equation and hence show that

y+1
o(xy)=——"—.
x“+(y+1)

proof
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Question 8
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a_uzz%_kz,
0x ot

subject to the following conditions
i z(x,0)=6e7, x>0.

ii. z(x,7), isbounded forall x>0 and #>0.

1

The function z=z(x,) satisfies the partial differential equation

Find the solution of partial differential equation by using Laplace transforms.
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Question 9
0(x)=38sin(27x), 0<x<1

The above equation represents the temperature distribution € °C, maintained along

the 1 m length of a thin rod.

At time ¢t =0, the temperature @ is suddenly dropped to =0 °C at both the ends of
the rod at x=0, and at x=1, and the source which was previously maintaining the

temperature distribution is removed.

The new temperature distribution along the rod ﬁ(x,t) , satisfies the heat equation

2
J 928_9 0<x<1, r=0.

9

ox> ot

Use Laplace transforms to determine an expression for 8(x,7).

L1
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Question 10

The function ¢ = ¢(x,y) satisfies Laplace’s equation in Cartesian coordinates,

in the semi-infinite region of the x-y plane for which y>0.

It is further given that
¢(x,0)=f(x)

P(x,y) =0 as /x> +y* oo

Use Fourier transforms to convert the above partial differential equation into an
ordinary differential equation and hence show that

y (7 f(x-u)
=2 7Y
9(x.y) g U

, |proof
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Question 11

The function ¢ = ¢(x,y) satisfies Laplace’s equation in Cartesian coordinates,

2 2
99,99 .
x> 9y’

in the semi-infinite region of the x-y plane for which y>0.
It is further given that for a given function f = f (x)
0 0
° — x,0) [=— X
5, L2 0)]=o [ f ()]
o 2, .2
P(x,y) >0 as \/x"+y° >0

Use Fourier transforms to convert the above partial differential equation into an
ordinary differential equation and hence show that

LT 1)y,

T X—u

—0Q

¢(x,0)=

proof

[ solution overleaf ]
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Question 12

The function ¢ = ¢(x,y) satisfies Laplace’s equation in Cartesian coordinates,

2 2
a—f+a—f:0, —co< x<oo, y20.
ox“ dy

It is further given that

= 9(x,y) >0 as yx*+y? >0
= (o(x,O) = H(x) , the Heaviside function.

Use Fourier transforms to show that
o(x,y) L L arctan| £
’ 2 y)

You may assume that

proof
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Question 13

The temperature 6(x,7) in a semi-infinite thin rod satisfies the heat equation

0°0 06
—Z==2 x>0, t>0.
ox: ot

The initial temperature of the rod is 0 °C, and for # >0 the endpoint at x=0 is
maintained at 7 °C.

Assuming the rod is insulated along its length, use Laplace transforms to find an
expression for 8(x,7).

You may assume that
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Question 14

The function u =u(x,y) satisfies Laplace’s equation in Cartesian coordinates,

Pu ou_

g.,.ayz =0, —-o<x<eo, 0<y<l.

It is further given that
=y (x,O) =0

" u(x1)=f(x)
where f(—x)=f(x) and f(x) >0 as x —> oo

a) Use Fourier transforms to show that

u(x,y)—\/%J‘ f (k) coskx sinh ky i f(k)zf[f(x)].

sinh k

b) Given that f(x)=6(x) show further that

u(x,y) = sin 'y
’ 2[coshzx+coszy]
You may assume without proof
cosAusinhBu ;% sin(B7/C) L 0<B<C.
0 sinh Cu 2C | cosh(Azx/C)+cos(Br/C)
proof
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Question 15

The function ¥ =y (x,y) satisfies Laplace’s equation in Cartesian coordinates,

in the part of the x-y plane for which y>0.

It is further given that
= y(x0)=f(x)
= y(x,y) =0 asx*+y? 5

¢) Use Fourier transforms to convert the above partial differential equation into
an ordinary differential equation and hence show that

d) Evaluate the above integral for ...
i ...f(x)=1.
ii. ...f(x)=sgnx
iii. ... £ (x)=H(x)

commenting further whether these answers are consistent.

‘//(X’y)zl s l//(x’y):%arctan(fj s l//(x’y):%-F%arctan(%j

[ solution overleaf ]
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Question 16

The function u =u(x,y) satisfies Laplace’s equation in Cartesian coordinates,

Pu ou_

w2

in the part of the x-y plane for which x>0 and y>0.
It is further given that
= u(0,y)=0
= u(x,y) =0 as /x*+y? 5o
* u(x,0)=71(x), f(0)=0, f(x) >0 as x >0

Use Fourier transforms to show that

proof

[ solution overleaf ]
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Question 17

The function 8 =6(x,t) satisfies the heat equation in one spatial dimension,

9’60 1 06
—=——, —0<x<, 20,
ox: o ot

where o is a positive constant.

Given further that 8(x,0)= f (x), use Fourier transforms to convert the above partial

differential equation into an ordinary differential equation and hence show that

1 0 2
e(x’t)ZZG\/EJ‘ f(x—u) exp(;O_z] du .

proof
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Question 18

The function 7 =T (x,t) satisfies the heat equation in one spatial dimension,

20_100

02 __at , x20,120,
X o

where © is a positive constant.

It is further given that
* T(x0)=s(x)
e T(0,/))=0
e T(x,t)—>0 as x —>oo

Use Fourier transforms to convert the above partial differential equation into an
ordinary differential equation and hence show that

(=) |

1
T (x,t) —mj f(u) exp o

k2
eda,

2
You may assume that F [e“x } =
N 2a

proof
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Question 19

The one dimensional heat equation for the temperature, T (x,7), satisfies

2
a_T:la_T’ IZO,
ax2 o ot

where ¢ is the time, x is a spatial dimension and o is a positive constant.

The temperature 7T (x,) is subject to the following conditions.

i lim[T(xt)]=0

X—>o0
ii. 7(0,r)=1
iii. 7(x,0)=0

a) Use Laplace transforms to show that

L|T(xt)] =T (xs) = %exp{—\/g x}.

b) Use contour integration on the Laplace transformed temperature gradient

9 T (x.s)] to show further that
ox

T(x,t)= 1—erf{ al }

4ot

You may assume without proof that
o j e ™ coskx dx= ,/l exp _k
0 4a 4a

o erf(x)z%j:e_‘f2 d&

, |proof

[ solution overleaf ]
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