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Question 1

The smooth function f = f (x,y) satisfies

o _9of
ox dy

Find the general solution of the above partial differential equation by using the
transformation equations

x=u+v and y=u-v.

f(xy)=F(x+y)
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Question 2
The smooth function z = z(x,y) satisfies
0z 0z

yoHX——=xy

ox dy

Find the general solution of the above partial differential equation by using the

transformation equations

u=)c2+y2 and v=x2—y2.

z(xy)
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Question 3
The smooth function z = z(x,y) satisfies

%+%=6(x+ v 22,

ox dy

Find the general solution of the above partial differential equation by using the

transformation equations

E=x+y and n=x-y.

, z(x,y)Z—(x+y)3_f(x_y)
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Question 4
The smooth function z = z(x,y) satisfies
0z az

— =1.
ax ay

Find the general solution of the above partial differential equation by using the
transformation equations

x=u’+v* and y=u2—v2.
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Question 5
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(43 S+ (y-0) &
X

dy

1

2ln

u=

(

—=0.

X%+ yz) and v =arctan

Transform the above partial differential equation using the equations

Y

X

I

OBTI PAUIAL DTS ROl T TemuGauTIon epuaons
[ophe@] [ ()
QW L, o
TET TR T TG
S
A
Ll ey -8
Ty () - (GO o
¥ e \ =
¥R T TR wE TR
KT GET_GPRSIons fo 3= () 4 = u(uy
= ln(ay) = 4
02: () elov= L
e g 4= sk
we Sl = iy
SR = ghav
= dihiv
S )
<= atedy
2“7: AURECV
= < wy)]
= 4= abwy
= Y~ (o) 0L
= Y= (a2
—lg= |

Created by T. Madas

OB AU THe DHUVATILS, 4 SPRESIoN

B o] [Bm] [ o] [ B o]
xuy = c:c»w & e:xw - e:(mws»m: Qe
yra=e W - el = e (svv = cosy)

s 8% a 513 B T ot 2xe

oS- TUEY “HBRBY

2220 | g-nlmaiie

NSXT_ e TMEpu e #.0.E
R = -
- @y 3 =0
= Lo By 2oy Te & (om e[ B
= (mﬂw\[%w~ 2o |+ Camv-ton) By +Benr | =0

= 2 (B ssove) - B Gavan i) + 25 (shesmn)e B i d)= 0

% Lav]_
sz a0

— Blebvial) - F (shaek) = o

24
2
= &

=
V*O

=




Question 6
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The function z depends on x and y so that

z=f(uv),

Show that the partial differential equation

can be simplified to

82 ya_2z 0z
8 P dy? Oy

oudv

u=x—2\/§ and v=x+2\/;.
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Question 7

The above partial differential equation is Laplace’s equation in a two dimensional
Cartesian system of coordinates.

Show clearly that Laplace’s equation in the standard two dimensional Polar system of
coordinates is given by

’p 109 1 9%

N U

ot ror r?o6?

proof
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FIRST ORDER P.D.E.s

% pleye) o EG(xe) for 2=c(ey
0x dy
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Question 1

It is given that z = F(x,y) satisfies the partial differential equation

%+2yz=xy3.
dy

Determine a general solution of the above partial differential equation.

1
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FIRST ORDER P.D.E.s

(by linear transformations)

A%+B%+CZZG(x,y), Z=Z(X,Y)
0x dy
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Question 1
It is given that ¥ =y (x,y) satisfies the partial differential equation

WY _ 0¥ _ 2
ox dy '

Use the transformation equations

E=Ax+By and n=Cx+Dy, AD-BC=#0

with suitable values of A, B, C and D, in order to determine a general solution of

the above partial differential equation.
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Question 2

It is given that z = z(x,y) satisfies the partial differential equation

o o
ox dy

Use the transformation equations
u=ax+by and v=cx+dy, ad-bc#0

in order to determine a general solution of the above partial differential equation,
showing further that this general solution is independent of the choice of values of
the constants of a, b, ¢ and d .

z=e"F(x—y) or z=e¢"G(x—y)
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Question 3

It is given that z=z(x,y) satisfies the partial differential equation

Use the transformation equations
E=Ax+By and n=Cx+Dy, AD-BC=#0

with suitable values of A, B, C and D, in order to determine a general solution of
the above partial differential equation.
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Question 4

It is given that ¢ = @(x,y) satisfies the partial differential equation

00 Jd@

— ———=sinx+cosy.
ox dy

Use the transformation equations

u=ax+by and v=cx+dy, ad-bc#0

with suitable values of a, b, ¢ and d, in order to determine a general solution of the
above partial differential equation.

