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Question 1

Find the value of the following multiple integral

2 cos@

jj rsin@ drd@ .
0

0

Question 2

Find the exact value of

7 arctan2

5
Jz '[ j 4xsiny dxdyd@.
0 0

1
arctan

575
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Question 3

Find the exact value of

3y dxdydz.

7T 4cosz | 2
- 16—
jz j y

0

0
0

3—32[375—4]

Question 4

Find the value of

5 2 lzz_yz
j jj %xz dxdydz .
0 0
-z
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Question 5

> <

> X
y=x2+4x

y=3x+2

The finite region R in the x-y plane, is bounded a curve and a straight line with the
following equations.

y=x2+4x and y=3x+2.

Use double integration to find

jZ dxdy .

R
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Question 6

The finite region R in the x-y plane, is defined by the inequalities

y<x, y=2—x and 2<x<4.

Determine the value of

Xy
— dxdy.
R

Question 7

Find the value of the following multiple integral

z 7
J‘4J‘2 COS X ixdy
0 J2y X
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Question 8

The finite region R in the x-y plane, is bounded a curve and a straight line with the
following equations.

y:x3,x20 and y=x,x20.

Determine the value for both
jj ()c—y)2 dydx  and jj ()c—y)2 dxdy,
R R

showing clearly that they have the same value.
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Question 9

The finite region R is bounded by the planes with equations
z=0, x=1, x=4, y=2, y=5,
and the surface with equation
z=x+Yy.

Determine the volume of R.

Question 10

Integrate the function
f(xy.2)=xy(z+2)
over the finite region bounded by the cuboid with coordinates at

(2,1,1), (4,1,1), (4,2,1), (2,2,1), (2,1,5), (4,1,5), (4,2,5) and (2,2,5).
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Question 11

The finite region R in the x-y plane, is bounded by the straight lines with equations
y=x, y=0 and x=1.

a) Determine the value of

2
1 =jjyx3 e™ dxdy.

R

b) Give two distinct possible interpretations for the value of 7 .

Question 12

Find the exact value of the following multiple integral

el
jj e* dxdy.
0y

=
—_~
(¢}
|
—_
N—
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Question 13
The finite region R is defined by the inequalities

1<x<2, -1<y<l and 0<z<x?+y°.

Determine the volume of R.

Question 14

Find the value of I in exact surd form.

dydx .

! 1
I_jj 4xy2
0 x \/X2+y2

J2-1
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Question 15
The finite region Q in the x-y plane, is defined by the inequalities

X +y2S1 and x+y=1.

Determine the value of

g By~
< Ty

S

L j I

Jy E :[ s
= (33| 1-Rs Qi) | by Y R g=t-a
"' o g:+F§7
= J 1 (-2 & 2z R x=o
o To_ X={
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Question 16

Find the value of the following multiple integral

1 pl \
j j xe* dxdy.
0y

L

(e=1)

(OS]

SN RY SETURNG THE BEGoN OF 10HGATIE) W ceDAL T

DOKISE THE ODOED. OF NERATION IF NECESSARY
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Question 17

The finite region R in the x-y plane is defined as the rectilinear triangle with vertices
at the points with coordinates

(0,0), (0,2) and (2,2).

Determine an exact simplified value for

dxdy .
X" +y

Question 18

Find the value of I in exact logarithmic form.

4 0
I:Ij 150x dydx.
Jx Yy +1
0
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Question 19

Given that y is a positive constant, find the value of the following integral.

j'[ e H dxdy .
0 J\y

Question 20

Find the value of I in exact logarithmic form.

3 3 )
Y '\/xz‘|'y2
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dydx .

9ln(1++2)
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Question 21

Find the value of I in exact logarithmic form.

p 1
I:JJ y3dxdy.
y 1+x
0

1o

Question 22

Find the value of I in exact surd form.

1
1 3
0y
I:JJ dxdy .
7 y2 \]x3+1

J2-1
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Question 23

Find the value of the following multiple integral

2 md—x>
2y
I j ze dydx .
090 R

Question 24

Find the value of the following multiple integral

1 pl
j I 2x2e™ dxdy.
0y
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Question 25

Find the value of I in exact surd form.

dxdy .

15 J X
Y Vo +y?

1+7417

Question 26

Find the value of I in exact simplified form.

1
I:jj xte ™ dxdy.
2

Created by T. Madas



Created by T. Madas

Question 27

A rectangular block B is bounded in the first octant by the planes with equations
x=3, y=4,and z=2.

The density p at any point P within B, is equal to the square of the distance of P
from the origin O.

Show that the mass of B is 232.

proof
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Question 28

3 4—y
Iz'[ j (x+y) dxdy
(U

a) Show clearly that 7 = %

You may not reverse the order of integration in this part.

b) Carry out the integration in reverse order and hence verify the answer of I,
obtained in part (a).

proof
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Question 29

Find the value of the following multiple integral

L el
4

j j 12)}26)‘2 dxdy .
0 o4y

Question 30

Find the value of the following multiple integral

2 plef2-y 1
j j — dxdy .
1 J1 X
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Question 31

The finite region R is in the first octant and is bounded by the plane with equation
2x+3y+z7=6.

Find the value of the integral

wxdv,

where V is the volume of R.
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Question 32

1 y2
I:jj 84x> dxdy.
0 -y

a) Evaluate the above double integral.

b) Verify the answer of part (a) by reversing the order of integration.
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Question 33

A surface has equation

2=y —xy.

