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Question 1  (*%)

Find a general solution of the differential equation

d*y _dy x
—+5—=+6y=12({x+e" ).

[ | |y=Ae+Be > +e'+ 2x—%

Question 2 (*%)

Find a general solution of the differential equation

2
d—g+6ﬂ+13y:13x2—x+22.
dx dx

[ 1. |y=e*(Acos2x+Bsin2x)+x*—x+2
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Question 3

(**)

Created by T. Madas

Find a solution of the differential equation

d’y . dy
dx’? X

+2y=10sinx,

subject to the boundary conditions y =6 and D =5 at x=0.

X
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y=2e"+e* +3cosx+sinx
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Question 4  (*%)
Find a general solution of the differential equation
d*y

Py b e
dx®  dx

I:I, y=(A+2x)e*+Be ™™
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Question 5 (*%)

Find a solution of the differential equation

2
d—g— D 40y =20sin2x,
dx dx

subject to the boundary conditions y =1 and % =-5at x=0.
X

y=3cos2x—sin2x—e>*—e*

Question 6  (*%)

Find a general solution of the differential equation

Ly _dy

S 2y= 12(e”—e7).

y=(A+4x)e** +Be -3¢
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Question 7  (¥%)

2
Q+y=sin2x, with y=0,ﬂ=0 at x=2.
dx? dx 2

Show that a solution of the above differential equation is

y zgcosx(l—sinx) :

proof
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Question 8  (**+)

with y=3 andﬂz—Z at x=0.
dx

Show that the solution of the above differential equation is

y=2¢e"+(1-2x)e ™.
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Question 9 (**+)
Find a general solution of the differential equation
d? dy

Y Wiyt kso.
dx2 dx 4
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Question 10  (**+)

Find the solution of the differential equation

2
u+Q=2x+3,
dx®  dx

dy

subject to the conditions y=2, P =-5at x=0.
X

y=x>+x—4+6e"
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Question 11 (**+)

Find a solution of the differential equation

2
d—2y+2ﬂ+5y =34cos2x,
dx dx

subject to the boundary conditions y =18 and % =0 at x=0.
X

y :2(8e"“+1)cos2x+8sin2x
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Question 12 (**+)

The curve C has a local minimum at the origin and satisfies the differential equation

2
d—§+4@+8y=32x2.
dx dx

Find an equation for C.

y=¢e"(sin 2x+0052x)+(2x—1)2
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Question 13 (**+)

2
%+9x+12sin3t=0, >0,
1

with x=1, @=2 at r=0.
dt

a) Show that a solution of the differential equation is

x=(2t+1)cos3t.
b) Sketch the graph of x.

proof
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Question 14  (**+)
d? y

dy
—2+4

=1 4y=16+32e%*,
dx dx

with y=8 andﬂzO at x=0.
dx

Show that the solution of the above differential equation is
y=8 cosh? x.

proof
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Question 15 (**+)

2
LYok Dy g2y = 1206k, k>0
dx dx

a) Find a general solution of the differential equation given that y = Py’ el

where P is a constant, is part of the solution.

b) Given further that y =1, ? =0 at x=0 show that
X

yzekx(2x3—kx+1).

yzekx(2x3+Ax+B)
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Question 16  (**+)

Show that the solution of the differential equation

2
d—g— D 16y =24e*,
dx dx

) .. d .
subject to the boundary conditions y =—1, d_y =—4 at x=0, can be written as
x

y=(12:-1)e*".

proof
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Question 17

(***)
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2
d—g— D gy —4ed.
dx dx

a) Find a solution of the differential equation given that y =1, ? =0 at x=0.

b) Sketch the graph of y.

The sketch must include ...

X

the coordinates of any points where the graph meets the coordinate

axes.

the coordinates of any stationary points of the curve.

clear indications of how the graph looks for large positive or negative

values of x.

y =e3x(2x2—3x+1)
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Question 18  (***+)
The curve with equation y = f (x) is the solution of the differential equation
d’y  dy

——4—+4y=8sin2x.
dx’? dx Y

The first two non zero terms in Maclaurin series expansion of f(x) are x+kx?,

where k 1is a constant.

Determine in any order the value of k and the exact value of f (%71’)

Lz

A f(L7)=L(r-4)e?

k=2

b
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Question 19  (***+)

The function y= f (x) satisfies the following differential equation

2
d_g_ ﬂ+5y =2e " (sin2x—2cos2x),
dx dx

subject to the boundary conditions y =0, ? =2 at x=0.
X

Solve the differential equation to show that

y =cosh xsinh2x .

