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Leibniz Theorem

If y=u(x)v(x) then

r

-1 -1)(n-2
yn:Z(njurvn—r:un+nun—lvl+n(nT‘)un—2v2+n(n 3)(" )

r=l1

d"u d™y
where U, = o and Vin = -
dx dx

n'? order differential coefficients

d" ! _
dx" (xa):yn:(afn)!aa '
d" (e%) =y, =a" e

n

. . T
(sinax)=y, =a"sin ax+22
dx" 2

n

T
(cosax) =y, =a" cos ax+2
dx" 2

n

(sinhax)=y, =

a" [[1 —(-1)" } sinh ax+ [1+ (—l)nJcosh ax}

=

dx"

n

—(coshax)=y, = %a" [[1 + (—1)n}sinh ax+ [1 — (—1)"}cosh ax}

dx
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Question 1

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

2
(1+x2)d—;}+x@—4y=0.
dx dx

y= A(1+2x2)+Bx(l+%x2 —%x“ +%x6 +)
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Question 2

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

d*y d
2 Y Y _
(1+.X )?—35—5)7—0

— 52,154, 5 6, 5 8 3 10 4.2, 8 4
y—A(l+2x + g X +16x +128x +256x +...)+Bx(l+3x +15x )
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Question 3

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

d’y  dy

—+2xy=3,
dx?  dx Y

subject to the boundary conditions y =0, ? =1at x=0.
X

43,2 13 1 4 1 5. 11 .61 .7
YEXARX TN 7Y T2 Ta0r Te30”t
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Question 4

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

d2
x—y+ﬂ+xy=1.

dx*  dx

Give the final answer in simplified Sigma notation.

)

- 22 (n1)? — [(2n+1)1]
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Question 5

Use the Leibniz rule to find a general solution, as an infinite series, for the following
differential equation

2
xd—§+@+xy=1,
dx~ dx

subject to the boundary conditions y =1, % =2at x=0
X

Give the final answer in simplified Sigma notation.

_1 n 2 n ‘

( ) xZn +2x ( ) n xZn
2" (2n+1)!

n=0 n=0
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Question 6

Chebyshev’s equation is shown below

2
(1—x2)ﬂ—xﬂ+n2y:0, n=0,1,2,3, ..
dx? dx

Find a series solution for Chebyshev’s equation, by using the Leibniz method

y=
=) (=)o) o (i=e)(o-n) (252
X 3 X S| X Py X
) +
5 l_ﬁxz_n2(4—n2)x4_n2(4—n2)(16—n2)x6_n2(4—n2)(16—n2)(36—n2)x8_m
2! 41 6! 8!
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Question 7

Use Leibniz rule to find a solution, as an infinite series, for the following differential
equation

2
d—§+zﬂ+7r2y=0.

4(x+1
(r+)= 542

Give the final answer in simplified Sigma notation.

ANV
( 298 o 7::{}3

Created by T. Madas



FROBENIUS
METHOD

[analytic at x = 0]
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Question 1

(x+l)%—(x+2)y=0, (0)=1.

a) Find the solution of the above differential equation, by separation of variables.
b) Show that the solution can be written as

_ 32,23, 5 4,15 6
y—1+2x+2x t3XT F 5t X +0(x )

¢) Assuming a solution of the form

e}

y= E a,x",

r=l1

use the Frobenius method to verify the answer of part (b).

y=(x+1)e”
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Question 2

Chebyshev’s equation is shown below

2
(1—x2)ﬂ—xﬂ+n2y:0, n=0,1,2,3, ..
dx? dx

Find a series solution for Chebyshev’s equation, by using the Frobenius method.

y=
O L T L O D L Gt o
X 3 X S| X Py X
) +
5 l_ﬁxz_nz(ﬂr—nz)x _112(4—112)(16—112))C _n2(4—n2)(16—n2)(36—n2)x
2! 41 6! 8!
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Question 3

Find the two independent solutions of the following differential equation

d’y dy
—+x—+y=0.
dx* dx Y

Give the final answer in simplified Sigma notation.

S N EE
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Question 4

Find the two independent solutions of the following differential equation

dy

(xz—l)dzy —o+2y=0, [if<1.

?+4X

Give the final answer in simplified form without involving infinite sums.

_A+Bx

1—x

1

@ Tinis P

. i y = (29,-29,) + (6a, -cay)
0 A e S AT AT X=0 (ugtinl W (29,-24,) + (6a, -Cay)

PoleS AT *1) e MuY SEEK foR A So

Diowe BY X1 THE
0 OF THe FopM

® +D At -
=S ol = LYo | )

Y= 2.0 T O+ qd 0,000 R U0 k-

- Y=o - = .

© ST Bie SOUMATIONS SO THEY AU STRIT Aou =2 BY MARPING

© DHFERLINATE T 245PE0 B oL 0 "
. Cs 42" W THe 20 soumATia) (IGwope THE Loose Thows)

'R R I R o = = PN

B ) FEe A = 2 g - pA a, e + Slafl & S e =0

© SBCUR WO oD E 2o N . -
© SRR Wio THE o.p = zUa,[mr—wu 2] - aueee ]y | =o
= B

S 2 © S

5 o

Pl + h§ g+ 2 =0
& =

© CQUATING TouX0f W L W Tie -SUMMATION

™ r < (e b, S r < - 3 o
QT — D ap e D 4ty 4 32X =0 =, )G = a (o0 Fana])
= = = 2 L i
+ ) e PR
: ¢ ! 0 N ) = ap( rezr
T R X b e 0 TR e | — Uy, Ge)Cre ap( 43 42)
LOWRAT Pkl o 2°

FGOIGT))
(r42) CrH1)

1 = Oy, = e
") ?Q\L OUT I 4D a! ol oF THe SouMATON

3 ar
ax2xix® =

_araea’ -
B |
@ Mhe K AT

[
~ axdoxa

3 .
S 006
=3

=0 0t g & g + a0 gl s--
e A 5 . <
=Y = Qo + 0+ and £ axX + axtaa L.
4 s

R R |

== Gl v e

(1x®rateale.)

