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SUMMARY OF THE LAPLACE TRANFORM

The Laplace Transform of a function f(7), 7>0 is defined as

[e)

CLF(0]=F(s)= j e (1) di.

0

where se C, with Re(s) sufficiently large for the integral to converge.

The Laplace Transform is a linear operation

E[af(t)+bg(t)]Eaﬁ[f(t)]+b£[g(t)].

Laplace Transforms of Common Functions

* ﬁ(tn): :+1
£(1)=§, ﬁ(a):%, g(;):siz, 5(;2):%, £(;3):Si4,....
B e O e
e L(cosat)= I L(sinar) = Szjaz
e [(coshat)= 2 L(sinhar) = 2 ilaz

Laplace Transforms of Derivatives

o L[x(r)]=%(1)
o L[i(1)]=s%(1)-x(0)
o L[3(t)]=5"%(t)—sx(0)—x(0)

. E[x(t)] = s3f(t)—s2x(0) —sx(0)—x(0)
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Laplace Transforms Theorems

1% Shift Theorem

Lle f(1)|=T(s+a) or £[e"F(1)]=7(s~a)

2" Shift Theorem
Ll f(t—a)]=e® f(s).t>a or L[f(t+a)]=e®f(s), t>-a.

E[H(t—a)f(t—a)]ze_“sf(s) or E[H(t+a)f(t+a)]=e“s]7(s)

Multiplication by "

Division by ¢
5{@} = Jmf(a) do

t
provided that lim (Mj exists and the integral converges.
t—0 t

Initial/Final value theorem

lim[ f(¢)]=lim[s f(s)] and Him[f(¢)]=lim[sf(s)]

t—0 §—>00 t—o0 s—0
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The Impulse Function / The Dirac Function

Loa-o= 0 a= {7

0 rt#c 0 r#0

N

b
1 a<c<b
J‘ 5(t—C) dt:{ a=c

0 otherwise

w

b
_ _ f(a) alc<b
f(1)3le=c) di= { 0 otherwise

a
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Question 1

The function x = x(¢) is suitably defined for 7> 0.

a) Show from first principles that

dx

c{—} = s£[x(1)]-(0).

dt

b) Hence show further that

proof
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Question 2

0 0<t<4 3 0<r<4
3 t>4

f(t)s{ and g(7) 0 o

a) Find the Laplace transform of f (t) from first principles.

b) Hence determine the Laplace transform of g(z).

Ll f(1)

-2 efe)-2(-c)

Question 3

By considering a suitable differential equation with appropriate initial conditions
show clearly that

E(te_%) = (s—2)2 )

You may not use integration in this question.

proof
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Question 4

Use the differential equation

42
—2y+a2x=0, t=>0,

dt

with appropriate initial conditions to show that

L(cosat) =% and L(sinar)=

s*+a s?+a’
You may not use integration in this question.

proof
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Question 5

Find each of the following Laplace transforms.

—at _ —bt
a) L L} a>0,b>0
t

1 3 6 6
=—+ + +

s (s+1)° (s+2)  (s+3)°
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Question 6

Invert each of the following Laplace transforms.

SR P
|
11 g(s)—(s_l)4

f(t)=tH(1—7z)=sintH(r -7, g(t)=%t3et
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Question 7

Find each of the following Laplace transforms.

c) L

[ sinht}

M -2
a 2| }

D
1
w
z.
B
-~
| E— |
1]
=
-
1
o) <]
||+
p— | p—
L 1
D
1
ol
&I N
| I |
1]
[}
+ 19
[\
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Question 8

Find the inverse following Laplace transforms of the following functions.

2s

i. 2—.
s +4s+10

e—2s

ii. .
s?+a’

1

iil. m

2e_2t[cos\/gt—%\/gcsin\/€t} , lH(t_a)_Sin[a(t_“)] , [t=sint

a
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Question 9

Find the following Laplace transform
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Question 10
It is given that

Ll f(1)] =éexp(—lj, 1>0.

s

Determine a simplified expression for

e f(3)].
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Question 11

Find a simplified expression for

£[cosh2 4t}.

Question 12

The function y = y(¢) satisfies the differential equation

dy
D iy=1, t>0, y(0)=0.
Y ¥(0)

Use the initial-final value theorem to find lim [ y (t)] .

t—>o0

lim [ y(r)]=1

—yo0
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Question 13

The function y = f (¢) satisfies

£[f(t)]:m.