A cuboid of infinite length is generated. This cuboid intersects the x-y plane at the
points with coordinates

(1,0,0), (3,0,0), (3,2,0) and (1,2,0).
Show clearly that the volume of the finite region inside the cuboid for which
z20 and zSy3—xy,
is equal to the volume of the finite region inside the cuboid for which

z<0 and z2y3—xy.
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Question 34

Find the value of the following multiple integral

1 plyl-y?
j I Y dxdy.
0y X

Question 35

Find the value of the following multiple integral

1 p2-y
j j Y dxdy .
0y x

7 SN
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Question 36

The cross section of a right prism is the finite region in the x-y plane, defined by the
following inequalities.

y<2x, y2xx and 2y+x<5.

W=

Show that the volume of the prism, for which 0< z < 9x? y2 ,1s 61 cubic units.

proof
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Question 37
A solid is bounded by the surfaces

x2, y=x, z=1 and z=2.

y

Find the mass of the solid if its density is given by p(z)= 2.

(
s = | phya) dv
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Question 38
Evaluate the integral

(" sinx
j J‘ dxdy
0oy X

AT T

( ( S [
3] S ddy L erusme oo of wieeATiN o
T 2y SxeTh THe Recon

AT~y T P
(7 & " "'/I.{"

* ¢

A
Yoo Y=o y

- o xaw .
[ 0oam e !

R &
2o Y=o
(

Created by T. Madas



Created by T. Madas

Question 39

Find the value of I in exact simplified form.

1
I:J'[ 6yze_x2 dxdy .
y

Question 40

Find the value of the following integral.
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Question 41

The finite region R is bounded by the curve with Cartesian equation
x4+y4=1, x=20, y=20.

Find the value of

J:[x3y3\/1—x4 —y4 dxdy .

R
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Question 42
The finite region R in the x-y plane is bounded by the straight lines with equations

y=x, x=1 and y=4-x.
Determine an exact simplified value for

jx(x+ y)ex2 dxdy .

R
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Question 43

A uniform solid cube, of mass m and side length a, is free to rotate about one of its
edges, L.

Use multiple integration in Cartesian coordinates, to find the moment of inertia of this
cube about L, giving the answer in terms of m and a.

You may not use any standard rules or standard results about moments of inertia in
this question apart from the definition of moment of inertia.

ma
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Question 44

The finite region V is defined as
z2=)c2+y2 , x=20, 0<£zL2.

Use Cartesian integration to determine the value of

j3x dav .

Vv

Created by T. Madas



Created by T. Madas

Question 45

The finite region R in the x-y plane is defined as
R={(x,y):y£3 ﬁnyz—l}.

a) Evaluate, without reversing the order of integration

j 15y dydx.
R

b) Verify the answer of part (a), by carrying out the integration in reverse order.

both yield 224
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Question 46

A thin plate occupies the region in the x-y plane with equation

x2 y2
—2+—2:1.
a

S

The mass per unit area of the plate p, is given by

p(x,y):xzyz.

Find a simplified expression for the mass of the plate.

wa’b’
24
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Question 47

Find the value of I in exact simplified form.

2y
16y

I = ————dxdy.

N

5 (16—x2)
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Question 48
A solid S is bounded by the surfaces

Find the volume of the finite region bounded by S and the plane with equation

x+y+2z=4.
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Question 49

A thin plate occupies the region in the x-y plane defined by the inequalities
0<x<2 and 0<y<2x.
The mass per unit area of the plate p, is given by
p(x.y)=1+x(1+y).

a) Find the mass of the plate.

b) Determine the coordinates of the centre of mass of the plate.

m=.|(x.5)=(
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Question 50

The finite region R in the x-y plane is defined as the rectilinear triangle with vertices
at the points with coordinates

(0,0), (0,1) and (1,0).

Determine an exact simplified value for

dxdy .

[You may leave the final answer in terms of 7 and Gamma functions]
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Question 51

3
[ p2N? Nzexp[—%(T—Z)z}
i 2]
2N T

Determine, in exact simplified form, the value of 1 .
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Question 52
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The finite region V' in the first octant, is bounded by the surfaces with equations

y=4—x2 , Z

Find the volume of the solid.

=x and z=3.
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Question 53

The finite region R is defined as
R={ (x,y.2):0<z<1-|x-]y| }.

Evaluate the triple integral

jjj‘ xy + 2 dxdydz .
R
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Question 54

A finite region is defined as

Show by integration in Cartesian that the volume of this region is 1—;[

proof
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Question 55

Use integration in Cartesian coordinates to find, in exact simplified form, the volume
of the ellipsoid with equation

2y 2
S+t =1
C

Q
S
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Question 56

The finite region V is defined as
— C 2 2 2
V—{ (x,y,2):x"+y +4z° <1 }

a) Sketch and name the region V .

b) Evaluate

<J‘:ﬂ‘>(3—xy+4y+z) dx dy dz .

Vv

Created by T. Madas



Created by T. Madas

Question 57

The finite region V' in the first octant, is bounded by the surfaces with equations
y=4—x2 and y=4—z2.

Find the volume of the solid defined as the interior of V .
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Question 58
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V4 .
sSin x
Izjj 4y dydx.
0

0

a) Determine the exact value of I .

b) Verify the answer of part (a) by reversing the order of integration.
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Question 59

2r .
I:jj f(x,y) dydx.

Write an expression for I, by reversing the order of integration.

1 7z 1 . -1 3z -1 .
- —arcsin y EX 2z—arcsin y
V4 . 3z
= —arcsin y —
0 0 2 0 0 2

[\

+
arcsin y

|
b
/

\gg ‘ wr‘ ]
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Question 60

! 1-x 1
I:Ij xy(1=x—y)? dydx.
0
0

Determine the exact value of I by transforming it into an expression involving Beta
functions.

16
945
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Question 61
A finite region R defined by the inequalities

C+y+z2<l, x20, y=0, z20.

Show that the volume of R is

where k is a positive integer to be found.
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