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SUMMARY OF THE LAPLACE TRANFORM

The Laplace Transform of a function f(7), 7>0 is defined as

[e)

CLF(0]=F(s)= j e (1) di.

0

where se C, with Re(s) sufficiently large for the integral to converge.

The Laplace Transform is a linear operation

E[af(t)+bg(t)]Eaﬁ[f(t)]+b£[g(t)].

Laplace Transforms of Common Functions

* ﬁ(tn): :+1
£(1)=§, ﬁ(a):%, g(;):siz, 5(;2):%, £(;3):Si4,....
B e O e
e L(cosat)= I L(sinar) = Szjaz
e [(coshat)= 2 L(sinhar) = 2 ilaz

Laplace Transforms of Derivatives

o L[x(r)]=%(1)
o L[i(1)]=s%(1)-x(0)
o L[3(t)]=5"%(t)—sx(0)—x(0)

. E[x(t)] = s3f(t)—s2x(0) —sx(0)—x(0)
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Laplace Transforms Theorems

1% Shift Theorem

Lle f(1)|=T(s+a) or £[e"F(1)]=7(s~a)

2" Shift Theorem
Ll f(t—a)]=e® f(s).t>a or L[f(t+a)]=e®f(s), t>-a.

E[H(t—a)f(t—a)]ze_“sf(s) or E[H(t+a)f(t+a)]=e“s]7(s)

Multiplication by "

Division by ¢
5{@} = Jmf(a) do

t
provided that lim (Mj exists and the integral converges.
t—0 t

Initial/Final value theorem

lim[ f(¢)]=lim[s f(s)] and Him[f(¢)]=lim[sf(s)]

t—0 §—>00 t—o0 s—0
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The Impulse Function / The Dirac Function

Loa-o= 0 a= {7

0 rt#c 0 r#0

N

b
1 a<c<b
J‘ 5(t—C) dt:{ a=c

0 otherwise

w

b
_ _ f(a) alc<b
f(1)3le=c) di= { 0 otherwise

a
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Question 1

Find, from first principles, the Laplace Transform of
f(1)=k, 120

where k is non zero constant.

Question 2

Use integration to find the Laplace Transform of

where a is non zero constant.
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Question 3

Find, from first principles, the Laplace Transform of

f(t)=cos(at), t20
g(r)=sin(at), 120

where a is non zero constant.
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Question 4

Use integration to find the Laplace Transform of

f(¢r)=cosh(at), t=0

where a is non zero constant.
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Question 5

Find, from first principles, the Laplace Transform of
f(t)=sinh(ar), 120

where a is non zero constant.

Question 6

Use integration to find the Laplace Transform of

where n#...—4,-3,-2,-1,0.
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Question 7

The Heaviside function H(7) is defined as

Determine the Laplace transform of H(7—c).
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Question 8

The Heaviside step function H(z) is defined as

H(t):{l 120

0 r<0

Determine the Laplace transform of H(z—c) f (¢—c), where f(t) is a continuous or

piecewise continuous function defined for ¢ >0.

E(H(t—c)f(t—c)) =e E(f(t))

Question 9
Find the Laplace transform of & (t - c) , where c is a positive constant, and hence

state the Laplace transform of &(z).

L[6(t—c)|=e"|. |L[8(1)]=1
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Question 10
Given that F () is a piecewise continuous function defined for ¢ >0, find the

Laplace transform of F(¢) 8(t—c), where ¢ is a positive constant.