Created by T. Madas



Created by T. Madas

Question 5
Find the two independent solutions of the following differential equation

(x2—1)§+x%—y=0.

Give the final answer in simplified Sigma notation.
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Question 6

Use the Frobenius method to find a general solution, as an infinite series, for Airy’s
differential equation

2
Z;j xy=0.

Give the final answer in simplified Sigma notation.
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Question 7

Find, as a series, a solution of the following differential equation

8

12 1 1 61
G +B[l+2x —93 % +oug " ~ggg +- }
+

1 l 3, 7 4, 1 5. 29 6
x+8x t30% + X 31X taa3ag X T }

720
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Question 8

Find the two independent solutions of Legendre’s equation

d? d
(1—x2)ﬁ—2xd—i}+n(n+l)y=0, neR.

A_l_(n+l)nx2+(n+3)(n+1)n(n—2) x4_(n+5)(n+3)(n+l)n(n—2)(n—4) x6 +}
2! 4! 6!

_|_

B_x_(n+2)(n—1) E +(n+4)(n+2)(n—1)(n—3) E _(n+6)(n+4)(n+2)(n—l)(n—3)(n—5) J +j|
3! 3! 7!
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Question 9

Find one series solution for the Legendre’s equation

d’y . dy
(1—x2)?—2xa+n(n+l)y:0, nelR,

about x=1.
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FROBENIUS
METHOD

[2" order O.D.E.s, where the roots of the indicial equation do not differ by an integer]
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Question 1

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
4x2%—4x%+(3—4x2)y=0.
X X

Give the final answer in terms of elementary function.

y= \/;(Acoshx+ Bsinh x)

Created by T. Madas



Created by T. Madas

Question 2
Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
—dy+1—ldy y—O.
dx? 2x |dx  2x*

Give the final answer in simplified Sigma notation.

! 1
[ ] |y=ax ﬁ(“‘x)r +Bxe™
r+1)!

r=0
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Question 3

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2

=0.
dx*  dx Y

Give the final answer in simplified Sigma notation.

[e) (o)
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Question 4

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
3xd—§+4§+z=0.
dx dx

Give the final answer in simplified Sigma notation.
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Question 5

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
36x2%+36x2y+5y=0.
X

Give the final answer in simplified Sigma notation.

D Yt
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Question 6

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
2xd—§+ﬂ+y=0.
dx” dx

Give the final answer in simplified Sigma notation.

-
. (—2x) As B/x
(Zr)! 2r+1

r=0
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Question 7

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

22 d*y dy

P —xa+y—xy=0.

Give the final answer in simplified Sigma notation.

r=l r=0
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Question 8

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
3zd—f+2@+x=0.
dt dt

Give the final answer in simplified Sigma notation.
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Question 9

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
2x%+(x+l)%—2y=0.
X X

Give the final answer in simplified Sigma notation.

o5}

1 _1\" | n+3
. 202 2" n!(2n+7)!

n=
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FROBENIUS
METHOD

[2" order O.D.E.s, where the roots of the indicial equation differ by an integer but one of the coefficients is undetermined]
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Question 1

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
%+y=0.
X

y=Acosx+ Bsinx
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Question 2

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

Give the final answer in a simplified form.

y = Asinh x + B cosh x
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Question 3

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

) (—l)r x4r (—l)r x4r+1
24 x I x (4
r=0 r=0 ( 4 )
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Question 4

The above differential equation is known as modified Bessel’s Equation.

Use the Frobenius method to show that the general solution of this differential

equation, for n = R 1S

_1
y=x 2[Acoshx+ Bsinhx].

proof
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Question 5

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
Q—xyzO.

dx?

Give the final answer in simplified Sigma notation.
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Question 6

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

Give the final answer in simplified Sigma notation.

(o)

e 2 )
Jr (2n)!

n=0
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FROBENIUS
METHOD

[2" order O.D.E.s, where the roots of the indicial equation differ by an integer but no coefficient is undetermined]

Created by T. Madas



Created by T. Madas

Question 1
Use the Frobenius method to find a general solution, as an infinite series, for the

following differential equation
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Question 2

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

d*y dy
x—=+(x+2)—=-2y=0.
dx? ( )dx Y

y=A 1+x+lx2 +B (1+x+lxzjlnx+l 1—4x—10x2—2x3+0(x4)
6 6 12

x_
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Question 3

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

2
xd—§+3@—y=0.
dx dx
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FROBENIUS
METHOD

[2" order O.D.E.s, where the indicial equation has repeated roots]
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Question 1
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Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

d’y dy
—+—+xy=0.
g dx*  dx w
oo <] o n
_ (_1)” 1|2 (_1)” | \2n (_1)” | \2n
y—A (n')z (z.X) +Bllnx (n')z (§X) + —m(n')z (7)&7)
n=0 n=0 n=1 m=1
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Question 2

Use the Frobenius method to find a general solution, as an infinite series, for the
following differential equation

d’y dy
—+—-3y=0.
xdx2 dx Y
3 r 3 r 3 r
y=A E ( x)2 +B|Inx E ( x)2 + E E ( x)2
(r!) (r!) m(n')
r=0 r=0 n=1 m=1
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