No credit will be given for verification methods.
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2NP ORDER or HIGHER
CAUCHY EULER TYPE
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Question 1  (*%)

Find the general solution of the following differential equation.

2
4t2%+4t§—x=0.
¢ t

Question 2 (¥*+)
Find the general solution of the following differential equation.
2 d’y

ar*

dy

4t +4tr—+y=0.
dt

y ZPCOS[IH\/;]+Psin[1n\/;]
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Question 3 (¥*%)

2
d_;}_ xﬂ—4y=9x8.
dx dx

x2

Determine the solution of the above differential equation subject to the boundary
conditions

_3 dy_ _
y=5, dx_z at x=1.
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Question 4  (¥*%)

Find the general solution of the following differential equation

2
,d”y dy
x*—+2x——-n(n+1)y=0.
dx? dx (n+1)y

B
y=Ax"+

+1
X"
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Question 5 (¥*%4)

Given that if x=¢' and y= f(x), show clearly that ...

a) ... xﬂzﬂ.
dx dt

b) ... xzd_zy:dzy 2

ax*>  ar? dt

The following differential equation is to be solved

2
xzd—§—3xﬂ+4y =2Ilnx
dx dx
subject to the boundary conditions y = 1 ,ﬂ = 3 at x=1.
2 dx 2

¢) Use the substitution x =¢’ to solve the above differential equation.

y =%+%(2x2+1)lnx
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Question 6  (¥*%4)

2
3al—;)—szﬂ—Mcy:S.
dx dx

Find the solution of the above differential equation subject to the boundary conditions

y:4,ﬂ:20 at x=0.
dx

y=5x" —l(1+lnx)
x
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Question 7  (¥*%4)
Find the general solution of the following differential equation.

4 3 2
d y+2d y_id y+iﬂzo, x>0.

dt xdd K d? Fdx

]:l, y=Alnx+Bx2+Cx21nx+D
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Question 8  (*¥*%4)

The curve with equation y = f (x) satisfies

2
xzd—§+5x@+13y:0, x>0.
dx dx

By using the substitution x =¢', or otherwise, determine an equation for y = f(x),

given further that y =1 and ? =—2at x=1.
X

cos(3Inx
ICIENS)
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Question 9

(Frky)
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2

2
xzﬂ—Sxﬂ+9y=O, x>0.
dx

dx

3
Use the fact that y = Ax? satisfies the above differential equation, to find the full

solution subject to y =4 and ? =10 at x=1.

X

[ 1 |y=4(1+Inx)
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Question 10 (¥¥%%)

Find the general solution of the following differential equation.

x——-y=2x, x>0.

3 2
P8 4028 D
dx’ dx? dx

[ 1y = Ax+ Bcos(Inx)+Csin(Inx)+xlnx
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Question 11 (¥¥%%)

Use variation of parameters to determine the specific solution of the following
differential equation

d? d
282 7,2

—+16y=16Inx,
dx? dx Y

given further that yz%, %: 2 at x=1.
X

+(1+x4)lnx

o=

y:
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2ND ORDER ODEs
WITH MISSING
INDEPENDENT
VARIABLE

Created by T. Madas



Created by T. Madas
Question 1 (¥**%4)

The curve C, has gradient 2

5 at the point with coordinates (ln 2,2

, 3) , and satisfies the
differential relationship

d*y dy
4Y_(1-29)2, <
dx> ( y)dx Y

=

Find an equation for C, giving the answer in the form y= f(x).
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Question 2 (¥**¥)
Use appropriate techniques to solve the following differential equation.
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Question 3 (F***4)

The curve C, has a stationary point at (0,2) and satisfies the differential relationship

d*y 4
—g = -3 y#F 0.
dx y
a) Given further that ? >0 along C, determine a simplified expression for the
X

Cartesian equation of C.

b) Verify by differentiation the answer to part (a).

di 4 SEToUAY (6. rduss fia
Qe - & sEroutey Pl 4T (o), dus ) (e
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Question 4  (F***F4)

The curve C, has a stationary point at (0,4) and satisfies the differential equation

d*y 2
—=—, y#0
P
a) Given further that ? >0 along C, determine a simplified expression for the
X

Cartesian equation of C, giving the answer in the form x= f(y).

b) Verify by differentiation the answer to part (a).

xX= 4arcosh(%\/;)+\/y2 -4y
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Question 5 (¥***4)

The curve C with Cartesian equation f (x,y)=0, satisfies the differential equation

(1-y)y" =(2-)(¥)*.

