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The Impulse Function / The Dirac Function
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1 a<c<b
3 d(r—c) dt:{ asc .
Ja 0 otherwise
[ f(c) a<c<b
4 f(t)d(t—c) dr= .
va 0 otherwise
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Question 1

Evaluate the following integral

Question 2

Evaluate the following integral

J, wl)e5) e
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Question 3
Find the Laplace transform of J(7—c), where c is a positive constant, and hence

state the Laplace transform of J(z).

L[6(t—c)|=e"|. |L[8(1)]=1

Question 4

Given that F (t) is a piecewise continuous function defined for ¢ >0, find the

Laplace transform of F(7) 8(z—c), where ¢ is a positive constant.

E[F(t) 5(t—c):| =F(c)e™®
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Question 5

Find the Laplace transform of cos3r o (r —%j .

[,[cos 3t 5(t —%ﬂ = —e_%m

Question 6

Find the Laplace transform of > §(z—3).
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E[ﬁ 5(r—3)] =27¢7
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Question 7
Use Laplace transforms to solve the differential equation
d’x d

7+2d—):+5x:5(t—2),
t

ds _
dt

given further that x=0, latr=0.

[ x:%e_t sin 2t+%e2_t sin(2¢—4)H(t-2)
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Question 8

Use Laplace transforms to solve the differential equation

2
d—;+4ﬁ+3x:25(t—6),
dr dr

given further that x=0, @:2 at r=0.

dt

[ | lx=e'—e '+ H(1-6)+e® 3 H(1-6)
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Question 9

The function f is defined as

where € is a positive parameter.

a) Show that lim[ f(x)]=6(x).

-0

The function g is defined as

where A is a positive parameter.

b) Show that lim | g(x)]=4(x).

A—o0

proof
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Question 10
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The impulse function J(x) is defined by

a) Determine

i fI:5(x):|

§(x)={

o~ x=0
0 x#0

ii. ... }"[5(x—a)] , where a is a positive constant.

iii. .. 77'[5(k)

]

b) Use the above results to deduce F[1] and F -1 [1].

f[ﬁ(x)] =

£l
3

f[ﬁ(x—a

=g

-
-

kel |5 (k)] :ﬁ

F1)=v2z 8(k)|, |F ' [1]=v27 & (x)
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Question 11

The impulse function &(x) is defined by

0 x#0

§(x)={°° x=0

a) Determine the inverse Fourier transform of the impulse function F -l [5 (k)] ,

and use it to deduce the Fourier transform of f (x)=1.

b) Find directly the Fourier transform of f(x)=1, by introducing the converging

factor ¢ and letting £ > 0.

F1]=v27 5(k)
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