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Question 1

The function f satisfies the following relationship.
* 2
W= [ LOT @ r@=4
1

).

o=

Determine the value of f (
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Question 2

Find the value of
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Question 3

Find the general solution of the following equation

J2x
% j 2xsin(t2)+cos(2t2) dt | = — z,
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Question 4

The function g is defined as

a) State Leibniz integral theorem for g’(x).

V1+x%2
—Xtdt .
t
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b) Find a simplified expression for di j
X
-1
X

d| " V1+x%? 2N+t

X

baa)
o) (BB ISRAN. Put ST T 6 g < j(,( fug) ¢
(=)

. L
@ = {(ad)x £ ~Loaxie ( 2[Hes 4

|
t Naly

B Ao e e - Lﬂ?”ﬁ

Created by T. Madas



Created by T. Madas

INTEGRATION
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Question 1

It is given that the following integral converges.

Ly
x3Inx dx.
0

a) Evaluate the above integral by introducing a parameter and carrying out a
suitable differentiation under the integral sign.

b) Verify the answer obtained in part (a) by evaluating the integral by standard
integration by parts.
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Question 2

8

—— dx.
0 (1+xz)2 "

Evaluate the above integral by introducing a parameter k and carrying out a suitable
differentiation under the integral sign.

You may not use standard integration techniques in this question.
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Question 3

4

S S >
(1—4xﬁ2 "

Find a simplified expression for the above integral by introducing a parameter a and
carrying out a suitable differentiation under the integral sign.

You may assume

1 1 X
° ﬁdxz—artanh — |+ constant, x|<a.
a“—x a a

o i(artanhu) =

u 1—u?

You may not use standard integration techniques in this question.

2x
1—4x2

artanh 2x + +C
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Question 4

J‘x3 e dx.

Find a simplified expression for the above integral by introducing a parameter & and
carrying out a suitable differentiation under the integral sign.

You may not use integration by parts or a reduction formula in this question.

%ezx [4)63 —6x% +6x—3]+C
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Question 5

! dx .

\SJo%}

(5+4x—x2)

Find a simplified expression for the above integral by introducing a parameter a and
carrying out a suitable differentiation under the integral sign.

You may assume

x|£a.

1 [ x
———— dx =arcsin| — |+ constant ,
Va?—x? a

You may not use standard integration techniques in this question.

x—2

N5 +4x— x>

+C
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Question 6

It is given that the following integral converges

j xeT* dx,
0

where & is a positive parameter and 7 is a positive integer.

By carrying out a suitable differentiation under the integral sign, show that
F(n + 1) =n!.

You may not use integration by parts or a reduction formula in this question.

proof
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Question 7

It is given that the following integral converges
1

X" [Inx]" dx,
0

where n is a positive integer and m is a positive constant.

By carrying out a suitable differentiation under the integral sign, show that

1 1V 00
xm[lnx]n alszZ;1 )
0 (m+1)

You may not use standard integration techniques in this question.

, |proof
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Question 8

I(a)z'.‘ o, a>1.

0 O —COSX

a) Use an appropriate method to show that

b) By carrying out a suitable differentiation under the integral sign, evaluate

T

1

o (VZ-cosx)

dx.

You may not use standard integration techniques in this part of the question.
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FURTHER
INTEGRATION
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Question 1

By introducing a parameter in the integrand and carrying a suitable differentiation
under the integral sign show that

I =2r.
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Question 2

It is given that the following integral converges.

Evaluate / by carrying out a suitable differentiation under the integral sign.
You may not use standard integration techniques in this question.
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Question 3

By introducing a parameter in the integrand and carrying a suitable differentiation
under the integral sign show that

I = 1n4.
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Question 4

It is given that

sin(kx)

dxzz.
kx 2

0

Use Leibniz’s integral rule to show that

sin? x T
— dx = —.
X 2

, |proof

INIaDUCE A PAGAMTI. 100 oup INHEQAL, SAY t

M
Ty = L\ s\ﬂ;p’ i

DIFFEGATIATE Lo RRRET T £ | A0 AS THE WML ACE (o]

NIUGHONOE IWTREQKTION 4 DIFFECSTIATION

I o
OIn \ S snias) 2 | 20mGn)eshs .
e ) L‘wnt‘{ SN 2% o

©
W (T sw@9 4 o ,:j sulag) gy
>t - o 2ta
Al T
e kX &
I/ .k
Ere ™

G = vt C

-
& Sig“& & = bk

G- t=l ot ooy
(=
RN

S
2

Created by T. Madas



Created by T. Madas

Question 5

It is given that the following integral converges.

1 5
j x 1 dx .
0 Inx

Evaluate the above integral by introducing a parameter and carrying out a suitable
differentiation under the integral sign.

You may not use standard integration techniques in this question.
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Question 6

o 2x
€ S x
-] e

0 X

By introducing in the integrand a parameter k and carrying a suitable differentiation
under the integral sign show that

I = arccot?2.
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Question 7

By introducing in the integrand a parameter ¢ and carrying a suitable differentiation
under the integral sign show that

I = In5.
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Question 8

I = j: co; al [e_4x—e_6x] dx .