@(x,y)=F(x+y)—cosx—siny
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Question 5

It is given that z = z(x,y) satisfies the partial differential equation

%+3%—2z+4y2—22y+4x+1320.

ox dy
Use the transformation equations

u=ax+by and v=cx+dy, ad-bc#0

with suitable values of a, b, ¢ and d, in order to determine a general solution of the
above partial differential equation.

z=2y"+2x—5y+e* f(3x—y)
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Question 6

It is given that ¢ = @(x,y) satisfies the partial differential equation

28—(p+a—(p+6¢:37siny.

ox dy

Use the transformation equations

u=Ax+By and v=Cx+Dy, AD-BC=#0

with suitable values of A, B, C and D, in order to determine a general solution of
the above partial differential equation.

@(x,y)=6siny—cosy+e " f(x—2y)=6siny—cosy+e ® g(x—2y)
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Question 7

It is given that ¢ = @(x, y,z) satisfies the partial differential equation

Use the transformation equations

u=ax+by+cz, v=ax+byy+cyz and w=ayx+byy+cz,

a b g
where |a, by, ¢,|#0,
a3 by

in order to determine a general solution of the above partial differential equation.

o(x,y,2)=fx—y.y—z]e*
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FIRST ORDER P.D.E.s

(by transformations)

A(x,y)%+B(x,y)%+C(x,y)z =G(x,y),
ox dy
z=2z(x,y)
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Question 1

It is given that y = f (x,y) satisfies the partial differential equation

Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.
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Question 2

It is given that z = z(x,y) satisfies the partial differential equation

x%—7y% = 5x2y.
ox dy

Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.

Z(x,y)=f(yx7)—yx2
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Question 3

It is given that ¢ = @(x,y) satisfies the partial differential equation

28—(p+a—(p+6¢:37siny.

ox dy
Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.

@(x,y)=6siny—cosy+e " f(x—2y)=6siny—cosy+e ® g(x—2y)
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Question 4

It is given that z = z(x,y) satisfies the partial differential equation

aZ zaZ 2
— —x"—4+yz=3x"y.
xyax 8y % y

Use the transformation equations
u=u(x,y) and v=v(x,y),

for suitable functions u# and v, in order to determine a general solution of the above
partial differential equation.
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FIRST ORDER P.D.E.s

(by Lagrange’s method)

0z

0
P(X,)’az)g‘FQ(X,yaZ) <

—=R(x,y.2), z=2z(x)
dy
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Question 1
It is given that z = z(x,y) satisfies the partial differential equation
dz

a+g—§:cos(x+y).

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z=%sin(x+y)+f(y—x)
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Question 2

It is given that z = z(x,y) satisfies the partial differential equation

Use Lagrange’s method to determine the general solution of the above partial
differential equation.

X

z=x-1+e" f(x—y)
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Question 3
It is given that z = z(x,y) satisfies the partial differential equation
dz 0z

X—=y—

ox ~dy

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z=f(xy)
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Question 4

It is given that z = z(x,y) satisfies the partial differential equation

aZ+3aZ =

—+3—=062.
ox dy :

Use Lagrange’s method to show that the general solution of the above partial
differential equation can be written as

6
z(x,y)=¢e*g(3x-y),
where g is an arbitrary function of 3x—1y.

proof
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Question 5

It is given that z = z(x,y) satisfies the partial differential equation

202 _ 2

d
x2—Z+y zZ".

ox dy

Use Lagrange’s method to determine the general solution of the above partial
differential equation.
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Question 6
It is given that ¢ = @(x,y) satisfies the partial differential equation

%secx+g—¢=coty.

ox y

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

@(x,y)=In|sin y|+ f (y—sinx)

Created by T. Madas



Created by T. Madas

Question 7
It is given that z = z(x,y) satisfies the partial differential equation
dz

—secx+% =cosy
ox dy .

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z(x,y)=siny+ f (y—sinx)
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Question 8
It is given that z = z(x,y) satisfies the partial differential equation
0z .0z

8_x+28_y:tanh(x+ y).

Use Lagrange’s method to determine the general solution of the above partial
differential equation.

Z(x’y):f(2x—y)+%ln[cosh(x+ y):|
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Question 9

It is given that z = z(x,y) satisfies the partial differential equation

0 %)
xz—z+ yz—Z+x2+y2 =0.
ox dy

Use Lagrange’s method to determine the general solution of the above partial
differential equation.
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Question 10

It is given that z = z(x,y) satisfies the partial differential equation

Use Lagrange’s method, to determine the general solution of the above partial
differential equation.

z2=2x(y—x)+f(x—y)
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Question 11

It is given that z = z(x,y) satisfies the partial differential equation

2 2
(=)L () 2=
ox dy Z

Use Lagrange’s Multipliers method for derivatives, to find the general solution of the
above partial differential equation.