L[F(1) 8(t—c)]=F(c)e™
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Question 1
Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L(t3+2e_2t)
b) L (e_Zt cosh 3t)
c) L (t2 sin t)
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d £

o el
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6s—17 j
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Question 2

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L(3cos2r—2sinh3r)

b) £(2e™ cosh4)

¢ L(4re™)

sint
9 E(Tj

06
e) L 3
{(5—4) ]

1 s+2
s +4s+13
2s+ _
23S — 26 .5 s+6 , 4 5| arctan(—j, 3t2e¥ |, e cos3t
s“+4 s7=9| |[s°+65—7 (s+1) K
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Question 3

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L(e3t+3sin Zt)
b) £(3¢¥sin2r)

¢) L(rcosh2t)

Q) E(l_(;OStj

e) ,C_l( 255+1 j
sc—5—12

0 2 )
s°—6s5+10

1 6 6 s +4 s2+1
+ 3 3 , |In |5
s—=3 s°+4| |s°—6s+13

3eM+2e7|,

e” (cos+3sint)
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Question 4

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

4 <2
2 L{Zt +5¢ j

t
b) [,(ezt cost)

¢) L(4rsinh3r)

—t
d) E(e —IJ
t

e) 51(9;—8)
§°—12s
b C‘l( 225—10 j
s°+2s+17
12 25+ 24 _ .
_4+iz’ - S+6 |5 Al ln( il j, 4+5e*|, |e” (2cos 4t —3sin4r)
st s s +6s=7| [s°+9 s—1

Created by T. Madas



Created by T. Madas

Question 5

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) £(2t2—5)
b) £(e'sinh2r)

¢) E(t3 ezt)

d) E(sinZtJ
t

o 51(35+4j

52 +9

1 2—s
0 o)
s +4s—12

-

i3_§’ 5 2 , 6 ,arctan(gj, 3cos3t+%sin3t —e
s” 8| |[s7—2s-3 s
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Question 6
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Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L[(1+2)(t+3)]

b) £(e*sin2r)

c) E[St cosh (%tﬂ

. le* (2cos 2t —3sin2t)|,

d) c(l—costh
t
o o 2s—14 j
52 —8s+20
H o s2—15s+41
(s+2)(s-3)°
2 2
2 5 6 6 12852 +32 52+
Sttt 2 ’ 5| |In 2
sS s° S| |sT—65+13 (4s2—1) K

3¢ 4 (1-2)e”
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Question 7

Determine each of the following inverse Laplace transforms, showing, if appropriate,
the techniques used.

45> —55+6

A e (s+1)(s2+4)

) 51_3(s2+3)_
s*—81
s +4

(2-4)

o [

65> —2

d \——=
(s2+1)

3e”'+cos2t—3sin2t|, |5 (sin3t+2sinh3¢)|, |tcosh 2t], 1 sint

W=
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Question 8

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L(cos6r)

b) L£(re)

© El(sz+66s+18j
d) E[(t—3)3H(t—2)J

e) L[45(1-2)]

f) £_1 5¢7°
N

, |2¢7 sin 31|, 4e>|, |5H(1—1)

s> +36
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Question 9

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) L (e3t cosh 4t)

b) [,(tz cosht)

) ! (ij

s —6s+18

d) L[H(t-1)sin(3r-3)]

e) E[et 5(t—2)}

s—3 25> + 65

3¢ | [ 2(s+2)
2 ’ 3 S
s —6s—7 (52 _1)

5249

, le¥ (cos3t+3sin3t)|,
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Question 10

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) E(tz e_%tj

6s5s+1
b) El( j
952 +1

) L[et_s H(t—S)]

—4s

186
d) 5(2 j
s°+4

e) E[ﬁ o 5(1?—3)}

H L]e H(1-2)]

(1—6)3, 2cosh(Le)+sinh (L), il AH(r—4)sin(20-8)], [4e7%],
25 +1

3 3
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Question 11

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) E[tsin (%t)}

|1
b) £ g
{(s—z) ]

¢ L[(t-5)H(r-5)]

36—2s
d) 51{ > }

e) E[tz 5(t—2)]

n c(2)

165 5| £e | 1= | [3H(r—2)sinh(1—2)|. [9e7*].
(4s241)'| 1120 Ls s—In2
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Question 12

Find each of the following Laplace transforms or inverse Laplace transforms, showing,
where appropriate, the techniques used.

a) E[H(t—2) sin(%t—l)}

e—4s
b) 51{ 2}

S

¢) L|2tsint 5(t—§ﬂ

Q) ol H(t—Z)}

D -2(s+2)
2 | [~ H(1-4)], |ze 2™, 86—[4s2+8s+5}
45% +1 (25+1)°

D=
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Question 1

The Heaviside function H(7) is defined as

Determine the Laplace transform of H(7—c).
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Question 2

The Heaviside step function H(z) is defined as

1 t=20
0 <0

Determine the Laplace transform of H(z—c) f (1—c), where f(t) is a continuous or

piecewise continuous function defined for > 0.