By introducing in the integrand a parameter A and carrying a suitable differentiation
under the integral sign show that

_1
I = 2ln2.

proof
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Question 9

By introducing in the integrand a parameter A and carrying a suitable differentiation
under the integral sign show that

I = In5-1n4.
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Question 10

It is given that the following integral converges

* sint
j sin
0 t

Evaluate the above integral by introducing the term e *', where « is a positive
parameter and carrying out a suitable differentiation under the integral sign.

You may not use contour integration techniques in this question.

= T - onha
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Question 11

Show, by carrying out a suitable differentiation under the integral sign, that

(o)

e “sinbx b
———— dx=arctan| — |,
X a

where a and b are positive constants.

You may assume

0 t
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Question 12

Given that a is a positive constant, find an exact simplified value for

2 - sin xy 3 i - sin xy
¢ _L x(a2+x2) dx oy* _L x(a2+x2) s

You may assume

N

Created by T. Madas



Created by T. Madas

Question 13
%
In:'[ X"e* dx, n=0,1,2,3,..
0

By introducing in the integrand a parameter k& and carrying a suitable differentiation
under the integral sign show that

L= 2:“2“3(—1)%} - %

proof
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Question 14
! 2
I =I e dx, n=0,1,2,3, ...
0

By introducing in the integrand a parameter k and carrying a suitable differentiation
under the integral sign show that

proof
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Question 15

* arctan 8x —arctan 2x
I = dx
0 .x

By introducing a parameter in the integrand and carrying a suitable differentiation
under the integral sign show that

I =zIn2.
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Question 16

It is given that the following integral converges

where a and b are positive constants.

By carrying out a suitable differentiation under the integral sign, show that
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Question 17

It is given that the following integral converges

cos kx

0 X

[e—ax_e—bx:| dx ,
where k, a and b are constants with a >0 and b>0.
By carrying out a suitable differentiation under the integral sign, show that

o 2,42
coskx[e_ax_e_bx} dr = lln 192+l<2
0 X 2 a +k
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Question 18

It is given that the following integral converges

dx ,
Inx

where a and b are constants greater than —1.

By carrying out a suitable differentiation under the integral sign, show that

a__ b
X=X et
Inx b+1

1
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Question 19

It is given that the following integral converges

sinmx[ _ _
I [e ax_ o bx} dx ,
X

0

where a, b and m are constants, with m20,a>0, b>0.

By carrying out a suitable differentiation under the integral sign, show that

* sinmxpr _ _ b a
—[e P_e bx} dx=arctan| — |—arctan| — | .
0 X m m

proof
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Question 20

Created by T. Madas

It is given that the following integral converges

arctan ax

m dx, a>-1.

0

By carrying out a suitable differentiation under the integral sign, show that

arctan ax

T
x(sz) dxzzln(a+1) .

proof

Created by T. Madas




Created by T. Madas

Question 21
It is given that the following integral converges
In (1 +a’x? )

dx ,
1+b%x?

where a and b are constants.

By carrying out a suitable differentiation under the integral sign, show that the exact

value of the above integral is

T, la+b
b b
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Question 22

It is given that the following integral converges

a) By introducing a parameter k£ and carrying out a suitable differentiation under
the integral sign, show that

b) Use the result of part (a) and differentiation under the integral sign to show
further that

j © {2—1+1e‘2’“} dx=-2+In27.
0 X X X

proof
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Question 23

The integral function y = y(x) is defined as

y(x)= de .

2
X
j cos xcosv @

12 1+sin’~/6

Evaluate y'(7).
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Question 24
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An integral / is defined in terms of a parameter ¢ as

2 1
exp| —x"——— | dx =
p{ 16x2}

proof
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Question 25

An integral / with variable limits is defined as

a) Use a suitable substitution followed by integration by parts to find a simplified
expression for

b) Verify the answer obtained in part (a) by carrying the differentiation over the
integral sign.

[ d I(x)]= 2xet—elr

dx
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Question 26

Use complex variables and the Leibniz integral rule to evaluate
l .
sin(Inx)

X .
Inx

You may assume that the integral converges.
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Question 27

)
I = e ¥ cosx dx
0

Assuming that the above integral converges, use the Leibniz integral rule to evaluate
it.

Give the answer in the form %/Z , where k is an exact constant.
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2
You may use without proof e’ dx= %\/; .
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Question 28

It is given that the following integral converges

o5}

l—cos(

x2

)

S\

dx .

By introducing a parameter in the integrand and carrying out a suitable differentiation
under the integral sign, show that

proof
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Question 29

It is given that the following integral converges

By carrying out a suitable differentiation under the integral sign, show that

I =5In3-3In3
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Question 30

It is given that the following integral converges

e 2 Int dt.
0

Evaluate the above integral by introducing a new parametric term in the integrand and
carrying out a suitable differentiation under the integral sign.

You may assume that

' (x)=T(x) ‘”%*ZG‘;/{) .

2(-y+1In2)
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Question 31

T
] _j'z In(1+cosacosx)

0 COS X

dx.