Determine a simplified expression for f (7).
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Question 14

Invert the above Laplace transform by ...
a) ... partial fractions

b) ... the convolution theorem
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Question 15

The convolution [ f * g](z), of two functions f () and g(¢) is defined as

[f*g](f):'[:f(t—u)g(u) du .
Show that
L{lr=8)e) = £[r(0]e[8(1)] = F(5)3(s).

proof
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Question 16

Use the differential equation

d*x
—Z:azx, t>20,
dt

with appropriate initial conditions to show that

S a
L(coshat)=———— and L(sinhat)=——.
( ) o ( ) 5

You may not use integration in this question.
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Question 17

The function y = f(¢), t 20, is twice differentiable.

a) Show from first principles that

A second function g(7) is defined for >0.

b) Show further that

jftu ) du|= [ £ (][5 (1)].

, |proof
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Question 18
LIf()]=F(s), 120.
a) Show clearly that
£l r(1)]=7 (s-a).
b) Find in its simplest form

E[ezt cos 2t sin 2t] .

s2 —4s+20
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Question 19

Use the definition of a Laplace transform to show that

z“tf(u) du]—%ﬁ[f(u)], (20,

proof

Question 20

Determine a simplified expression for

E[tezt cos 3t} )

E[t e cos 3t} =

s —4s—5

(s2 —4s+13)2
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Question 21

Find the following inverse Laplace transform

c! 1n(1+i2j

S

[ 1|t ln(l+i2j :g(l—cost)

s

ook A € £0] e sieo i & o oo

L% s -0
o by & héivd)
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Question 22

Find the following inverse Laplace transform

i 12
cl2]
s”+8

[ 1.
ﬁ‘l[ 12 }:e_2t+2et[\/gsin(\/gt)—cos(\/gt)}=e_2t+2etSiﬂ(\/§ —%”)

s> +8

"
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= A 2ad £lA 4 By CE LB e 2 =02
= (AR)E+ (2B +c-28)8 +(HA+X) = 12

o pro | A(Avasy) =12 | Qi L
ha=12

A=1

o AtREQ = Baoy
o 4+ 2=l
PRSIy
x=8
c-t
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Question 23

Find and verify the following inverse Laplace transform

2
c! s—2 =%tcos2t+%sin2t
(s2+4)
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Question 24

Use the definition of a Laplace transform to show that if x= f () then

2
o)Lz =x0—i[52£(x)], where x,=f(0).

proof
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Question 25

E[f(t)] = f () EJ‘ f(t)e™ ar, t>0.
0
a) Show from the above definition that if a is a non zero constant, then

o[ f(ar)]="F (ij .
a” \a
b) Deduce that if k£ is a non zero constant, then
- 1 t

CHFks)]|==F|=].

[f(ks)]==1 ( kj

proof
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Question 26
LIf()]=F(5), 120.
a) Show clearly that
LIk F(1)]|=F(s—mk), k>0.
b) Find in its simplest form

E[ﬁ e’ Zt} .

E[t3e_t2t}:(s+l—61n2)4
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Question 27

Find the following inverse Laplace transform

t? —1+cost
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Question 28

Find the following inverse Laplace transform
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Question 29
It is given that

Lltf(r)]= 31 , 120,

sT+s

Determine a simplified expression for
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Question 30

Use an appropriate method to show that

g et

where a is a positive constant.
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Question 31

Use an appropriate method to show that

t . -u
L j. I-e du| = lln(s+lj.
0 u S S
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Question 32

Use an appropriate method to show that
1
clert ()] = ——

proof
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Question 33

g(t)EJ‘Otf(x) dx, t>0.

a) Show clearly that

where f(s)=L(f(1)).

b) Verify the validity of the result of part (a) by using f(x)=sinx and finding
L(g(t)) by its integral definition.

¢) Use the result of part (a) to determine
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Question 34

The function y = y(t) is infinitely differentiable and defined for > 0.

Show that

lim [ s5(s)]=lim[ y(z)].

where y(s)= E[y(t)]

proof
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Question 35
The Laplace transform of f (), t 20, is denoted by f(s)=L(f(¢)).

1(s)

s

jzj‘otf(u) du.

Show that the inverse Laplace transform of satisfies

“

/(s)

proof
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Question 36

d2
t—y+@+ty, t>0.
dt

dr?

The function y=J, (t) is a solution of the above differential equation.