E(H(t—c)f(t—c)) =e E(f(t))
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Question 3

The piecewise continuous function f (¢) is defined as

4 0<r<2
f(t)=412—4r 2<1<4
r—38 t>4

a) Sketch the graph of f(1).

b) Express f () in terms of the Heaviside step function, and hence find the

Laplace transform of f ().

f()=4H(t)-4(t-2)H(r=2)+5(1=4)H(t=4)[.|L(f (1)) == ———+——

b ExXPRESIING THE GURH 1n Tious oF eavisines’
- { = W - 1hes) x
+ (-t Hen) - (a-ueicey) ot
+ &) H(t-a)
=L = ) + (8- ¢ (st-20) ey
~ 48 = tHE - 4(E)HE2) + SCE-9HEY)
o) e 2 <%
>4 L —u(<2) es(<)
T O
SRCEE B -

o [t ] - < | (ko]
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Question 4

The piecewise continuous function f (¢) is defined as

8 0<tr<4

12—t 4<t<6

F)=1 6 6<r<10
_1

11 2t t>10

Express f () in terms of the Heaviside step function, and hence find the Laplace
transform of f (t)

F(1)=8H(t)—(r—4)H(1—4)+(1—4)H(t—6) -1 (:—10)H (s -10)

2 bl
8 e—4s e—6s e—lOs
‘C(f(t)):;_ |2 + |2 - e
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Question 5

The piecewise continuous function f (¢) is defined as

T2t 0<t<3

1 3<t<7
f(r)= -6 7<t<15
0 1-7.5>75

Express f(¢) in terms of the Heaviside step function, and hence find the Laplace

transform of f(z).

F(e)=(7-2t)H(r)+2(r=3)H(t—3)+(r=7)H(r=7)—(r=15)H(r —15)-9H(r -15)|,

5(7 —9e“55)— D42e 35415
L(f(1))= 5
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Question 6

The piecewise continuous function f (¢) is defined as

2 3e_s_3e_3s
s s s> )

f(t)zfl(—+ 5 5

Sketch the graph of f ().

graph
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Question 7

The piecewise continuous function f (¢) is defined as

f(t)zt{e 5 (3se2“‘—4e“‘+5)}.

a) Determine an expression for f(z).

b) Sketch the graph of f(1).

f(r)=3H(r)-4(t-1)H(t-1)+5(r—2)H(r-2)

28, .
| Jd |
D4t
b ®
r'»\: ~ ~— g W i N~ " ™y
5 & 3 0 3 (
Q (
D) {t-t i« \(
> ) 3 S/
( 3
7 P 4 < by
/ i) W " N
2 ~ \‘7\*1 u w (
HEDENG- o0 Comduny ey =
£ 0y
31—
=1
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Question 8

The piecewise continuous function f (¢) is defined as

f)=c" L%(Z—Ze_“—e_m)} :

Sketch the graph of f ().

IWTHUAL 29] fe |
i |

oty
L‘Gn‘ E =

tHe | 2t \ 82t -t ‘\w—t

@ [ Recpt SETUING otk R WY AT A=y A=6

RGN
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Question 9

The piecewise continuous function f (¢) is defined as

—4s —8s
f(t)zﬁ_llzZ—% 2+e :I

A

Sketch the graph of f ().

graph
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Question 10

The piecewise continuous function f (¢) is defined as

7 _9e—158 ) _ 2+ 26—33'_'_6—75’_6—153'

fl)=c" d >

Sketch the graph of f (7).

graph
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Question 11

The piecewise continuous function f (¢) is defined as

f()=c (l—e_z“')(l+e_4s)

S

Sketch the graph of f (7).

graph
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Question 1

The piecewise continuous function f(z) is defined for >0 and further satisfies

fli+@)=f(1).