%= yz—x2+f[2y2—(x+ y)zj
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Question 12

It is given that z = z(x,y) satisfies the partial differential equation

d d
x(y—z)a—i+ y(z—x)£=z(x—y).

Use Lagrange’s Multipliers method for derivatives, to find the general solution of the
above partial differential equation.

x+y+z=f(xyz) or xyz:g(x+y+z)
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Question 13

It is given that z = z(x,y) satisfies the partial differential equation

o =2) g (2ol 0?).

Use Lagrange’s Multipliers method for derivatives, to find the general solution of the
above partial differential equation.

xyzzf(x2+y2+z2) or x2+y2+z2=g(xyz)
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Question 14

The surface S has Cartesian equation
z=f (x, y) .
The tangent plane at any point on S passes through the point (0,0,—1).

a) Show that

dz 0z
—+y—-z=1.
xax yay :

b) Hence find the general expression for an equation for § .
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FIRST ORDER P.D.E.s

(Boundary Value Problems)

0 0
P(x,y,z)a—i+Q(x,y,z)a—)Z]=R(x, v,z2), z=2(x,y)
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Question 1

Jdz 10z
—4+——=cosx .

ox 20t

Solve the above partial differential equation given that z = z(x,7) and further satisfies

the initial condition z(x,0)=0.

z(x,y) =sinx—sin(x—2t)
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Question 2

It is given that z = z(x,y) satisfies the partial differential equation

az+8z:

—=2 .
ox dy 2(x+y)

a) Use the transformation equations
u=x+y and v=x-y,
to find a general solution for the above partial differential equation.

b) Given further that when z(x,y)= x* at x+y=1, find the value of z(1,0).

[ 1 Z(x,y)=g(x—y)e%(”y)2, 2(1,0)=1
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Question 3

It is given that z = z(x,y) satisfies the partial differential equation

dz .0z
2—+3—=7.
ox dy ¢

Given further that z=1y at x=1 for all y, find the solution of the above partial
differential equation.

[ 1 Z(x,y)=%(3—3x+2y)e%(x_l)
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Question 4
It is given that z = z(x,y) satisfies the partial differential equation
dz dz _

Sy =
ox dy :

Given further that z(x,O) =cosx, find the solution of the above partial differential

equation.

z(x,y)=e"cos(x—y)
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Question 5
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The surface S, with equation z = z(x,y), satisfies the partial differential equation

o) o)
22 E 20,

ox dy

The plane with equation z=1 meets S on the curve with equation xy=x+1y.

Find a Cartesian equation of S, in the form z= f(x,y).
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Question 6
The surface S, with equation z = z(x, y) , satisfies the partial differential equation

S contains the curve with equation

xy=1, z=x, Vx .

Find a Cartesian equation of S, in the form z= f(x,y).

1
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y
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Question 7

The surface S, with equation z = z(x, y) , satisfies the partial differential equation

0z 0z

2

X" +1)=—+2xy—-xy=0.
( ) ox Y dy

S contains the curve with equation

Z(x,l):(x2+1)2, %SXS%.

Find a Cartesian equation of S, in the form z? = f(x,y).
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Question 8

It is given that z = z(x,y) satisfies the partial differential equation

az+%:
ox dy

2z(x+Yy).

Given further that when z(x,y):x2 at x+y=1, find the solution of the above

partial differential equation.

z(x.y)=

(x=y+1) exp| L (x4 y+1) (x4 y-1)

N
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Question 9

It is given that z=z(x,7) satisfies the partial differential equation

x0Z 0z
—+—=0, ,0)=tanhx.
e z(x,0) = tanh x

Find the solution of the above partial differential equation, in the form z= f(x,7).

I:I’ Z(x’y)=—tanh[ln(t+e‘x)}
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Question 10

It is given that z = z(x,y) satisfies the partial differential equation

Jdz 0oz 2
L ZBoyx, z(Ly)=y2
Zax Zat o Z( y) Y

Find the solution of the above partial differential equation, in the form 2= f(xy).

z =2xy+(x+y—1)4—2(x+y—l)
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Question 11

The surface S, with equation z = z(x,y), satisfies the partial differential equation

x%—3y%:x2y.

a) Use the transformation equations
E(x,y)=Inx and 7(x,y)=Iny,

to transform the above partial differential equation into one with constant
coefficients.

b) Given further that z(1,y)=y, find a Cartesian equation of S, giving the

answer in the form z= f(x, y) .

z(x,y) =27y +x%y
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Question 12

It is given that u =u(x,y) satisfies the partial differential equation

1,2

Find a simplified expression for uzu(x,y) , in the form u(x,y)z f(x,y)eg ,

where f is a function to be determined.
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Question 13

The surface S, with equation z =z (x, y) , satisfies the partial differential equation

dz .0z
2—+3—=z.
ox dy ¢

It is further given that

z(x,0)=tan3x, 0<x<1.