It is further given that lim[JO (t)] =1.

t—0

By taking the Laplace transform of the above differential equation, show that

LlJo(1)]=
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Question 37

By forming and taking the Laplace transform of a suitable second order differential
equation, show that

proof
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Question 38

The Sine integral function Si(z) is defined as

t .
Si(t)s'[ B8 du, 1>0.
0 u

Show that

L[Si(r)]= Larctan (%

S s

proof
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Question 39

Find the following inverse Laplace transform by 3 different methods.

S _tsinat

(S2+a2)2 2a
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Question 40

The Cosine integral function Ci(z) is defined as

Show that

proof
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Question 41

The Exponential integral function Ei(z) is defined as

Show that
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Question 42

By differentiating the integral definition of the Gamma function, I'(x), with respect

to x, show that

1Y) ALY
s
You may assume that .I" (1) =—7.
proof
N : |
- s
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Question 43

(Lr0)= 7= re i rzo

a) Show from the above definition that if a is a non zero constant, then
1 =(s
L[ f(at)]==f|=|.
a” \a
b) By taking the Laplace transform of Bessel’s equation

2
tzd—;+t@+(t2—n2)x=0, ne N,
dt dx

and assuming further that J,,(0) =1, show that

1

L[ Jo(1)]=

s?+1

¢) Deduce in simplified form the Laplace transform of J(at)

E[JO (at)] =T
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Question 44

E[f(t)] = f () EJ‘ f(t)e™ dr, t>0.
0
a) Show from the above definition that if k£ is a non zero constant, then

Ul[f(/ﬂ)}%f(i)

k

b) Show further that

/(s)

1

5{ }zj‘otf(u) du.

¢) Given that £ ! [e_*/;} =— , use parts (a) and (b) to prove that
V4

[\
~
S

where « is a positive constant.

proof
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Question 45

The Laplace transform y(s), of a function y=y(z), 20 is given by

a) Show that y(s) satisfies the differential equation

455 (5)+25 ()= 7(s) =0,

b) Hence show further that
dy
42 ==+ (61 -1) y =0.
L H(6r=1)y

¢) Use parts (a) and (b) to prove that

proof
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Question 1

Use the method of residues to find

Question 2

Use the method of residues to find
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Question 3

Use the method of residues to find

el

£—1

3 =SsInt—1r1cost

(1
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Question 4

Use complex integration to find the following inverse Laplace transform.
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Question 5

Use the method of residues to find
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Question 6

Use complex variables to find

s> —4s-5

£_1
(52—4s+13)2

s —4s—5

(s2 —4s+13)2

=te? cos3t
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Question 7

Use complex variable methods to invert the above Laplace transform.
Use a detailed method, describing briefly each stage in the workings.

Give the final answer in terms of Heaviside functions.

f(t)=4H(t—7)[sin(t—7) = (t =) cos(t-7)]
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Question 8

- (as+1)e®

f(S)Zm’

a>0.

Use complex variable methods to invert the above Laplace transform.
[,[j_f(s)} =tH(r—a)-H(t—a)sin(t—a)+a H(t—a)cos(t—a)
Use a detailed method, describing briefly each stage in the workings.

proof
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Question 9

— S ast e

fls)= 2( .2
s (s +1)

Use complex variable methods to invert the above Laplace transform.

Use a detailed method, describing briefly each stage in the workings.

0 t<0
f(t)= t+cost 0<t<zm
T +cost—sint t>7x

- — ©u
S A S s o
% #x g e

D

Z £ s
§ e Bre RIeT Cler TG0
§ 0 RO (20 ntoe)
2 # g % r‘;“
% G B ‘”’ | @ ‘
o
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Question 10

Given that a is a positive constant, use complex variable methods to find the
following inverse Laplace transform.
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Question 11

Use complex variable methods to find the following inverse Laplace transform.

-1 1+82
£ {ln{s(s+1):|:l.

Use a detailed method, describing briefly each stage in the workings.

f(r)=1

t

[1 +e - 2COSl:|
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Question 12

The function y = f(¢), 1 >0 satisfies

clr()]=—

s+l

Use complex variable methods to show that

. t . t
t)=sin| —= |sinh| —= |.
70)=sin{ 35 Jinn( 7
Use a detailed method, describing briefly each stage in the workings.

proof
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Question 13

The Bromwich integral for inverting a Laplace transform f(s) is given by

1

=5 ] 7).

271
/4

a) Describe briefly the contour used in this integral and the general method used
to invert the transform.

b) Given that a is a positive constant, show that

2
E_l[e_a\/;}z 3a exp 4|
2021 a

T

¢) Hence find in a simplified form of a convolution integral the following inverse

Laplace transform
e
Js

[ solution overleaf ]
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