Show from the definition of a Laplace transform, that

o)=L [ et a

0

proof
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Question 2

and  f(r+2)=f(1),t20.

f(t):{_l 0<r<1

1 1<t<?2

Determine the Laplace transform of f (7).
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Question 3

fﬁ) 1 0<¢r<l d
= an
0 1<r<2

Determine the Laplace transform of f (7).

Question 4

and

f(t):{z 0<1<3

0 3<r<4

Determine the Laplace transform of f (7).

f(t+2)=f (1), 120.

f(t+4)=f (1), 120.
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Question 5

2 0<r<l
f(t):{0 1<;<3 and  f(t+4)=f(r), 120,

Determine the Laplace transform of f (7).
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Question 6

f(t)=e",t=20 and  f(t+2)=f(1).
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Question 7
f(t)=2t,t20 and  f(t+2)=f(1).

Show that the Laplace transform of f () is

2(62S—2s—1)

A A A A A
¢ ) = ot 4 9 ) Ruon o

o<key 2 oo 2
(w/\/\ N \/\——M
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Question 8

sint O0<Z<t<rx

f(z>={ and

0 T<t<2w
Show that the Laplace transform of f(z) is

1

f(t+27)=f (1), t20.

(s2+1)(1+e_’”)

proof
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Question 9

f(t)=r*,t>0 and  f(1+3)=f(r).

Show that the Laplace transform of f () is

2e>—-2—65-95>

s3 (e3s_ 1)

proof

AN =
o % YO Yy

X6

i N
I o~ T
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Question 10

The piecewise continuous function f (¢) is defined as

| 1=2e5+e2*

e
110 s(l—e_zs)
Find an expression for f(t).
1 0<r<1
FO={) VEE w0
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Question 11

The piecewise continuous function f (¢) is defined as

Find an expression for f(t).
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Question 12

The piecewise continuous function f (¢) is defined as

Find an expression for f(t).
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Question 1
Use Laplace transforms to solve the differential equation

@—2)(:4, t=>0,

dt

subject to the initial condition x=1 at r=0.

L x=3e¥-2

O THANG THE LAPWACE ToANSRRM OF THE ©.b.€ |, w.e.T 1

— P om o=k [e=o,220]
| (e 7 (T
= CLL«E]'¢L~H L]
. - u
. X —~ C ~ 2N = 2l
P PR B
= BL-1-23 ATL
= (3-2)% 5\
Ats,

= Ry
= X -~
$(-2)

O Wuer gy weTAL fRactons ( coxe ve )

= ) = 3 -2

Question 2
Use Laplace transforms to solve the differential equation

Q+2y=10e“, x>0,
dx

subject to the boundary condition y =6 at x=0.
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Question 3

Use Laplace transforms to solve the differential equation

Q—4y:2e2x+e4x, x>0,
dx

subject to the boundary condition y =0 at x=0.

Question 4

Use Laplace transforms to solve the differential equation

2
d—f— D oy=2e¥, x20,
dx dx

subject to the boundary conditions y =35, ? =7 at x=0.
X

y= 2e3 1 4e*
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Question 5

Use Laplace transforms to solve the differential equation

d*z dz

—-2=+10z=10e",
dt dt
) . .. dz
subject to the initial conditions z=0, z =1 atr=0.
t

y= e+ cos3t +sin 3t

o
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Question 6

Use Laplace transforms to solve the differential equation

d’y
dx’®

4y=24cos2x, x=0,

subject to the boundary conditions y =3, % =4 at x=0.
X

]:l , |y =4e* +2e 72 —3cos2x

(ouaTING ) 0TS
S, gy shan , xo ) 20,y3 e = [P S =
: RO = T Nl
LRI e 0.0.6 IN_COMPACT ol 4 TACE ARAE TRANSERIS N, P 2 ;(f_)
B= o33t a2 e
-2 5/’7 u—\«j = Uho2x
= ﬁ3~5g;\tj§ S - i[ﬂlmﬁj INVCETNG- G 0ty SINpE STvivngs ghocrs)
- £ -
- FG-spob —uF = m o Y= 45“+1e“43h:h/