It is further given that y(0)=0 and y’(0)=1

a) Determine a simplified expression for the Cartesian equation of C.

b) Verify by differentiation the answer to part (a).

x=ye ”
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Question 6  (Fx*F*F)

The function with equation y = f(x) satisfies the differential equation

2 2
M_l Q =2yIn3, y(O):l, %(0):2ln3.

dx*  y\dx X

2
Solve the above differential equation to show that y=3"*2*

, |proof
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Question 7  (Gk¥FEF)

The curve with equation y = f (x) satisfies the differential equation

2
d—§:6y2+4y, Do,
dx dx
If y=3, ? =12 at x= —%ln 3, solve the differential equation to show that
X

y= cosech? x.

proof
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Question 8  (Fx**F)

The curve with equation y = f (x) satisfies the differential equation

2 2
dx? dx

), solve the differential

=

Given further that the curve has a stationary point at (%,

equation to show that
= x2 1
y=x"+x+s.

proof
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Question 9 (Gk¥¥FF)

The curve with equation y = f (x) satisfies the differential equation

If y=0, ? =—]at x= 77[ , solve the differential equation to show that
X

y=In(1-cosx).

, |proof
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Question 10 (k¥¥%%¥)

The curve C, has gradient 1 at the origin and satisfies the differential relationship

d*y dy 1
2 1-2y="2(3y-2), y<+.
72 y dx( y ) y<3

Find an equation for C, giving the answer in the form y= f(x).

sin x
=———=(secx—tanx)tanx
1+sinx
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Question 11 (Gk¥¥%¥)

The curve C, has gradient % at the point with coordinates (1,%) and further satisfies

the differential relationship

d?y 2 dy
2v2 2 (2y+1)(y-1)"=2=0, y=0.
3 (2y+1)(y )dx y

Find an equation for C, giving the answer in the form y= f(x).
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2ND ORDER
BY
SUBSTITUTIONS
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Question 1 (¥%%)

2 2
2y gy D L6y =(ﬂj L y#0,
dx? dx dx

Find the general solution of the above differential equation by using the
transformation equation ¢ = \/; .

Give the answer in the form y= f(x).

y =(Ae2x+ Bxezx)2
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Question 2 (¥%%)

The differential equation

2
RN LA Sy
dx dx
. . . 3 dy 1
is to be solved subject to the boundary conditions y = 3 I = 5 at x=1.
X

o d ) ) )
a) Show that the substitution v = d—y, transforms the above differential equation
X

into

dv 2v
_— =
dx x

3.

b) Hence find the solution of the original differential equation, giving the answer
in the form y = f(x).
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Question 3 (¥%%)

The curve C has equation y = f(x) and satisfies the differential equation

2
2O Dy (222 -1) =3¢, 10
dx dx

ﬂ:l at x=1.

is to be solved subject to the boundary conditions y =% >
X

a) Show that the substitution y = xv, where v is a function of x transforms the
above differential equation into

2
d—;—4v=3ex.
dx

It is further given that C meets the x axis at x =In2 and has a finite value for y as
x gets infinitely negatively large.

b) Express the equation of C in the form y= f(x).
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Question 4  (¥*%4)

The differential equation

2
(x3 +1)d—§—3x2ﬂ= 2—4x3,
dx dx

is to be solved subject to the boundary conditions y =0, % =4 at x=0.
X

o d ) )
Use the substitution u:d—y—2x, where u is a function of x, to show that the
x

solution of the above differential equation is

y=x4+x2+4x.

, |proof
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Question 5
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(****)

dx

dx*

d_zy—(l—6ex)dy +10ye®* =5¢%" sin(2e").

a) By using the substitution x =1In7 or otherwise, show that the above
differential equation can be transformed to

2
d—2y+6
dt

dy

—+4+10y =5sin2z.
dt

b) Hence find a general solution for the original differential equation.

1

y= e3¢ [Acos(ex)+Bsin(ex)}+%sin(2ex)

—%cos(Zex)
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Question 6  (¥*%4)

Solve the differential equation

2
xd—g+2ﬂzo,
dx dx
dy

subject to the boundary conditions y=2, I =—]at x=1.
X

Created by T. Madas



Question 7

(***+)

X

d”y

Created by T. Madas

2

2

+(6x+ 2)@+9xy =27x—
dx dx

6y.