By carrying out a suitable differentiation on / under the integral sign, show that

2

I=:rx —%0{2.

o0|—

S ]
) 7,_
{
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Question 32

ln(1+3sin2 x)

I: fdx.
sin” x

By introducing a parameter a in the integrand and carrying out differentiation on /
under the integral sign, show that

I=x.

proof
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Question 33

By carrying out a suitable differentiation on / under the integral sign, show that for
all ne N,

I=In2.

proof
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Question 34

1z
1

exp(— tan x) — exp(—\/§ tan x)

I = & dx .

sin2x

By carrying out a suitable differentiation on / under the integral sign, show that

proof
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Question 35

T
szz — L, =1,
o l+k“tan"x

a) Use appropriate methods to find, in terms of k , a simplified expression for J .

T

2 t
I(k) = J‘z arctan (k tan x) ar, k1.
0 tan x

b) By carrying out a suitable differentiation on I under the integral sign, show
that

T
jz xcotx dx=%ﬂ'ln2.
0

¢) Deduce the value of

__ 7 _1
J= , 27[1n2
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Question 36

The integral function 7 (k) is defined as

T
I(k):j ekcosxcos(ksinx) dx, keR.
0

By carrying out a suitable differentiation on / under the integral sign, show that

T
j e“®*cos(sinx) dx = x.
0

proof
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Question 37

I:J'” In(1+cosacosd) "
0 cosé

By carrying out a suitable differentiation on / under the integral sign, show that

T
In(1+cos®) 7’
— de=—.
0 cos@ 2
proof
1= J”‘ - 5
r - ]
CToa
- { | \
) e / = x
§ e - | ( N
¢ : ( s = e m(E
e B = ( _
§ = ( -0
) ( 4 «
5 ( .
4 ) I
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Question 38

T
1(k) = '[ In(1—kcosx) dx, |k|<1.
0

By differentiating both sides of the above equation with respect to k, show that
I(k) =7zlnB(1— 1—k2)]

proof
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Question 39

Find the following inverse Laplace transform, by using differentiation under the
integral sign.

S _ tsinat
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Question 40

The integral I is defined in terms of the constants & and k, by

2

I(a.k) Ej e ™ cos(kx) dx, a>0.
0

By differentiating both sides of the above equation with respect to k, followed by
integration by parts, show that

o] 2 2
J. e * cos(kx) dx = ‘flexp _K
0 4o 4o
You may assume without proof that
« 2
J e’ dx = %\/;
0

You may not use contour integration techniques in this question.

proof
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Question 41

It is given that the following integral converges

'[ ¢ [3—1+1e‘ﬂ dx.
0 X X X

By introducing a parameter A and carrying out a suitable differentiation under the
integral sign, show that

oo —X
j © {3—l+le—“} dx=—3+1In256 .
0 X X X

proof
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Question 42

The following integral is to be evaluated

T
2 )
j 1n[a2 cos? 6+ b%sin> e} e,
0
where a and b are distinct constants such that a+5 > 0.

By carrying out a suitable differentiation under the integral sign, show that

T

'[2 ln[a2c0s20+b2sin26q dé = ﬁln[a+b}.
0 2

proof
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Question 43
It is given that

. | a+cosx
y =arcsin| — |,
[ I+ acos x}
where « is a constant.
a) Show that
dy  N1-a*

dx l+acosx

The integral function / (e, x) is defined as

T
I(a):j In(1+acosx) dx.
0

b) By differentiating both sides of the above relationship with respect to &, show
further that

I[(1)=-7In2.

proof

[ solution overleaf ]
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Question 44

By carrying out suitable differentiations on / under the integral sign, show that

I = arccot (2x) arccot (4x) dx = l7£ln(ﬂ).

, proof
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Question 45

By differentiating both sides of the above equation with respect to 7, followed by the
substitution x =ty , show that

proof
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Question 46

By differentiating both sides of the above equation with respect to 7, followed by the
substitution x =ty , show that

proof
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Question 1

By integrating both sides of an appropriate integral relationship, with suitable limits,

show that
I » _.a
* X dx = Iln {w} ,
0 Inx a+l1

where b>a>0.

X

k
You may assume that for k >0, j k* dx= + constant .

Ink

proof
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Question 2

By integrating both sides of an appropriate integral relationship, with suitable limits,
show that

oo e—axz_e—bx
j — dx = zwb—~rxa,
0
where b>a>0.

2
You may assume that I e’ dt =
0

(S
N1

proof
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Question 3

The integral I is defined as

I:j eMsinx dx.

0
where k 1is a constant.

a) Use a suitable method to show that

1

I= .
k> +1

b) By integrating both sides of an appropriate integral relationship with respect to
k , with suitable limits, show further that

o —2x _:
e “Usinx
—— dx = arccot?2.
0 X

You may assume that j
0o X

proof
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Question 4

By integrating both sides of an appropriate integral relationship with respect to b,
with suitable limits, show that

= e *sinhbx 1. [1+b
_— dx = —11’1 — .
0 x 2 | 1-b

proof
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