= @-0)F = s B
o e 2s
=9 T " Eaca

- g = e ARSI
(gaGse2]  EaeG

DAL RATINS w3y INstecony, Goote. 0 )
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Question 7
Use Laplace transforms to solve the differential equation
d’y _dy

?4—554‘6)):361‘4'6,

subject to the initial conditions y =4, % =—17 att=0.
t

y —eH+7e 1 61—4
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Question 8

@+y=e_t and —-x=e

dt

Use Laplace transformations to solve the above simultaneous differential equations,

subject to the initial conditions x=0, y=0 at r=0.

:

x=—cosht+sint+cost, y=cosht+sint—cost

\
%‘}uavfcr eIf f20, ~\= -At3-D
“' | | SUREET B 0 ) y=0,Y=0 D= 1-a+k = t-4al
Ok ¢ yee ) a D =1
| Srass
olf 422 Lik-l= SA+ 5B +3(204D)
@ LODITE N WOMPATT NOTATION §TALE (ARACE TRANSROMS 7= 553G
5 T= 10 +3@eH)
= N

© WURING THE TANCRIPI, DIING: STINDHD BEULTS

.
=N o 2=t
A &
e Mgk LY S Ny
=Y = 2z =57)-(&7) (=)
So= Ldrlet st
g5 TG

—n = bt -wek vt
>Y Wt - st vt 2

@ T fnd THe oMEL Sownon ) e

= 2 = -Gk + sk tant -
S
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Question 9

& _,

dx %)
=x+£ and
3”7 dt

3
—= —=x.
dt )

Use Laplace transformations to solve the above simultaneous differential equations,
subject to the initial conditions x=1, y=3 atr=0.

x=eX+re¥, y= 362t+%t62t
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Question 10

2 2
d—§=15@—9y+22ef and d—2y=2x+e3f
dt dt dt

The functions x= f(z) and y=g(r) satisfy the above simultaneous differential
equations, subject to the initial conditions

v=2, y=-3, o0, Do at t=0.
dt dt

a) By using Laplace transforms, show that

—35° +11s* +90s> — 3845 +198

(s—l)(s—3) ’

(s*-30s+18)7

where y = E[g(t)].

b) Given further that s* —30s+18 is a factor of —3s° +11s* +90s> —384s+198,
find expressions for x and y.

x=4e¥-2¢', y=e¥—4¢
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Question 11

Use Laplace transforms to solve the differential equation

d’x

—+x=f(1),
7 (1)
p 0 1<0
given further that le,?x:latt:O,and f(t)=4t 0<t<x
1
T 1>

x=t+cost—(t—x)H(r—7)+sin(t—7)H(t - 7)
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Question 12

Use Laplace transforms to solve the differential equation

2
d—;+2@+5x=5(t—2),
dt dt

given further that x=0, ﬂzl at r=0.

dt

x=e"|sin2r—e* sin(2t—4)H(t—2)}
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Question 13

Use Laplace transforms to solve the differential equation

2
d—;+4ﬁ+3x=25(t—6),
dt dt

given further that x=0, @=2 at 1=0.

dt
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Question 14

Use Laplace transforms to solve the differential equation

dzy
—+y=1(1),
o (1)

given further that y=0, % =latt=0,and f(r) is a known function which has a
t

Laplace transform.

You may leave the final answer containing a convolution type integral.

y=sint+'[ f(u)sin(t—u) du
0
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Question 15

d’x dx
—+2—+2x= f(t).
L 2S2x=1 (1)

a) Use Laplace transforms to solve the above differential equation, given further

that x=0, ?zo at t=0, and f(7) is a known function which has a
t

Laplace transform.

You may leave the answer containing a convolution type integral.

b) If f(r)=e* find x=x(r) explicitly.

t
—y . _ . 2
xzjof(t—u) e " sinu du|, x:—%e t[3smt+cost]+%e !
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