Use the substitution u = xy , where u is a function of x, to find a general solution of
the above differential equation.

1.

y =ée_3x+Be_3x+3—g
x x
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Question 8  (*¥*%4)

d*y _d
—y—2—ytanx—ysec4x=0.

dx*  dx
The above differential equation is to be solved by a substitution.
a) If r=tanx show that ...

i ﬂzﬂseczx

dx dt

. d*y d? d
Y ——ysec4 x+ Z—ysec2 xtanx

11. — K =

dx>  di’ dt

b) Use the results obtained in part (a) to find a general solution of the differential

equation in the form y= f(x).

y= Aetanx+Be—tanx

e
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e
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Question 9 (¥*%4)

Show clearly that the substitution z =sin x, transforms the differential equation

d? .
—;jcosx+—ys1nx—2ycos3 x=2cos’ X,
dx dx

into the differential equation

2
%—h:z(l—zz)

proof

Created by T. Madas



Created by T. Madas

Question 10  (**%+)

By using the substitution z = d_y , or otherwise, solve the differential equation
X

2
(x2+1)d—;)+2xﬂ= 6x% +2 ,
dx dx
. .. dy
subject to the conditions x=0, y=2, —=1

dx

y:x2+2+arctanx
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Question 11 (¥¥%%)

Use the substitution z = \/; , where y = f (), to solve the differential equation

dx? y

2 2
uﬂ(?j _5dy
X

—+2y=0,
dx Y

subject to the boundary conditions y =4 ,? =44 at x=0.
X

Give the answer in the form y = f(x).
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Question 12 (¥¥%%)

2 x

2 1
2 y+(1—3x2j@+y=0.
dx d

The above differential equation is to be solved by a substitution.

1
a) Given that y= f(x) and =x2 , show clearly that ...

dy _1dy
“dx 2t dt

L dy_1dy 1dy
dx> A2 dr? A8 dt

b) Hence show further that the differential equation

2 1
2x—‘; §+(1—3x2j%+y=0,
X X

can be transformed to the differential equation

d’y dy
Y 39 5.
a? dr

¢) Find a general solution of the original differential equation, giving the answer
in the form y= f(x).

= AeVr 4 B2V

Y
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Question 13 (¥¥%%)

Show clearly that the substitution z = yz, where y = f(x), transforms the differential
equation

— —+2y=0,
dx Y

d%y 1(dy T dy

—+ -5

dx? y dx
into the differential equation

2
d—§—5§+4z=o
dx dx

proof
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Question 14  (¥¥%%¥)

1
Given that if x=r2 , where y = f(x), show clearly that

1
a) ﬂzZﬂﬂ.
dx dt
2 2
b) Q:4tﬂ+ ﬂ.

dx*drtdr
The following differential equation is to be solved

2

xd—zy—(sz +1)ﬂ+12x3y —124°,
dx dx
. . 10 d?y
subject to the boundary conditions y = 3 F =10 at x=0.
X

1
¢) Show further that the substitution x=¢2, where y=f (x) , transforms the

above differential equation into the differential equation

2
d—zy— I
dt dt

d) Show that a solution of the original differential equation is
2 2
y=e¥ +e¥ +x2+4

§ .

proof
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Question 15 (¥¥%%)

d*y _d
—;)—2—ycotx+ 2ycoseczx =2c0sx—2¢0s° x.
dx dx

Use the substitution y=zsinx, where z is a function of x, to solve the above

. . . . .\ d V4
differential equation subject to the boundary conditions y =1, D_0atx= 7
X
Give the answer in the form
y=asin’ x+b(1-sinx)sin2x,
where a and b are constants to be found.
azl,bz%
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Question 16  (**%%)

1
Use the substitution x=z2 , where y= f(x), to find a general solution of the above

differential equation.

PIOAL hsan (31 insecTiog)
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Question 17  (¥*%%¥)

Use a suitable substitution to solve the differential equation

2
xzd—g—6y=2—21nx—6(lnx)2,
dx

subject to the boundary conditions y(1)=1, %(1) =3
x

Give a simplified answer in the form y = f (x).