Find a Cartesian equation of S, in the form z= f(x,y), further describing the

relation of § to the x-y plane.

z(x,y) :%(Sex+1)tan(3x—y), 3x-3<y<3x
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Question 14

The function f , with equation z = f (x,y), satisfies the partial differential equation

(r=2)5+ (-0 =,

It is further given that

f(x,y)=0, when y=2x.

Find a Cartesian equation of f , giving the answer in the form z = f(x,y).

z(x,y)=—x—y+%\/5x2+5yz+5z2
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Question 15

The surface S, with equation z = z(x,y), satisfies the partial differential equation

xz%+ z%—
ox yay o

The plane with equation z =1 intersects S along the curve with equation
.2
y=2x", -l<x<l1.

Determine a Cartesian equation of S, giving the answer in the form 2= f(xy),

sketching the projection of S on the x-y plane.
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Question 16

The surface S, with equation z = z(x,y), satisfies the partial differential equation

a) Find a general solution of the partial differential equation.

The plane with equation y =0 intersects S along the curve with equation
z=sinx, I<x<?2.

b) Find a Cartesian equation of S, giving the answer in the form 2= f(xy),
sketching the projection of S on the x-y plane.

¢) Show that the characteristic curves of the partial differential equation are the
intersections of the families of two circular cylinders.
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Question 17
It is given that z=z(x,7) satisfies the partial differential equation

0z
= (t-1
xax+(t )

0z
—=0.
ot

It is further given that

B 1-x? |x|<1
Z(x’o)_{ 0 |41

Solve the above partial differential equation, and hence evaluate z (%,%
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Question 18
The surface S, with equation z = z(x,y), satisfies the partial differential equation
0z .0z

2—+3—=z.
ox dy ¢

It is further given that the plane with equation x =1 meets S along the straight line
with equation z=y, -1<y<I.

Find a Cartesian equation of S, in the form z= f(x,y), further describing the

relation of § to the x-y plane.

z(x,y)=

1(x—
(3—3x+2y)ez(x 1), %x—%ﬁys%x—

=
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Question 19

The surface S, with equation z = z(x, y) , 1s orthogonal to the sphere with Cartesian

equation

x2+y2+z2=2x.

o=

It is further given that S passes through the plane with equation y=x at z=
z(x,O) =tan3x, 0<x<1.

Find a Cartesian equation of S, in the form z= f(x,y).

Created by T. Madas



Created by T. Madas

SECOND ORDER P.D.E.s

%z 9%z 9%z
P— =0, z=1zlx,
ox* anay Q8y2 (x.7)
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Question 1
It is given that z = z(x,y) satisfies the partial differential equation
%z 0%z 9%z

-3 +
ox> oxdy  oy?

Find a general solution of the above partial differential equation.

z=f(x+y)+g(2x+y)

Question 2

It is given that z=z(x,y) satisfies the partial differential equation

Find a general solution of the above partial differential equation.

z=f(y+x)+g(y-x)

Created by T. Madas



Created by T. Madas

Question 3

It is given that z = z(x,y) satisfies the partial differential equation

0’z 9%z 9%z
+
ax2 E)x E)y ay2

Find a general solution of the above partial differential equation.

Z=f(2x+y)+xg(2x+y)

Question 4
It is given that z=z(x,7) satisfies the partial differential equation
0%z 0%z 3 0%z

+15 = }
ox> o oxor

Find a general solution of the above partial differential equation.

z(x,t)=f(3x+1)+ g (5x+1)
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Question 5

It is given that ¢ = @(x,y) satisfies the partial differential equation

0%p
oxdy

Vip=2

Find a general solution of the above partial differential equation.

z=f(x+y)+xg(x+y)

Question 6
It is given that z=z(x,y) satisfies the partial differential equation
aZZ aZZ 82

Z _
+5 +6 =2e"7Y.
ax2 E)xay ay2

Find a general solution of the above partial differential equation.

z2(x,y)=F(y-2x)+g(y—3x)+e*”
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Question 7
It is given that z=z(x,y) satisfies the partial differential equation
90’z 9%z 0°

< 2 2
—4 +4—=48(x"+y”).
ax2 axay ayz (x Y )

Find a general solution of the above partial differential equation.

z(x,y)=f(2x+y)+xg(2x+y)+4x4+y4
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Question 8

It is given that z=z(x,y) satisfies the partial differential equation

5022 +2xy 0%z 5 9%z _

0.
% xdy 9y?

Find a general solution of the above partial differential equation.
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