[ 1 ]y=x+(nx)
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Question 18 (FrEHE)

Use a suitable trigonometric substitution to solve the following differential equation

d’y dy dy
(l—xz)y—x—+y=0, y(0)=1 —=

0)=4.
dx dx( )

y =3x—cos(arcsin x)

¢ 2 $
(;lq%z;m%“i‘vgaa R

LT o= om Cop 0s8) ’

do

Y & dody | o odldo
dy” U dy | o bbb P B *g“"%i,{
A ;

&7 o @ | - wdf [y g & ]
P | o b (o .|
9N | e b dy

= sech ol
AT e B S cag

& - s
ax

SOB YIS THE ©.0€ B ozind

(- o) sef0| Plud+gd | VLS

1
S iy=o

TS IS A Sb HAOMONC MSTON' 0,0.€ borty GeaL sotriod
8= Awd + Band

Y= Acos (aranar) + Ban (arcom)

4= Atog (oewn ) + By
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Question 19 (¥¥%%)

4x—+4

Created by T. Madas

2
d°y dy +2dy

dx® dx dx

1.

By using the substitution ¢ = Jx , or otherwise, show that the general solution of the

above differential equation is

y=A — \/; + ln[1+Be2\/;},

where A and B are arbitrary constants.

, |proof
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VARIOUS TYPES
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Question 1  (**+)

Find the general solution of the following differential equation.

dy . dW .
—+2A—+ Ay =0.
dx* dx?

v =AcosAx+ Bsin/lx|

Question 2 (¥*%)

Solve the differential equation

2
d—§+2Q=1,
dx dx

given that y = —% and ? =1 at x=0, giving the answer in the form y= f(x).
x

y =%[2x—e_2x}
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Question 3 (¥*%4)

Solve the differential equation

2 2
ﬂ+4(ﬂj =1,
dx

given that y =0 and ? =% at x=0, giving the answer in the form y= f(x).
x
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Question 4  (¥*%4)

d_zy + (@jz — 1
dx>  \dx '

Given that y = % =0 at x=0, show that
X

y=—x+ ln[%(1+ezx)]

proof
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Question 5 (***4)

The function with equation y= f (x) satisfies the differential equation

d’y 2 dyj dy
== 1-=21, y(0)=1, ==(0)=-1.
dx? 2x—l( dx ¥(0) dx( )

Solve the above differential equation giving the answer in the form y= f(x).

y=x+1+ln|2x—l|

o (™ |
STAOT BY REAQOANGNG THE 0.D.E AS Roug( = Y=o+ 2|+ R
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Question 6  (¥*%¥)

The above differential equation is known as modified Bessel’s Equation.

Use the Frobenius method to show that the general solution of this differential

equation, for n = bR 1S

_1
y=x 2[Acoshx+ Bsinhx]|.

proof
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Question 7  (¥**¥)

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
4x2%—4x%+(3—4x2)y=0.
X X

Give the final answer in terms of elementary functions.

y= \/;(Acoshx+Bsinhx)
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Question 8  (¥**¥)

Find the solution of following differential equation

(ﬂj Iy _dy

dx )\ dx? _E’

subject to the boundary conditions.

Given the answer in the form y = f(x).

I:I, y= 21n‘sec(%x+%ﬂ')‘
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Question 9 (F***F4)

A curve has a stationary point at (—

-1).

The rate of change of the gradient function of the curve is given by

=
=

xX+y+2,

where x+y+2>0.

Determine the equation of the curve, giving the answer in the form y = f(x).
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Question 10  (F***4)

Solve the following differential equation

d*y dy 2 dy 1
24| 2] 42y=2=0, y(0)=2, =Z(0)=—2.
eI s o y(0)=2., —=(0)=—

Give the answer in the form y* = f (x).
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Question 11 (**¥%4)

By writing @ = p and seeking a suitable factorization find a general solution for the

non linear differential equation

2
dx dx Xy

Give the solution in the form F(x,y)G(x,y)=0.

(xy+A)(x2—y2+B)=0
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Question 12 (¥**%4)

By writing @ = p and seeking a suitable factorization find a general solution for the

non linear differential equation

2
dy dy _ »
— | Ty—=x"+txy.
(dxj ydx w

Give the solution in the form F(x,y)G(x,y)=0.

(2y—x2+A)(x+y—1+Be_x)=0
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Question 13 (Gk¥¥¥¥)

A curve C is described implicitly by the equation

a) Show, by a detailed method, that

e R e
dx dx dx

b) Use an analytical method, with suitable boundary conditions, to obtain the
equation of C by solving the above differential equation.

, , |proof
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Question 14  (Gk¥¥%¥)
Find a general solution of the following differential equation.

dy
y= x—y+ edx
dx

|:|, (y+Ax+B)(y—xlnx+Cx):0
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